THE BRAUER-SEVERI VARIETY ASSOCIATED WITH A CENTRAL SIMPLE ALGEBRA: A SURVEY by Jörg Jahnel

Abstract. — The article describes the one-to-one correspondence between central simple algebras and Brauer-Severi varieties over a field. Non-abelian group cohomology is recalled and Galois descent is worked out in detail. The classifications of central simple algebras as well as of Brauer-Severi varieties by one and the same Galois cohomology set are explained. A whole section is devoted to the discussion of functoriality. Finally, the functor of points of the Brauer-Severi variety associated with a central simple algebra is described in terms of the central simple algebra thus giving a link to another approach to the subject.

Introductory remarks

This article is devoted to the connection between central simple algebras and Brauer-Severi varieties.

Central simple algebras were studied intensively by many mathematicians at the end of the 19th and in the first half of the 20th century. We refer the reader to N. Bourbaki [Bou, Note historique] for a detailed account on the history of the subject and mention only a few important milestones here. The structure of central simple algebras (being finite dimensional over a field K) is fairly easy. They are full matrix rings over division algebras the center of which is equal to K. This was finally discovered by J. H. Maclagan-Wedderburn in 1907 [MWe08] after several special cases had been treated before. T. Molien [Mo] had considered the case of C -algebras already in 1893 and the case of R-algebras had been investigated by E. Cartan [Ca]. J. H. Maclagan-Wedderburn himself had proven the structure theorem for central simple algebras over finite fields in 1905 [MWe05, Di]. In 1929, R. Brauer ([Br], see also [De], [A/N/T]) found the group structure on the set of similarity classes of central simple algebras over a field K using the ideas of E. Noether about crossed products of algebras. He proved, in today’s language, that it is isomorphic to the Galois cohomology group H^2(Gal(K^{sep}/K), (K^{sep})^∗). Further, he discusses the structure of this group in the case of a number field. Relative versions of central simple algebras over base rings instead of fields were introduced for the first time by G. Azumaya [Az] and M. Auslander and O. Goldmann [A/G]. The case of an arbitrary base scheme was considered by A.

2000 Mathematics Subject Classification. — Primary 16K20, 14G99, Secondary 16K50, 12G05.

Grothendieck in his famous Bourbaki talks “Le groupe de Brauer” [GrBrI, GrBrII, GrBrIII]. Using the étale topology there is given a cohomological description of the Brauer group in the case that the base is not necessarily a field. Central simple algebras over fields should be a subject in any course on algebra. For that reason, there is a lot of literature on them and the information necessary to follow this article can be found in many different sources. Among them there are the standard textbooks on algebra as S. Lang’s book [La, section XVII, Corollary 3.5 and section 5] or N. Bourbaki [Bou, §5 and §10] but also more specialized literature like I. Kersten’s book [Ke] on Brauer groups.

Brauer-Severi varieties are twisted forms of the projective space. The term “varieté de Brauer” appeared for the first time in 1944 in the article [Ch44] by F. Châtelet. Nevertheless, F. Severi had proven already in 1932 that a Brauer-Severi variety over a field K admitting a K-valued point is necessarily isomorphic to the projective space.

It should be mentioned that Brauer-Severi varieties are important in a number of applications. The first one that has to be mentioned and definitely the most striking one is the proof of the theorem of Merkurjev-Suslin [M/S82b] (see also [So], [Sr], [Ke]) on the cotorsion of K_2 of fields. One has to adopt the point of view introduced by S. A. Amitsur in his work on generic splitting fields of central simple algebras [Am55] and applies the computation of the Quillen K-theory of Brauer- Severi varieties which was done by D. Quillen himself in his ground-breaking paper [Qu]. With that strategy one proves the so-called theorem Hilbert 90 for K_2. The remaining part of the proof is more elementary but it still requires work. Clearly, this looks like a very indirect approach. It would definitely be desirable to have an elementary proof for the Merkurjev-Suslin theorem, i.e. one that does neither use Brauer-Severi varieties nor Quillen’s K-theory.

The Merkurjev-Suslin theorem has an interesting further application to a better understanding of the (torsion part of the) Chow groups of certain algebraic varieties. The reader should consult the work of J.-L. Colliot-Thélène [CT91] for information about that.

One should notice that M. Rost [Ro98, Ro99] found a proof for the general Bloch- Kato conjecture on the cotorsion of K_n of fields. It depends on V. Voevodsky’s construction of motivic cohomology [V, V/S/E, S/V] as well as on his unpublished work on homotopy theory of schemes. M. Rost does no more work with Brauer- Severi varieties but more general norm varieties play a prominent role instead. This work should include a new proof for the Merkurjev-Suslin theorem. Surely, it cannot be an elementary one.

As a second kind of application, Brauer-Severi varieties appear in complex algebraic geometry when one deals with varieties being somehow close to rational varieties. In particular, the famous example due to M. Artin and D. Mumford [A/M] of a threefold which is unirational but not rational is a variety fibered over a rational surface such that the generic fiber is a conic without rational points. For more historical details, especially on the work of F. Châtelet, we refer the reader to the article of J.-L. Colliot-Thélène [CT88].

The connection between central simple algebras and Brauer-Severi varieties was first observed by E. Witt [Wi35] and H. Hasse in the special case of quaternion algebras and plane conics. To that connection in its general form there are (at least) three approaches. Here we are going to present in detail the most elementary one which was promoted by J.-P. Serre in his books Corps locaux [Se62, chap. X, §§5,6] and Cohomologie Galoisienne [Se73, Remarque III.1.3.1] but was known to F. Châtelet, already.

This approach is based on non-abelian group cohomology. The main observation is that central simple algebras of dimension n^2 over a field K as well as (n−1)- dimensional Brauer-Severi varieties over K can both be described by classes in one and the same cohomology set H^1(Gal (K^{sep}/K), PGL_n(K^{sep})). A second approach is closer to A. Grothendieck’s style. One can give a direct description of a functor of points P_{XA} : {K−schemes} → {sets} in terms of data of the central simple algebra A and prove its representability by a projective scheme using brute force. This approach is presented explicitly in [Ke]. For a very detailed account the reader can consult the Ph.D. thesis of F. Henningsen [Hen]. We are going to prove here that these two approaches are equivalent. In fact, we will compute the functor of points of the variety given by the first approach and show that it is naturally isomorphic to the functor usually taken as the starting point for the second approach.

There is a third approach which we only mention here. It works via algebraic groups and can be used to produce twisted forms not only of the projective space but of any homogeneous space G/P where G is a semisimple algebraic group and P ⊂ G a parabolic subgroup. For information about that we suggest the reader to consult the paper of I. Kersten and U. Rehmann [K/R].

The article is organized as follows. In section 1 we recall non-abelian group cohomology. In particular, we state the exact sequence associated with a short sequence of G-groups. Section 2 is devoted to Galois descent which is our main algebro-geometric tool. We decided to develop the theory in an elementary way. We do not aim at maximal generality and ignore A. Grothendieck’s faithful flat descent. In sections 3 and 4 we develop the description of central simple algebras and Brauer-Severi varieties, respectively, by Galois cohomology classes. Section 5 contains an explicit procedure how to associate a Brauer-Severi variety to a central simple algebra based on the results presented in the sections before. In section 6 we deal with the question how to modify this procedure in order to make it functorial. We did not find that point in the literature but a discussion with K. Künnemann convinced the author that the material presented should be wellknown among experts. Section 7 describes the functor of points of the Brauer- Severi variety associated with a given central simple algebra. Thus, it gives the link to the second approach mentioned above.

It is clear that a certain background from Algebraic Geometry will be necessary to follow the text. In order to make the subject as accessible as possible for a reader who is not an Algebraic or Arithmetic Geometer, we present the material in such a way that the knowledge of Algebraic Geometry needed is reduced to a minimum. For that purpose, we even decided in several cases to include a certain statement in detail although there is a good reference for it in the literature. For example, Lemma 2.12 is due to A. Grothendieck and J. Dieudonné and can be found in [EGA]. Essentially, all the results that are used can be found in the second chapter of R. Hartshorne’s book [Ha] except for a number of facts from Commutative Algebra which are taken from H. Matsumura [Ma]. We note finally that we will work over a base field in the entire article. We do not consider the relative versions of central simple algebras and Brauer-Severi varieties over arbitrary base schemes. For information about that we refer the reader to A. Grothendieck [GrBrI, GrBrII, GrBrIII].

Notations and conventions. We will follow the standard notations and conventions from Algebra and Algebraic Geometry unless stated otherwise. More precisely, • all rings are assumed to be associative.

• If R is a ring with unit then R^∗ denotes the multiplicative group of invertible elements in R.

• All homomorphisms between rings with unit are supposed to respect the unit elements.

• By a field we always mean a commutative field, i.e. a commutative ring with unit every non-zero element of which is invertible. If K is a field then K^{sep} will denote a fixed separable closure of it.

• Nevertheless, a ring with unit every non-zero element of which is invertible is called a skew field.

• If R is a commutative ring with unit then an R-algebra is always understood as a ring homomorphism j : R → A whose image is contained in the center of A. • An R-algebra j : R → A is denoted simply by A when there seems to be no danger of confusion.

• If σ : R → R is an automorphism of R then A^σ denotes the R-algebra R^σ−→ R^j−→ A. If M is an R-module then we put M^σ := M ⊗_R R^σ. M^σ is an R^σ-module as well as an R-module.

• If R is a ring then R^{op} denotes the opposite ring, i.e. the ring that coincides with R as an abelian group but where one has xy = z if one had yx = z in R. • All central simple algebras are assumed to be finite dimensional over a base field.

1. Non-abelian group cohomology (H^0 and H^1)

In this section we recall elementary facts about what is called non-abelian group cohomology, i.e. cohomology with non-abelian coefficients of discrete groups. All the results presented can be found in detail in Cohomologie Galoisienne [Se73]. Non-abelian Galois cohomology will turn out to be the central tool for the purposes of this article.

Definition 1.1. — Let G denote a finite group.

i) A G-set E is a set equipped with a G-operation from the left. Following [Se73] we will use the notation^g x := g·x for x ∈ E and g ∈ G. A morphism of G-sets, a

G-morphism for short, is a map i : E → F of G-sets such that the diagram

G×E^· �

id×i � E i � G×F^· � F commutes.

ii) A G-group A is a G-set carrying a group structure such that^g(xy) =^g x^g y for every g ∈ G and x, y ∈ A. If A is abelian then it is called a G-module. Definition 1.2. — Let G be a finite group.

i) If E is a G-set then one puts H^0(G, E) := E^G, i.e. the zeroth cohomology set of G with coefficients in E is just the subset of G-invariants in E. If E is a G-group then H^0(G, E) is a group.

ii) If A is a G-group then a cocycle from G to A is a map G → A, g → a_g such that a_{gh} = a_g ·^ga_h for each g, h ∈ G. Two cocycles a, a^′ are said to be cohomologous if there exists some b ∈ A such that a^′_g = b^{−1} ·a_g ·^gb for every g ∈ G. This is an equivalence relation and the quotient set, the first cohomology set of G with coefficients in A, is denoted by H^1(G, A). This is a pointed set as the map g → e defines a cocycle, the so-called trivial cocycle.

Remarks 1.3. — i) If a is a cocycle then a^′ with a^′_g := b^{−1} ·a_g ·^gb for each g ∈ G is a cocycle, too.

ii) H^0(G, A) and H^1(G, A) are covariant functors in A. If i : A → A^′ is a morphism of G-sets (a morphism of G-groups) then the induced map(s) will be denoted by i_∗ : H^0(G, A) → H^0(G, A^′) (and i_∗ : H^1(G, A) → H^1(G, A^′)).

iii) If A is abelian then the definitions above coincide with the usual group cohomology as one of the possible descriptions for H^·(G, A) is just the cohomology of the complex

0 −→ A^d−→ Map(G, A)^d−→ Map(G^2, A)^d−→ . . . with the differential dφ(g_1, . . . , g_{n+1}) :=^{g1} φ(g_2, . . . , g_{n+1}) + n ∑_{j=1}^{(−1) j φ(g}1^{, . . . , g} j^g j+1^{, . . . , g}n+1^)

+ (−1)^{n+1} φ(g_1, . . . , g_n).

Proposition 1.4. — Let G be a finite group.

a) If A ⊆ B is a G-subgroup and B/A is the set of left cosets then there is a natural exact sequence of pointed sets

1 → H^0(G, A) → H^0(G, B) → H^0(G, B/A)^δ→ H^1(G, A) → H^1(G, B). b) If A ⊆ B is even a normal G-subgroup then there is a natural exact sequence of pointed sets

1→ H^0(G, A)→ H^0(G, B)→ H^0(G, B/A)^δ→ H^1(G, A)→ H^1(G, B)→H^1(G, B/A).

c) If A ⊆ B is a G-module lying in the center of B then there is a natural exact sequence of pointed sets

1→ H^0(G, A)→ H^0(G, B)→ H^0(G, B/A)^δ→ H^1(G, A)→ . . . . . . → H^1(G, B)→ H^1(G, B/A)^{δ′}→H^2(G, A).

Here the abelian group H^2(G, A) is considered as a pointed set with the unit element.

We note that a sequence (A, a)^i→ (B, b)^j→ (C, c) of pointed sets is said to be exact in (B, b) if i(A) = j^{−1}(c).

Proof. δ is defined as follows. Let x ∈ H^0(G, B/A). Take a representative x ∈ B for x and put a_s := x^{−1} ·^sx. That is a cocycle and its equivalence class is denoted by δ(x). This definition is independent of the x chosen.

In the situation of c) the map δ^′ is given similarly. Let x ∈ H^1(G, B/A). Choose a cocycle (x_g)_{g∈G} that represents x and lift each x_g to some x_g ∈ B. Put a(g_1, g_2) :=^{g1} x_{g2} ·x^{−1}_{g1 g2} ·x_{g1} . That is a 2-cocyle with values in A and its equivalence class is denoted by δ^′(x). This definition is independent of the choices. Exactness has to be checked at each entry separately. This is not complicated at all but very tedious. We omit it here. □

Remark 1.5. — The question what non-abelian H^2 and H^3 might mean turns out to be substantially more difficult. The interested reader is referred to J. Giraud [Gi].

Definition 1.6. — Let h : G^′ → G be a homomorphism of finite groups. Then for an arbitrary G-set E one has a natural pull-back map h^∗ : H^0(G, E) → H^0(G^′, E). If E is a G-group then the pull-back map is a group homomorphism. For an arbitrary G-group A there is the natural pull-back map h^∗ : H^1(G, A) → H^1(G^′, A) which is a morphism of pointed sets.

If h is the inclusion of a subgroup then the pull-back res^{G′}_G := h^∗ is usually called the restriction map. If h is the canonical projection on a quotient group then inf^{G′}_G := h^∗ is said to be the inflation map. The composition of res^{G′}_G or inf^{G′}_G with some extension of the G^′-set E (the G^′-group A) is usually called the restriction, respectively inflation, as well.

Remark 1.7. — Non-abelian group cohomology can easily be extended to the case where G is a profinite group and A is a discrete G-set (respectively G-group) on which G operates continuously. Indeed, put for i = 0 (i = 1)

H^i(G, A) := lim−→_{G′} H^i(G/G^′, A^{G′} )

where the direct limit is taken over the inflation maps and G^′ runs through the normal open subgroups G^′ of G such that the quotient G/G^′ is finite.

2. Galois descent

Definition 2.1. — Let L be a field and K ⊂ L be a subfield such that L/K is a finite Galois extension. Let π_1 : X_1 → Spec L and π_2 : X_2 → Spec L be two L-schemes.

Then, by a morphism from π_1 to π_2 that is twisted by σ ∈ Gal(L/K) we will mean a morphism f : X_1 → X_2 of schemes such that the diagram

X_1^f �

π_1 � X_2

π_2 � Spec L^{S(σ)} � Spec L

commutes. Here S(σ) : Spec L → Spec L denotes the morphism of affine schemes induced by σ^{−1} : L → L.

Theorem 2.2. — Let L/K be a finite Galois extension of fields and G := Gal (L/K) be its Galois group. Then

a) there are the following equivalences of categories,

{K−vector spaces} −→

L−vector spaces with a G−operation from the left where each σ ∈ G operates σ−linearly ,

{K−algebras} −→ L−algebras with a G−operation from the left where each σ ∈ G operates σ−linearly , central simple algebras over K −→ central simple algebras over L with a G−operation from the left where each σ ∈ G operates σ−linearly , { commutative K−algebras } −→ commutative L−algebras with a G−operation from the left where each σ ∈ G operates σ−linearly , commutative K−algebras with unit −→ commutative L−algebras with unit with a G−operation from the left where each σ ∈ G operates σ−linearly , A → A⊗_K L,

b) there is the following equivalence of categories,

{ quasi − projective K−schemes } −→ quasi − projective L−schemes with a G−operation from the left by morphisms of K−schemes where each σ ∈ G operates by a morphism twisted by σ ,

X → X ×_{SpecK} Spec L.

c) Let X be a K-scheme and r be a natural number. Then there are the following equivalences of categories,

{ quasi − coherent sheaves on X } −→ quasi − coherent sheaves M on X ×_{SpecK} Spec L together with a system (ι_σ)_{σ∈G} of isomorphisms ι_σ : x^∗_σM → M satisfying ι_τ ∘x^∗_τ (ι_σ) = ι_{στ} for every σ, τ ∈ G ,

{ locally free sheaves of rank r on X } −→ locally free sheaves M of rank r on X ×_{SpecK} Spec L together with a system (ι_σ)_{σ∈G} of isomorphisms ι_σ : x^∗_σM → M satisfying ι_τ ∘x^∗_τ (ι_σ) = ι_{στ} for every σ, τ ∈ G ,

F → M := π^∗F . Here the morphisms in the categories are the obvious ones, i.e. those respecting all the extra structures. π : X ×_{SpecK} Spec L −→ X is the canonical morphism and x_σ : X ×_{SpecK} Spec L −→ X ×_{SpecK} Spec L denotes the morphism that is induced by S(σ): Spec L → Spec L.

Proof. In each case we have to prove that the functor given is fully faithful and essentially surjective. Full faithfulness is proven in Propositions 2.7, 2.8 and 2.9, respectively. Propositions 2.3, 2.5 and 2.6 show essential surjectivity. □

Proposition 2.3 (Galois descent-algebraic version). — Let L/K be a finite Galois extension of fields and G := Gal (L/K) be its Galois group. Further, let W be a vector space (an algebra, a central simple algebra, a commutative algebra, a commutative algebra with unit, ... ) over L together with an operation T : G×W → W of G from the left on W respecting all the extra structures such that for each σ ∈ G the action of σ is a σ-linear map T_σ : W → W Then there is a vector space V (an algebra, a central simple algebra, a commutative algebra, a commutative algebra with unit, ... ) over K such that there is an isomorphism

V⊗_K L^b−→_{∼=} W

where V⊗_K L is equipped with the G-operation induced by the canonical one on L and b respects all the algebraic structures including the operation of G.

Proof. Define V := W^G. This is clearly a K-vector space (a K-algebra, a commutative K-algebra, a commutative K-algebra with unit). If W is a central simple algebra over L then V is a central simple algebra over K. This can not be seen directly but it follows immediately from the formula W^G ⊗_K L = W which will be proven below. For that let {l_1, . . . , l_n} be a K-basis of L. We have to show the following claim. □

Claim 2.4. — There exist an index set A and a subset {x_α | α ∈ A} ⊂ W^G such that {l_i x_α | i ∈ {1, . . . , n}, α ∈ A} is a K-basis of W.

Proof. By Zorn’s Lemma there exists a maximal subset {x_α | α ∈ A} ⊂ W^G such that {l_i x_α | i ∈ {1, . . . , n}, α ∈ A} ⊂ W is a system of K-linearly independent vectors. Assume that system is not a basis of W. Then ⟨l_i x_α | i ∈ {1, . . . , n}, α ∈ A⟩_K is a proper G-invariant L-sub-vector space of W and one can choose an element x ∈ W\⟨l_i x_α| i ∈{1, . . . , n}, α ∈ A⟩_K. For every l ∈ L the sum

∑_{σ∈G}^Tσ^{(lx) =} ∑_{σ∈G}^{σ(l)·T}σ^{(x)}

is G-invariant. Further, by linear independence of characters, the matrix σ_1(l_1) . . . σ_1(l_n) · · · ... · · · σ_n(l_1) . . . σ_n(l_n) is of maximal rank. In particular, there is some l ∈ L such that the image of

x_β := ∑ σ∈G σ(l)·σ(x) in W/⟨l_i x_α | i ∈ {1, . . . , n}, α ∈ A⟩_K is not equal to zero. Therefore, {l_ix_α | i ∈ {1, . . . , n}, α ∈ A} ∪ {l_ix_β | i ∈ {1, . . . , n}} is a K-linearly independent system of vectors contradicting the maximality of {x_α | α ∈ A}. □ Proposition 2.5 (Galois descent-geometric version). — Let L/K be a finite Galois extension of fields and G := Gal (L/K) its Galois group. Further, let

Y be a quasi-projective L-scheme together with an operation of G from the left by twisted morphisms, i.e. such that the diagrams Y �

T_σ � Y � Spec L^{S(σ)} � Spec L

commute, where S(σ) : Spec L → Spec L is the morphism of schemes induced by σ^{−1} : L → L.

Then there exists a quasi-projective K-scheme X such that there is an isomorphism of L-schemes X ×_{SpecK} Spec L^f−→_{∼=} Y

where X ×_{SpecK} Spec L is equipped with the G-operation induced by the one on Spec L and f is compatible with the operation of G.

Proof. Affine Case. Let Y = Spec B be an affine scheme. The G-operation on Spec B corresponds to a G-operation from the right on B where each σ ∈ G operates σ^{−1}- linearly. Define a G-operation from the left on B by σ·b := b·σ^{−1}. The assertion follows immediately from Proposition 2.3.

General Case. By Lemma 2.10 there exists an affine open covering {Y_1, . . . , Y_n} of Y by G-invariant schemes. Galois descent yields affine K-schemes X_1, . . . , X_n such that there are isomorphisms

X_i ×_{SpecK} Spec L^{∼=}−→ Y_i and affine K-schemes X_{i j}, 1 ≤ i < j ≤ n, such that there are isomorphisms

X_{i j} ×_{SpecK} Spec L^{∼=}−→ Y_i ∩ Y_j.

It remains to be shown that every X_{i j} admits canonical, open embeddings into X_i and X_j.

In each case on the level of rings we have a homomorphism A⊗_K L −→ B⊗_K L and an isomorphism B⊗_K L^{∼=}−→ (A⊗_K L)_f such that their composition is the localization map. Clearly, f can be assumed to be G-invariant, i.e. we may suppose f ∈ A. Consequently, B⊗_K L ∼= A_f ⊗_K L and, by consideration of the G-invariants on both sides, B ∼= A_f .

The cocycle relations are clear. Therefore, we can glue the affine schemes X_1, . . . , X_n along the affine schemes X_{i j}, 1 ≤ i < j ≤ n, to obtain the scheme X desired. Lemma 2.12.ix) below completes the proof. □

Proposition 2.6 (Galois descent for quasi-coherent sheaves) Let L/K be a finite Galois extension of fields and G := Gal (L/K) be its Galois group. Further, let X be a K-scheme, π : X ×_{SpecK} Spec L → X the canonical morphism and x_σ : X ×_{SpecK} Spec L → X ×_{SpecK} Spec L be the morphism induced by S(σ): Spec L → Spec L. Let

M be a quasi-coherent sheaf over X ×_{SpecK} Spec L together with a system (ι_σ)_{σ∈G} of isomorphisms ι_σ : x^∗_σM → M that are compatible in the sense that for each σ, τ ∈ G there is the relation ι_τ ∘x^∗_τ (ι_σ) = ι_{στ} .

Then there exists a quasi-coherent sheaf F over X such that there is an isomorphism

π^∗F^{∼=}−→_b M

under which the canonical isomorphism i_σ : x^∗_σπ^∗F = (πx_σ)^∗F = π^∗F^{id}−→ π^∗F is identified with ι_σ for each σ, i.e. the diagrams

x^∗_σπ^∗F^{x∗σ(b)} �

i_σ � x^∗_σM ι_σ � π^∗F^{b �} M commute.

Proof. Assume X ∼= Spec A to be an affine scheme first. Then M = ~M for some (A⊗_K L)-module M. We have

x^∗_σM = ~

M⊗_{(A⊗K L)} (A⊗_K L^{σ−1} ) = ~M⊗_L L^{σ−1} .

Hence x^∗_σM = ~M^{σ−1} where M^{σ−1} coincides with M as an A-module, but its structure of an L-vector space is given by

l ·_{Mσ}−1 m := σ^{−1}(l) ·_M m.

Consequently, the isomorphism ι_σ : x^∗_σM → M is induced by an A-module isomorphism j_σ : M → M being σ^{−1}-linear. The compatibility relations required above translate simply into the condition that the maps j_σ form a G-operation on M from the right. Define a G-operation from the left on M by σ·m := j_σ−1 (m).

By Galois descent for vector spaces the K-vector space M^G of G-invariants satisfies M^G ⊗_K L ∼= M. This is also an isomorphism of A-modules as the G-operation on M is compatible with the A-operation. Putting F := ~M^G we obtain a quasicoherent sheaf over X such that π^∗F ∼= M . The commutativity of the diagram is a consequence of Proposition 2.3.

Now let X be a general scheme. Consider an affine open covering

{X_α ∼= Spec R_α | α ∈ A}

of X where A is an arbitrary index set. For every intersection X_{α1} ∩ X_{α2} we again consider an affine open covering {X_{α1,α2,β} ∼= Spec R_{α1,α2,β} | β ∈ B_{α1,α2} }. By the affine case we are given R_α-modules M_α for each α ∈ A satisfying π^∗~M_α ∼= M |_{Xα×SpecK Spec L} and R_{α1,α2,β}-modules M_{α1,α2,β} for each triple (α_1,α_2,β) with α_1, α_2 ∈ A and β ∈ B_{α1,α2} satisfying π^∗ ~M_{α1,α2,β} ∼= M |_{Xα1,α2 ,β ×SpecKSpec L}. The construction of these modules is compatible with restriction to affine subschemes. Therefore, by Proposition 2.9 below, we get isomorphisms

i_{α1,α2,β} : M_{α1} ⊗_{Rα1} R_{α1,α2,β}^{∼=}−→ M_{α2} ⊗_{Rα2} R_{α1,α2,β} .

It is clear that for every α_1, α_2, α_3 ∈ A and every β_1 ∈ B_{α2,α3} , β_2 ∈ B_{α3,α1} , β_3 ∈ B_{α1,α2} these isomorphisms are compatible on the triple intersection X_{α1,α2,β3} ∩ X_{α3,α1,β2} ∩ X_{α2,α3,β1} , i.e. we can glue the quasi-coherent sheaves ~M_α along the ~

M_{α1,α2,β} to obtain the quasi-coherent sheaf M desired. □

Proposition 2.7 (Galois descent for homomorphisms). — Let L/K be a finite Galois extension of fields and G := Gal (L/K) be its Galois group. Then it is equivalent i) to give a homomorphism r: V → V^′ of K-vector spaces (of algebras over K, of central simple algebras over K, of commutative K-algebras, of commutative K-algebras with unit, ... ), ii) to give a homomorphism r_L : V ⊗_K L → V^′ ⊗_K L of L-vector spaces (of algebras over L, of central simple algebras over L, of commutative L-algebras, of commutative L-algebras with unit, ... ) which is compatible with the G-operations, i.e. such that for each σ ∈ G the diagram

V⊗_K L^{rL} � σ � V^′ ⊗_K L σ � V⊗_K L^{rL} � V^′ ⊗_K L

commutes.

Proof. If r is given then one defines r_L := r⊗_K L. Clearly, if r is a ring homomorphism then r_L is, too. Conversely, in order to construct r from r_L note that the commutativity of the diagrams above implies that r_L is compatible with the G-invariants on both sides. But we know (V⊗_K L)^G = V and (V^′ ⊗_K L)^G = V^′, already, so we obtain a K-linear map r : V −→ V^′. If r_L is a ring homomorphism then its restriction r is, too. It is clear that the two processes described are inverse to each other. □

Proposition 2.8 (Galois descent for morphisms of schemes) Let L/K be a finite Galois extension of fields and G := Gal (L/K) be its Galois group. Then it is equivalent

i) to give a morphism of K-schemes f : X → X^′, ii) to give a morphism of L-schemes f_L : X×_{SpecK} Spec L → X^′ ×_{SpecK} Spec L which is compatible with the G-operations, i.e. such that for each σ ∈ G the diagram

X ×_{SpecK} Spec L^{fL} � σ � X^′ ×_{SpecK} Spec L σ � X ×_{SpecK} Spec L^{fL} � X^′ ×_{SpecK} Spec L

commutes.

Proof. If f is given then one defines f_L := f ×_{SpecK} Spec L. Conversely, in order to construct f from f_L, the question is local in X^′ and X. So one has a homomorphism r_L : A^′ ⊗_K L −→ A⊗_K L of L-algebras with unit making the diagrams

A^′ ⊗_K L^{rL} � σ � A⊗_K L σ � A^′ ⊗_K L^{rL} � A⊗_K L

commute. That is exactly the situation covered by the proposition above. It is clear that the two processes described are inverse to each other. □

Proposition 2.9 (Galois descent for morphisms of quasi-coherent sheaves) Let L/K be a finite Galois extension of fields and G := Gal (L/K) be its Galois group. Further, let X be a K-scheme and π : X ×_{SpecK} Spec L → X be the canonical morphism. Then it is equivalent

i) to give a morphism r : F → G of coherent sheaves over X, ii) to give a morphism r_L : π^∗F → π^∗G of quasi-coherent sheaves over X ×_{SpecK} Spec L which is compatible with the G-operations, i.e. such that for each σ ∈ G the diagram

π^∗F^{rL �}

x^∗_σ � π^∗G x^∗_σ � π^∗F^{rL �} π^∗G commutes.

Proof. If r is given then one defines r_L := π^∗r. Conversely, if r_L is given, the question to construct r is local in X. So assume A is a commutative ring with unit and M and N are A-modules. We are given a homomorphism r_L : M⊗_K L → N⊗_K L of A⊗_K L-modules such that the diagrams

M⊗_K L^{rL} � σ � N⊗_K L σ � M⊗_K L^{rL} � N⊗_K L commute for each σ ∈ G. We get a morphism r : M → N as M and N are the A-modules of G-invariants on the left and right hand side, respectively. The two procedures described above are inverse to each other. □

Lemma 2.10. — Let L be a field and Y be a quasi-projective L-scheme equipped with an operation of some finite group G acting by morphisms of schemes. Then there exists a covering of Y by G-invariant affine open subsets.

Proof. Let y ∈ Y be an arbitrary closed point. Everything that is needed is an affine open G-invariant subset containing y. For that we choose an embedding i : Y → P^N_L . By Sublemma 2.11, there exists a hypersurface H_y such that H_y ⊃ i(Y)\i(Y) and i(σ(y)) ∉ H_y for every σ ∈ G. Here i(Y) denotes the closure of i(Y) in P^N_L . By construction, the morphism

i|_{Y\i}−1_{(Hy)} : Y\i^{−1}(H_y) −→ P^N_L \H_y

is a closed embedding. As P^N_L \H_y is an affine scheme, Y\i^{−1}(H_y) must be affine, too. Hence, O_y := ⋂ σ∈G σ^{−1}(Y\i^{−1}(H_y)) ⊂ Y

is the intersection of finitely many affine open subsets in a quasi-projective, and therefore separated, scheme. Thus, it is an affine open subset. By construction, O_y is G-invariant and contains y. □

Sublemma 2.11. — Let L be a field and Z ⫋ P^N_L be a closed subvariety of some projective space over L. Further, let p_1, . . . , p_n ∈ P^N_L be finitely many closed points not contained in Z. Then there exists some hypersurface H ⊂ P^N_L that contains Z but does not contain any of the points p_1, . . . , p_n.

Proof. We will give two proofs, an elementary one and the natural one that uses cohomology of coherent sheaves.

1st proof. Let S := L[X_0, . . . , X_N] be the homogeneous coordinate ring for the projective space P^N_L . It is a graded L-algebra. For d ∈ N we will denote by S_d the L-vector space of homogeneous elements of degree d.

We proceed by induction the case n = 0 being trivial. Assume the statement is proven for n − 1 and consider the problem for n points p_1 , . . . , p_n. By induction hypothesis there exists a homogeneous element s ∈ S, i.e. some hypersurface H := V(s), such that H ⊇ Z and p_1, . . . , p_{n−1} ∉ H. Let d denote the degree of s, i.e. H is a hypersurface in P^N_L of degree d. We may assume p_n ∈ H as, otherwise, the proof would be finished.

Z ∪ {p_1} ∪ . . . ∪ {p_{n−1}} is a Zariski closed subset of P^N_L not containing p_n. Therefore, there exists some d^′ ∈ N and some homogeneous s^′ ∈ S_d′ such that V(s^′) ⊇ Z ∪ {p_1} ∪ . . . ∪ {p_{n−1}} but p_n ∉ V(s^′). Any hypersurface V(a·s^{′d} +b·s^{d′} ) for non-zero elements a, b ∈ L contains Z but neither p_1, . . . , p_{n−1} nor p_n. 2nd proof. Tensoring the canonical exact sequence 0 −→ I_{{p1, ... ,pn}} −→ O_X −→ O_{{p1, ... ,pn}} −→ 0 with the ideal sheaf I_Z yields an exact sequence 0 −→ I_{{p1, ... ,pn}∪Z} −→ I_Z −→ O_{{p1, ... ,pn}} −→ 0 of sheaves on P^N_L as one has I_{{p1, ... ,pn}} ⊗_{OX} I_Z = I_{{p1, ... ,pn}∪Z} and T or^{OX}_1 (O_{{p1, ... ,pn}}, I_Z) = 0. For that note that locally at least one of two sheaves occurring in the products is free. For each l ∈ Z we tensor with the invertible sheaf O(l) and find a long cohomology exact sequence

Γ(P^N_L , I_Z(l)) −→ Γ(P^N_L , O_{{p1, ... ,pn}}(l)) −→ H^1(P^N_L , I_{{p1, ... ,pn}}(l)).

By Serre’s vanishing theorem [Ha, Theorem III.5.2], H^1(P^N_L , I_{{p1, ... ,pn}}(l)) = 0 for l ≫ 0. Hence, there is a surjection Γ(P^N_L , I_Z(l)) −→ Γ(P^N_L , O_{{p1, ... ,pn}}(l)) ∼= κ(p_1) ⊕ . . . ⊕ κ(p_n).

That means that there exists a global section s of I_Z(l) that does not vanish in any of the points p_1, . . . , p_n. s defines a hypersurface of degree l in P^N_L that contains Z and does not contain any of the points p_1, . . . , p_n. □

Lemma 2.12 (A. Grothendieck and J. Dieudonné). — Let L/K be a finite field extension and X be a K-scheme such that X ×_{SpecK} Spec L is i) reduced, ii) irreducible, iii) quasi-compact, iv) locally of finite type, v) of finite type, vi) locally Noetherian, vii) Noetherian, viii) proper, ix) quasi-projective, x) projective, xi) affine, or xii) regular.

Then X admits the same property.

Proof. Let π : X ×_{SpecK} Spec L → X denote the canonical morphism. For iii) through xi) we may assume L/K to be Galois. Put G := Gal (L/K). i) If s ∈ Γ(U, O_X) would be a nilpotent non-zero section of the structure sheaf O_X over some open subset U ⊆ X then π^♯(s) ∈ Γ(U×_{SpecK} Spec L, O_{X×SpecK Spec L}) would be a nilpotent non-zero local section of the structure sheaf of X×_{SpecK} Spec L. ii) If X = X_1 ∪ X_2 would be a non-trivial decomposition into two closed subschemes then X ×_{SpecK} Spec L = X_1 ×_{SpecK} Spec L ∪ X_2 ×_{SpecK} Spec L would be the same for X ×_{SpecK} Spec L.

iii) Let {U_α | α ∈ A} be an arbitrary affine open covering of X. Then {U_α ×_{SpecK} Spec L | α ∈ A} is an affine open covering of X ×_{SpecK} Spec L. Quasicompactness guarantees the existence of a finite sub-covering {U_α ×_{SpecK} Spec L | α ∈ A_0}. But then {U_α | α ∈ A_0} is a finite affine open covering for X.

iv) We can assume X = Spec A to be affine. So A⊗_K L is a finitely generated Lalgebra. Let {b_1, . . . , b_n} be a system of generators for A ⊗_K L. As one could decompose into elementary tensors, if necessary, we may assume without restriction that all b_i = a_i ⊗l_i are elementary tensors. Consider the homomorphism of K-algebras K[X_1, . . . , X_n] → A, X_i → a_i.

It induces a surjection after tensoring with L and, therefore, is surjective itself as ⊗_K L is a faithful functor.

v) This is just the combination of iii) and iv).

vi) Let X_α ∼= Spec A_α be an affine open subscheme of X. We have to show that A_α is Noetherian under the hypothesis that A_α⊗_K L is. So assume I_1 ⊂ I_2 ⊂ I_3 ⊂ . . . is an ascending chain of ideals in A_α that does not stabilize. It induces an ascending chain I_1 ⊗_K L ⊂ I_2 ⊗_K L ⊂ I_3 ⊗_K L ⊂ . . . of ideals in A_α ⊗_K L that does not stabilize, either. This is a contradiction to our hypothesis. vii) This is the combination of iii) and vi).

viii) That is v) together with a direct application of the valuation criterion for properness [Ha, Theorem 4.7]. So consider a commutative diagram U i � � X � T � Spec K

where T = Spec R is the spectrum of a valuation ring, U = Spec F is the spectrum of its quotient field and i is the canonical morphism. Taking the base change of the whole diagram to Spec L we find

U ×_{SpecK} Spec L i � � X ×_{SpecK} Spec L � T ×_{SpecK} Spec L � ι � � � � Spec L

where the diagonal morphism ι is the unique one making the diagram commute. Note that U ×_{SpecK} Spec L = Spec (F⊗_K L) is no more the spectrum of a field but the union of finitely many spectra of fields. Similarly, T ×_{SpecK} Spec L = Spec (R⊗_K L) is a finite union of spectra of valuation rings. Nevertheless, the valuation criterion implies existence and uniqueness of the diagonal arrow. Further, there is a canonical G-operation on the whole diagram without ι. As ι is uniquely determined by the condition that it makes the diagrams above commute, the diagrams

T ×_{SpecK} Spec L^ι � σ � X ×_{SpecK} Spec L σ � T ×_{SpecK} Spec L^ι � X ×_{SpecK} Spec L

must be commutative for each σ ∈ G. ι is the base change of a morphism T → X by Proposition 2.8.

ix) and x) Taking v) and viii) into account everything left to be shown is the existence an ample invertible sheaf on X. By assumption there is an ample invertible sheaf M on X ×_{SpecK} Spec L. For σ ∈ G let x_σ : X ×_{SpecK} Spec L → X ×_{SpecK} Spec L be the morphism of schemes induced by S(σ) : Spec L → Spec L, i.e. by σ^{−1} on coordinate rings. The invertible sheaves x^∗_σM are ample, as well, and, therefore, M := ⨂ υ∈Gx^∗_υM is an ample invertible sheaf. For each σ ∈ G there are canonical identifications ι_σ : x^∗_σM = ⨂ υ∈G x^∗_σ x^∗_υM = ⨂ υ∈G x^∗_{υσ}M^{id}−→ ⨂ υ∈G x^∗_υM = M

and it is trivial that they are compatible in the sense that for each σ, τ ∈ G there is the relation ι_τ ∘x^∗_τ (ι_σ) = ι_{στ} . By Galois descent for locally free sheaves there is an invertible sheaf L ∈ Pic (X) such that π^∗L ∼= M . By Lemma 2.13 below L is ample.

xi) If X ×_{SpecK} Spec L^{∼=}−→ Spec B is affine the isomorphism defines a G-operation from the right on the L-algebra B where each σ ∈ G operates σ^{−1}-linearly. Define a G-operation from the left on B by σ ·b := b·σ^{−1}. By the algebraic version of descent, Proposition 2.3, we find a K-algebra A such that there is an isomorphism

X ×_{SpecK} Spec L^{∼=}−→ Spec B = Spec (A⊗_K L)^{∼=}−→ Spec A ×_{SpecK} Spec L being compatible with the G-operations. Proposition 2.5 implies X ∼= Spec A. xii) Let (A, m) be the local ring at a point p ∈ X. By vi) we may assume (A, m) is Noetherian. We have to show it is regular. Let us give two proofs for that, the standard one using Serre’s homological characterization of regularity and an elementary one.

1st proof. Assume (A, m) would not be regular. By [Ma, Theorem 19.2] one would have gl.dim A = ∞. Then, [Ma, §19, Lemma 1] implies proj.dim_A A/m = ∞ and

sup{i | Tor^A_i (A/m, A/m) ≠ 0} = ∞. On the other hand, we have

Tor^A_i (A/m, A/m)⊗_K L = Tor^A_i (A/m, A/m)⊗_A (A⊗_K L) = Tor^A_i (A/m, (A⊗_K L/m⊗_K L)) = Tor^{A⊗K L}_i ((A⊗_K L/m⊗_K L), (A⊗_K L/m⊗_K L)) = 0 for i > dim A⊗_K L by [Ma, Theorem 19.2] as A⊗_K L is regular. This is a contradiction. Note that everything we needed was that π is faithfully flat. 2nd proof. Put d := dim A. The ring A⊗_K L is not local in general. But the quotient (A⊗_K L)/(m⊗_K L) ∼= A/m⊗_K L is a direct product of finitely many fields since L/K is a finite, separable field extension. The quotients (A⊗_K L)/(m^n ⊗_K L) are Artin rings as they are flat of relative dimension zero over A/m^n. Consequently, they are direct products of Artin local rings,

(A⊗_K L)/(m^n ⊗_K L)^{∼=}−→ A^{(n)}_1 × . . . × A^{(n)}_l .

Under this isomorphism (m⊗_K L)/(m^n ⊗_K L) is mapped to the product of the maximal ideals m^{(n)}_1 × . . . × m^{(n)}_l as it is a nilpotent ideal and the quotient has to be a direct product of fields. For each i ∈ {1, . . . , l} let f_i ∈ A⊗_K L be chosen such that its image has a non-zero component in A^{(n)}_i , only, and that be the unit element. Then A^{(n)}_i ∼= ((A⊗_K L)/(m^n ⊗_K L))_{fi} ∼= (A⊗_K L)_{fi} /m^n(A⊗_K L)_{fi} .

By our assumptions (A⊗_K L)_{fi} is a regular local ring and m(A⊗_K L)_{fi} is its maximal ideal. (A⊗_K L)_{fi} is of dimension d since it is flat of relative dimension zero over A. By the standard computation of the Hilbert-Samuel function of a regular local ring we have

length ( A^{(n)}_i ) = length ((A⊗_K L)_{fi} /m^n(A⊗_K L)_{fi} )

= length ((A⊗_K L)_{fi} /(m(A⊗_K L)_{fi} )^n) = ( n+d−1 d ) . Consequently, for the function H_A with H_A(n) := dim_K (A/m^n) one gets

H_A(n) = dim_L (A⊗_K L/m^n ⊗_K L) = dim_L ( A^{(n)}_1 × . . . × A^{(n)}_l )

= l ∑_{i=1}^{dim}L^{(A(n)}i^) = l ∑_{i=1}^{[(A(n)}i^{/m(n)}i^{): L] length(A(n)}i^{),}

so H_A has to be some multiple of n →

(_{n+d−1} d ) by a constant. Therefore, the Hilbert- Samuel function of A is exactly that of a regular local ring of dimension d. Note its value H_A(1) is necessarily equal to 1, so there is no ambiguity about constant factors. A is regular. □

Lemma 2.13. — Let L/K be an arbitrary field extension, X a K-scheme of finite type, π: X ×_{SpecK} Spec L → X the canonical morphism and L ∈ Pic (X) be an invertible sheaf. If the pull-back π^∗L ∈ Pic (X ×_{SpecK} Spec L) is ample then L is ample. Proof. We have to prove that for every coherent sheaf F on X and each closed point x ∈ X for n ≫ 0 the canonical map p^n_x : Γ(X, F ⊗ L^{⊗n}) → F_x ⊗ L^{⊗n}_x is surjective. For that it is obviously sufficient to prove surjectivity for p^n_x ⊗_K L : Γ(X, F ⊗L^{⊗n})⊗_K L → (F_x ⊗L^{⊗n}_x )⊗_K L. But it is easy to see that

Γ(X, F ⊗L^{⊗n})⊗_K L = Γ(X ×_{SpecK} Spec L, π^∗F ⊗π^∗L^{⊗n})

while (F_x ⊗L^n_x )⊗_K L = Γ(π^{−1}(x), π^∗F ⊗π^∗L^{⊗n}). Here π^{−1}(x) denotes the fiber of π above x. Note it may be a non-reduced scheme in the case that L/K is not separable. For n ≫ 0 the map p^n_x ⊗_K L is surjective as π^∗L is ample. □

Lemma 2.14. — Let R be a ring, F a free R-module of finite rank and M an arbitrary R-module. If M⊗_R F is a locally free R-module of finite rank then M is locally free of finite rank, as well.

Proof. M is a direct summand of the locally free R-module M⊗_R F being of finite rank. Therefore, there is some affine open covering {Spec R_{f1} , . . . , Spec R_{fn} } of Spec R such that each (M⊗_R F)⊗_R R_{fi} = (M⊗_R R_{fi} )⊗_R F is a free R_{fi} -module. M⊗_R R_{fi} = M_{fi} is a direct summand and, therefore, a projective R_{fi} -module. There exists a surjection (M⊗_R F) ⊗_R R_{fi} ↠ M_{fi} whose kernel K has to be a direct summand of (M ⊗_R F) ⊗_R R_{fi} , as well. In particular, K is a finitely generated R_{fi} - module. Thus, M_{fi} is finitely presented and, therefore, locally free by [Ma, Theorem 7.12 and Theorem 4.10]. □

Remark 2.15. — Galois descent is the central technique in André Weil’s foundation of Algebraic Geometry. The Grothendieck school gave a far-reaching generalization of it, the so-called faithful flat descent. It turns out that we will not need faithful flat descent in its full generality later on here. For that reason we decided to present the more elementary Galois descent in detail. The reader who is interested in faithful flat descent can find detailed information in [K/O].

3. Central simple algebras and non-abelian H^1

We are going to make use of the following well-known facts about central simple algebras.

Lemma 3.1 (J. H. Maclagan-Wedderburn, R. Brauer). — Let K be a field. a) Let A be a central simple algebra over K. Then there exist a skew field D with center K and a natural number n such that A ∼= M_n(D) is isomorphic to the full algebra of n×n-matrices with entries in D.

b) Let L be a field extension of K and A be a central simple algebra over K. Then A⊗_K L is a central simple algebra over L.

c) Assume K to be separably closed. Let D be a skew field being finite dimensional over K whose center is equal to K. Then D = K.

Proof. See the standard literature, for example S. Lang [La] or N. Bourbaki [Bou], or the book of I. Kersten [Ke]. □

Remarks 3.2. — a) Let A be a central simple algebra over a field K. i) The proof of Lemma 3.1.a) shows that in the presentation A ∼= M_n(D) the skew field D is unique up to isomorphism of K-algebras and the natural number n is unique.

ii) A⊗_K K^{sep} is isomorphic to a full matrix algebra over K^{sep}. In particular, dim_K A is a perfect square. The natural number ind(A) := √ dim_K(D) is called the index of A.

b) Let A_1, A_2 be central simple algebras over a field K. Then A_1 ⊗_K A_2 can be shown to be a central simple algebra over K. Further, if A is a central simple algebra over a field K then A ⊗_K A^{op} ∼= Aut_{K−Vect}(A), i.e. it is isomorphic to a matrix algebra.

c) Two central simple algebras A_1 ∼= M_{n1} (D_1), A_2 ∼= M_{n2} (D_2) over a field K are said to be similar if the corresponding skew fields D_1 and D_2 are isomorphic as K-algebras. This is an equivalence relation on the set of all isomorphy classes of central simple algebras over K. The tensor product induces a group structure on the set of similarity classes of central simple algebras over K, this is the so-called Brauer group Br(K) of the field K.

Definition 3.3. — Let K be a field and A be a central simple algebra over K. A field extension L of K admitting the property that A⊗_K L isomorphic to a full matrix algebra is said to be a splitting field for A. In this case one says A splits over L. Lemma 3.4 (Theorem of Skolem-Noether). — Let R be a commutative ring with unit. Then GL_n(R) operates on M_n(R) by conjugation, (g, m) → gmg^{−1}.

If R = L is a field then this defines an isomorphism

PGL_n(L) := GL_n(L)/L^{∗ ∼=}−→ Aut_L(M_n(L)).

Proof. One has L = Zent(M_n(L)). Therefore, the mapping is well-defined and injective.

Surjectivity. Let j : M_n(L) → M_n(L) be an automorphism. We consider the algebra M := M_n(L)⊗_L M_n(L)^{op} (∼= M_n2 (L)). M_n(L) gets equipped with the structure of a left M-module in two ways. (A⊗B) •_1 C := A·C·B (A⊗B) •_2 C := j(A)·C·B Two M_n2 (L)-modules of the same L-dimension are isomorphic, as the n^2-dimensional standard L-vector space equipped with the canonical operation of M_n2 (L) is the only simple left M_n2 (L)-module and there are no non-trivial extensions. Thus, there is an isomorphism h : (M_n(L), •_1) → (M_n(L), •_2). Let us put I := h(E) to be the image of the identity matrix. For every M ∈ M_n(L) we have h(M) = h((E⊗M)•_1 E) = (E⊗M)•_2 h(E) = h(E)·M = I·M.

In particular, I ∈ GL_n(L). Therefore, I·M = h(M) = h((M⊗E)•_1 E) = (M⊗E)•_2 h(E) = j(M)· I for each M ∈ M_n(L) and j(M) = IMI^{−1}. □

Definition 3.5. — Let n be a natural number.

i) If K is a field then we will denote by Az^K_n the set of all isomorphy classes of central simple algebras A of dimension n^2 over K.

ii) Let L/K be a field extension. Then Az^{L/K}_n will denote the set of all isomorphy classes of central simple algebras A which are of dimension n^2 over K and split over L. Obviously, Az^K_n := ⋃ L/K Az^{L/K}_n .

Theorem 3.6 (cf. J.-P. Serre: Corps locaux [Se62, chap. X, §5]) Let L/K be a finite Galois extension of fields, G := Gal (L/K) its Galois group and n be a natural number. Then there is a natural bijection of pointed sets

a = a^{L/K}_n : Az^{L/K}_n^{∼=}−→ H^1(G, PGL_n(L)), A → a_A.

Proof. Let A be a central simple algebra over K that splits over L, A⊗_K L^{∼=}−→_f M_n(L).

The diagrams A⊗_K L^f � M_n(L)

A⊗_K L^f � σ � M_n(L) σ �

for σ ∈ G do not commute in general. Put ( f ∘σ) = a_σ ∘(σ∘ f ) where a_σ ∈ PGL_n(L) for each σ. It turns out that f ∘στ = ( f ∘σ)∘τ = a_σ ∘(σ∘ f )∘τ = a_σ ∘σ∘( f ∘τ ) = a_σ ∘σ∘(a_τ ∘(τ ∘ f )) = a_σ ∘^σa_τ ∘(στ ∘ f ), i.e. a_{στ} = a_σ ·^σa_τ and (a_σ)_{σ∈G} is a cocycle.

If one starts with another isomorphism f^′ : A⊗_K L −→ M_n(L) then there exists some b ∈ PGL_n(L) such that f = b∘ f^′. The equality ( f ∘σ) = a_σ ∘(σ∘ f ) implies f^′ ∘σ = b^{−1} ∘ f ∘σ = b^{−1}·a_σ ∘ (σ∘(b∘ f^′)) = b^{−1}·a_σ·^σb ∘ (σ∘ f^′).

Thus, the isomorphism f^′ yields a cocycle being cohomologous to (a_σ)_{σ∈G}. The mapping a is well-defined.

Injectivity. Assume A and A^′ are chosen such that the construction above yields the same cohomology class a_A = a_A′ ∈ H^1(G, PGL_n(L)). After the choice of suitable isomorphisms f and f^′ one has the formulas ( f ∘ σ) = a_σ ∘ (σ ∘ f ) and ( f^′ ∘σ) = a_σ ∘(σ∘ f^′) in the diagram

A⊗_K L^f � M_n(L) A^′ ⊗_K L

f^′ �

A⊗_K L^f � σ � M_n(L) σ � A^′ ⊗_K L.

f^′ � σ �

Consequently, f ∘σ∘ f^{−1} ∘σ^{−1} = f^′ ∘σ∘ f^{′−1} ∘σ^{−1} and, therefore, f ∘σ∘ f^{−1} ∘ f^′ ∘σ^{−1} ∘ f^{′−1} = id.

The outer part of the diagram commutes. Taking the G-invariants on both sides gives A ∼= A^′.

Surjectivity. Let a cocycle (a_σ)_{σ∈G} for H^1(G, PGL_n(L)) be given. We define a new G-operation on M_n(L) by letting σ ∈ G operate as a_σ ∘σ : M_n(L)^σ−→ M_n(L)^{aσ}−→ M_n(L).

Note that this is a σ-linear mapping. Further, one has (a_σ ∘σ)∘(a_τ ∘τ ) = a_σ ∘^σa_τ ∘στ = a_{στ} ∘στ , i.e. we constructed a group operation from the left. Galois descent yields the desired algebra. □ Lemma 3.7. — Let L/K be a finite Galois extension of fields and n be a natural number. a) Let L^′ be a field extension of L such that L^′/K is Galois again. Then the following diagram of morphisms of pointed sets commutes,

Az^{L/K}_n^a L/K n �

nat. incl. �

H^1(Gal (L/K), PGL_n(L))

inf^{Gal (L′/K)}

Gal (L/K) � Az^{L′/K}_n^a L′/K n � H^1(Gal (L^′/K), PGL_n(L^′)).

b) Let K^′ be an intermediate field of the extension L/K. Then the following diagram of morphisms of pointed sets commutes,

Az^{L/K}_n^a L/K n �

⊗_KK^′ �

H^1(Gal (L/K), PGL_n(L))

res^{Gal (L/K′ )}

Gal (L/K) � Az^{L/K′}_n^a L/K′ n � H^1(Gal (L/K^′), PGL_n(L)).

Proof. These are direct consequences of the construction of the bijections a^·_n. □ Corollary 3.8. — Let K be a field and n be a natural number. Then there is a unique natural bijection a = a^K_n : Az^K_n −→ H^1(Gal (K^{sep}/K), PGL_n(K^{sep})) such that a^K_n |_{Az}L/K_n = a^{L/K}_n for each finite Galois extension L/K in K^{sep}. Proof. In order to get connected with the definition of cohomology of profinite groups the only technical point to prove is the formula PGL_n(K^{sep})^{Gal (Ksep/K′)} = PGL_n(K^′) for every intermediate field K ⊆ K^′ ⊆ K^{sep}. For that the exact sequence 1 −→ (K^{sep})^∗ −→ GL_n(K^{sep}) −→ PGL_n(K^{sep}) −→ 1 induces the cohomology exact sequence

1 → (K^′)^∗ → GL_n(K^′) → PGL_n(K^{sep})^{Gal (Ksep/K′)} → H^1(Gal (K^{sep}/K^′), (K^{sep})^∗) whose right entry vanishes by Hilbert’s Theorem 90 (cp. Lemma 4.10 below). □

Proposition 3.9. — Let K be a field and m and n be natural numbers. Then the diagram

Az^K_n^a K n �

A→M_m(A) �

H^1(Gal (K^{sep}/K), PGL_n(K^{sep}))

(i^n_{mn})_∗ � Az^K_{mn}^a K mn � H1(Gal (Ksep/K), PGL_{mn}(Ksep))

commutes where (i^n_{mn})_∗ is the map induced by the block-diagonal embedding i^n_{mn} : PGL_n(K^{sep}) −→ PGL_{mn}(K^{sep})

E → E 0 · · · 0 0 E · · · 0 · · · · · · ... · · · 0 0 · · · E .

Proof. Let A ∈ Az^K_n . By the construction above, a cycle representing the cohomology class a^K_n (A) is given as follows. Choose an isomorphism f : A⊗_K K^{sep} → M_n(K^{sep}) and put a_σ := ( f ∘σ)∘(σ∘ f )^{−1} ∈ Aut(M_n(K^{sep})) for each σ ∈ Gal(K^{sep}/K). On the other hand, for M_m(A) ∈ Az^K_{mn} one may choose the isomorphism

M_m( f ): M_m(A)⊗_K K^{sep} = M_m(A⊗_K K^{sep}) −→ M_m(M_n(K^{sep})) ∼= M_{mn}(K^{sep}). For each σ ∈ Gal(K^{sep}/K) this yields the automorphism ~a_σ of M_m(M_n(K^{sep})) which operates as a_σ on each block. If a_σ is given by conjugation with a matrix A_σ then ~a_σ is given by conjugation with A_σ 0 · · · 0 0 A_σ · · · 0 · · · · · · ... · · · 0 0 · · · A_σ .

This is exactly what was to be proven. □ Remark 3.10. — The proposition above shows Br(K) ∼= lim−→_n H^1(Gal (K^{sep}/K), PGL_n(K^{sep})).

Further, for each m and n there is a commutative diagram of exact sequences as follows, 1 � (K^{sep})^∗ � GLn(K^{sep}) � � PGL_n(K^{sep})

j^n_{mn} � � 1

1 � (K^{sep})^∗ � GLmn(K^{sep}) � PGLmn(K^{sep}) � 1.

We note that (K^{sep})^∗ is mapped into the centers of GL_n(K^{sep}) and GL_{mn}(K^{sep}), respectively. Therefore, there are boundary maps to the second group cohomology group and they all fit together to give a map

lim−→_n H^1(Gal (K^{sep}/K), PGL_n(K^{sep})) −→ H^2(Gal (K^{sep}/K), (K^{sep})^∗).

It is not complicated to show that this map is injective and surjective [SGA4^1_2 , Arcata, III.1], [Se62, chap. X, §5], [Bou, §10, Prop. 7].

4. Brauer-Severi varieties and non-abelian H^1 Definition 4.1. — Let K be a field. A scheme X over K is called a Brauer-Severi variety if there exists a finite, separable field extension L/K such that X ×_{SpecK} Spec L is isomorphic to a projective space P^N_L . A field extension L of K admitting the property that X ×_{SpecK} Spec L ∼= P^N_L for some n ∈ N is said to be a splitting field for X. In this case one says X splits over L.

Proposition 4.2. — Let X be a Brauer-Severi variety over a field K. Then i) X is a variety, i.e. a reduced and irreducible scheme. ii) X is projective and regular. iii) X is geometrically integral. iv) One has Γ(X, O_X) = K.

v) K is algebraically closed in the function field X(K). Proof. We will denote the dimension of X by N.

i) and ii) are direct consequences of Lemma 2.12.i),ii), x) and xii). iii) is clear from the definition. iv) We have Γ(X, O_X)⊗_K K^{sep} = Γ(X×_{SpecK} Spec K^{sep}, O_{X×SpecK Spec K}sep ) = Γ(P^N_Ksep , O_PN_{Ksep} ) = K^{sep}.

Consequently, Γ(X, O_X) = K.

v) Assume g ∈ K(X) is some rational function being algebraic over K. We choose an algebraic closure K of K. The pull-back g_K is a rational function on P^N_K being algebraic over K. Thus, g_K is a constant function. Consequently, g itself has definitely no poles, i.e. g is a regular function on X. By iv) we have g ∈ K. □

Lemma 4.3. — Let R be a commutative ring with unit.

a) Then GL_n(R) operates on P^{n−1}_R by morphisms of R-schemes as follows: A ∈ GL_n(R) gives rise to the morphism given by the graded automorphism R[X_0, . . . , X_{n−1}] −→ R[X_0, . . . , X_{n−1}] f (X_0, . . . , X_{n−1}) → f ((X_0, X_1, . . . , X_{n−1})· A^t) of the coordinate ring.

b) If R = L is a field then this induces an isomorphism

PGL_n(L)^{∼=}−→ Aut_{L−schemes} (P^{n−1}_L ).

Proof. Note that in projective coordinates the definition above yields the naive operation

a_{11} . . . a_{1n} · · · ... · · · a_{n1} . . . a_{nn} ↓⊤ (x_0 : . . . : x_{n−1}) → ( (a_{11} x_0 + . . . + a_{1n}x_{n−1}) : . . . : (a_{n1}x_0 : . . . : a_{nn}x_{n−1}) )

of GL_n(S) on the set P^{n−1}_R (S) of S-valued points on P^{n−1}_R for every commutative R-algebra S with unit.

a) is clear. For b) see [Ha, Example II.7.1.1]. The proof given there works equally well without the assumption on L to be algebraically closed. □

Definition 4.4. — Let r be natural number.

i) If K is a field then we will denote by BS^K_r the set of all isomorphy classes of Brauer-Severi varieties X of dimension r over K.

ii) Let L/K be a field extension. Then BS^{L/K}_r will denote the set of all isomorphy classes of Brauer-Severi varieties X over K which are of dimension r and split over L. Obviously, BS^K_r := ⋃ L/K BS^{L/K}_r .

Theorem 4.5 (cf. J.-P. Serre: Corps locaux [Se62, chap. X, §6]) Let L/K be a finite Galois extension, G := Gal (L/K) its Galois group and n be a natural number. Then there exists a natural bijection of pointed sets

α = α^{L/K}_{n−1} : BS^{L/K}_{n−1}^{∼=}−→ H^1(G, PGL_n(L)), X → α_X. Proof. Let X be a Brauer-Severi variety over K that splits over L,

X ×_{SpecK} Spec L^{∼=}−→_f P^{n−1}_L .

On X ×_{SpecK} Spec L, as well as on P^{n−1}_L , there are operations of G from the left by morphisms of K-schemes. The action of σ ∈ G is induced by S(σ): Spec L → Spec L in both cases. Unfortunately, the diagrams

X ×_{SpecK} Spec L^f � P^{n−1}_L

X ×_{SpecK} Spec L^f � σ � P^{n−1}_L σ �

with σ ∈ G do not commute in general. We put ( f ∘ σ) = α_σ ∘ (σ ∘ f ) with α_σ ∈ PGL_n(L). (α_σ)_{σ∈G} is a cocycle by the same calculation as above: f ∘στ = ( f ∘σ)∘τ = α_σ ∘(σ∘ f )∘τ = α_σ ∘σ∘( f ∘τ ) = α_σ ∘σ∘(α_τ ∘(τ ∘ f )) = α_σ ∘^σα_τ ∘(στ ∘ f ). If one starts with another isomorphism f^′ : X ×_{SpecK} Spec L −→ P^{n−1}_L then there exists some b ∈ PGL_n(L) such that f = b∘ f^′. The equality ( f ∘σ) = α_σ ∘(σ ∘ f ) implies

f^′ ∘σ = b^{−1} ∘ f ∘σ = b^{−1}·α_σ ∘ (σ∘(b∘ f^′)) = b^{−1}·α_σ·^σb ∘ (σ∘ f^′).

Thus, the isomorphism f^′ yields a cocycle being cohomologous to (α_σ)_{σ∈G}. Consequently, the mapping α is well-defined.

Injectivity. Assume X and X^′ are chosen such that the same cohomology class α_X = α_X′ ∈ H^1(G, PGL_n(L)) arises. After the choice of suitable isomorphisms f and f^′ one has the formulas ( f ∘σ) = α_σ ∘(σ ∘ f ) and ( f^′ ∘σ) = α_σ ∘(σ ∘ f^′) in the diagram

X ×_{SpecK} Spec L^f � P^{n−1}_L X^′ ×_{SpecK} Spec L

f^′ �

X ×_{SpecK} Spec L^f � σ � P^{n−1}_L σ � X^′ ×_{SpecK} Spec L.

f^′ � σ �

Therefore, f ∘σ∘ f^{−1} ∘σ^{−1} = f^′ ∘σ∘ f^{′−1} ∘σ^{−1} and, consequently,

f ∘σ∘ f^{−1} ∘ f^′ ∘σ^{−1} ∘ f^{′−1} = id.

The outer part of the diagram commutes. Galois descent yields X ∼= X^′.

Surjectivity. Let a cocycle (α_σ)_{σ∈G} for H^1(G, PGL_n(L)) be given. We define a new G-operation on P^{n−1}_L by letting σ ∈ G operate as

α_σ ∘σ : P^{n−1}_L^σ−→ P^{n−1}_L^{ασ}−→ P^{n−1}_L .

This is a group operation as (α_σ)_{σ∈G} is a cocycle. The geometric version of Galois descent yields the desired variety. □

Lemma 4.6. — Let L/K be a finite Galois extension of fields and n be a natural number. a) Let L^′ be a field extension of L such that L^′/K is Galois again. Then the following diagram of morphisms of pointed sets commutes.

BS^{L/K}_{n−1}^α L/K n−1 �

nat. incl. �

H^1(Gal (L/K), PGL_n(L))

inf^{Gal (L′/K)}

Gal (L/K) � BS^{L′/K}_{n−1}^α L′/K n−1 � H1(Gal (L′/K), PGL_n(L′))

b) Let K^′ be an intermediate field of the extension L/K. Then the following diagram of morphisms of pointed sets commutes.

BS^{L/K}_{n−1}^α L/K n−1 �

×_{SpecK}Spec K^′ �

H^1(Gal (L/K), PGL_n(L))

res^{Gal (L/K′)}

Gal (L/K) � BS^{L/K′}_{n−1}^α L/K′ n−1 � H1(Gal (L/K′), PGL_n(L))

Proof. These are direct consequences of the construction of the mappings α^·_{n−1}.□

Corollary 4.7. — Let K be a field and n be a natural number. Then there is a natural bijection

α = α^K_{n−1} : BS^K_{n−1} −→ H^1(Gal (K^{sep}/K), PGL_n(K^{sep}))

such that α^K_{n−1} |_{BS}L/K_{n−1} = α^{L/K}_{n−1} for each finite Galois extension L/K in K^{sep}. Proof. The proof follows the same line as the proof of Corollary 3.8. □

Proposition 4.8 (F. Severi, cf. J.-P. Serre: Corps locaux [Se62, chap. X, §6, Exc. 1]) Let r be a natural number. If X is a Brauer-Severi variety of dimension r over a field K and X(K) ≠ ∅ then, necessarily, X ∼= P^r_K.

Proof. Let L/K be a finite Galois extension being a splitting field for X. Denote its Galois group by G. Choose an isomorphism X ×_{SpecK} Spec L^{∼=}−→ P^r_L. One may assume without restriction that the L-valued point x_L ∈ X ×_{SpecK} Spec L (L) induced by the K-valued point x ∈ X(K) is mapped to (1 : 0 : . . . : 0) ∈ P^r_L(L). Therefore, the cohomology class α_X ∈ H^1 ( G, PGL_{r+1}(L) ) is given by a cocycle (α_σ)_{σ∈G} where every α_σ admits (1:0: . . . :0) as a fixed point. Consequently, α_X belongs to the image of H^1 ( G, F/L^∗ ) under the natural homomorphism where

F := a_{11} . . . a_{1,r+1} . . ... . . a_{r+1,1} . . . a_{r+1,r+1}

∈ GL_{r+1}(L) | | | | | a_{21} = a_{31} = . . . = a_{r+1,1} = 0 .

But it is obvious that

F/L^∗ ∼= F^′ :=

1 a_{12} . . . a_{1,r+1} 0 . . . . . . . . . . . ... ... ... 0 a_{r+1,2} . . . a_{r+1,r+1}

⊆ GL_{r+1}(L)

and the natural homomorphism H^1(G,F^′) → H^1(G, PGL_{r+1}(L)) factors via H^1(G, GL_{r+1}(L)). The assertion follows from Lemma 4.10 below. □

Remark 4.9. — One can easily show that even H^1(G, F^′) = 0. Indeed,

F_1 := {(a_{i j})_{1≤i, j≤r+1} | a_{i j} = 0 for i ≥ 2, i ≠ j; a_{11} = a_{22} = . . . = a_{r+1,r+1} = 1}

is a normal G-subgroup of F^′. So F^′ admits a filtration by G-subgroups, each one being normal in the next one, such that all the subquotients occurring are isomorphic either to GL_r(L) or to (L, +).

Lemma 4.10. — Let L/K be a finite Galois extension of fields, G := Gal (L/K) its Galois group and n ∈ N. Then H^1(G, GL_n(L)) = 0.

Proof. Let (a_σ)_{σ∈G} be a cocycle with values in GL_n(L). We define a G-operation from the left on L^n by the declaration that σ ∈ G acts as

a_σ ∘σ : L^{n σ}−→ L^{n aσ}−→ L^n.

Clearly, a_σ ∘σ is a σ-linear map. Galois descent yields a K-vector space V such that one has an isomorphism

V⊗_K L^{∼=}−→_b L^n

making the diagrams

V⊗_K L^b � L^n

V⊗_K L^b � σ � L^n a_σ∘σ �

commute. In particular, one has dim_K V = n. The choice of an isomorphism

V^{∼=}−→ K^n

yields b ∈ GL_n(L) such that b∘σ = a_σ ∘σ∘b, i.e. a_σ = b∘σ∘b^{−1} ∘σ^{−1} = b∘^σ(b^{−1}) for all σ ∈ G. (a_σ)_{σ∈G} is cohomologous to the trivial cocycle. □

Definition 4.11. — Let K be a field, r a natural number and X be a Brauer-Severi variety of dimension r. Then a linear subspace of X is a closed subvariety Y ⊂ X such that Y ×_{SpecK} Spec K^{sep} ⊂ X ×_{SpecK} Spec K^{sep} ∼= P^r_Ksep is a linear subspace of the projective space. This property is independent of the isomorphism chosen.

Remark 4.12. — A K-valued point would be a zero-dimensional linear subspace but except for the trivial case X ∼= P^r_K there are none of them. Nevertheless, it may happen that there exist linear subspaces Y ⫋ X of higher dimension. They can be investigated by cohomological methods generalizing the argument given above.

Proposition 4.13 (F. Châtelet, M. Artin). — Let K be a field, r and d be natural numbers, X be a Brauer-Severi variety of dimension r and Y a linear subspace of dimension d. Then the natural boundary maps send the cohomology classes α^K_r (X)∈ H^1(Gal(K^{sep}/K), PGL_{r+1}(K^{sep})) and α^K_d (Y) ∈ H^1(Gal(K^{sep}/K), PGL_{d+1}(K^{sep})) to one the same class in the cohomological Brauer group H^2(Gal(K^{sep}/K), (K^{sep})^∗). Proof. Let L/K be a finite Galois extension being a common splitting field for X and Y. Denote its Galois group by G. Choose an isomorphism X ×_{SpecK} Spec L^{∼=}−→ P^r_L. One may assume without restriction that the linear subspace Y ×_{SpecK} Spec L ⊂ X ×_{SpecK} Spec L ∼= P^r_L is given by the homogeneous equations X_{d+1} = . . . = X_r = 0. Therefore, the cohomology class α^{L/K}_r (X) ∈ H^1 ( G, PGL_{r+1}(L) ) is given by a cocycle (α_σ)_{σ∈G} where every α_σ fixes that linear subspace.

Consequently, α^{L/K}_r (X) belongs to the image of H^1 ( G, F/L^∗ ) under the natural homomorphism where

F := {( E_1 H 0 E_2 ) ∈ GL_{r+1}(L) | | | | E^1 ∈ GL^{d+1}(L), E^2 ∈ GL^{r−d}(L), H ∈ M^{(d+1)×(r−d)}(L) } . F comes equipped with the homomorphism of G-groups

p : F −→ GL_{d+1}(L), ( E_1 H 0 E_2 ) → E_1. Thus, we obtain a commutative diagram that connects the three central inclusions

L^∗ � GLd+1(L)

L^∗ � F i �

p �

L^∗ � GLr+1(L),

and, therefore, the following commutative diagram that unites the boundary maps,

H^1(G, PGL_{d+1}(L)) � H^2(G, L^∗)

H^1(G, F/L^∗) �

i_∗ �

p_∗ � H^2(G, L^∗)

H^1(G, PGL_{r+1}(L)) � H^2(G, L^∗).

But we know there exists α ∈ H^1(G, F/L^∗) such that i_∗(α) = α^{L/K}_r (X) and p_∗(α) = α^{L/K}_d (Y). □

5. Central simple algebras and Brauer-Severi varieties

Theorem 5.1. — Let n be a natural number, K a field and A a central simple algebra over K of dimension n^2.

a) Then there exists a Brauer-Severi variety X_A of dimension n − 1 over K satisfying condition (+) below. (+) determines X_A uniquely up to isomorphism of K-schemes. (+) If L/K is a finite Galois extension being a splitting field for A then is a splitting field for X_A, too, and there is one and the same cohomology class

a_A = α_{XA} ∈ H^1(Gal (L/K), PGL_n(L))

associated with A and X_A.

b) The assignment X : A → X_A admits the following properties. i) It is compatible with extensions K^′/K of the base field, i.e.

X_{A⊗K K}′ ∼= X_A ×_{SpecK} Spec K^′.

ii) L/K is a splitting field for A if and only if L/K is a splitting field for X_A. Proof. a) Uniqueness is clear from the results of the preceding sections. Existence. Choose a finite Galois extension L/K being a splitting field for A and take condition (+) as a definition for X_A. This is independent of the choice of L by Lemmas 3.7.a) and 4.6.a).

b) i) Let K^′/K be an arbitrary field extension. We have the obvious diagram of field extensions LK^′

K^′ � � � � L � � � �

K � � � � � � � � � and the canonical inclusion Gal (LK^′/K^′) ⊆ Gal (L/K). Under the constructions given above one assigns to the central simple algebra A⊗_K K^′ and the Brauer- Severi variety X ×_{SpecK} Spec K^′ the restrictions of the cohomology classes assigned to A, respectively X,

a_{(A⊗K K}′_) = res^{Gal (LK′/K′)}

Gal (L/K) (aA),

α_{(X×SpecKSpec K}′ ) = res^{Gal (LK′/K′)}

Gal (L/K) (αX).

ii) The two statements above are equivalent to

res^{Gal (LK′/K′)}

Gal (L/K) (aA) ∈ H 1( Gal (LK^′/K^′), PGL_n(LK^′) ) = 0 and res^{Gal (LK′/K′)}

Gal (L/K) (αXA ) ∈ H 1( Gal (LK^′/K^′), PGL_n(LK^′) ) = 0, respectively. As we have a_A = α_{XA} , the assertion follows. □

Corollary 5.2. — Let K be a field and A a central simple algebra over K. Then K^′ is a splitting field for A if and only if X_A(K^′) ≠ ∅.

Proof. “=⇒” is trivial and “⇐=” is an easy consequence of Proposition 4.8. □

Corollary 5.3. — i) Let K be a field and n a natural number. Then X induces a bijection

X^K_n : Az^K_n → BS^K_{n−1}.

ii) Let L/K be a field extension. Then X induces a bijection

X^{L/K}_n : Az^{L/K}_n → BS^{L/K}_{n−1}.

iii) These mappings are compatible with extensions of the base field, i.e. the diagram

Az^K_n^X K n � ⊗_K K^′ � BS^K_{n−1}

×_{SpecK} Spec K^′ � Az^{K′}_n^X K′ n � BS^{K′}_{n−1}

commutes for every field extension K^′/K.

Proof. i) follows immediately from Theorem 5.1.a). ii) is a consequence of Theorem 5.1.a) together with Theorem 5.1.b.ii). iii) is simply a reformulation of Theorem 5.1.b.i). □

Remark 5.4. — It may happen that two Brauer-Severi varieties X_1, X_2 over some field K are birationally equivalent but not isomorphic. S. A. Amitsur [Am55] proved that in this case the corresponding central simple algebras A_1 and A_2 generate the same subgroup of the Brauer group Br(K). It is still an open question whether the converse is true although interesting partial results have been obtained by P. Roquette [Roq64] and S. L. Tregub [Tr].

Proposition 5.5. — Let K be a field, n be a natural number and A a central simple algebra of dimension n^2 over K. Then there is an isomorphism

x_A : Aut_K(A)^{∼=}−→ Aut_{K−schemes}(X_A).

Proof. Let L/K be a finite Galois extension such that L is a splitting field for A and put G := Gal (L/K). Choose an isomorphism A⊗_K L^f−→ M_n(L). Then there are commutative diagrams

A⊗_K L^f � σ � M_n(L) a_σ∘σ � A⊗_K L^f � M_n(L)

for each σ ∈ G where (a_σ)_{σ∈G} is a cocycle for a_A ∈ H^1(G, PGL_n(L)). By Galois descent, it is equivalent to give an element of Aut_K(A) or to give an element of PGL_n(L) being invariant under a_σ ∘σ for every σ ∈ G.

As α_{XA} = a_A we find an isomorphism X ×_{SpecK} Spec L^{f ′}−→ P^{n−1}_L such that the diagrams

X ×_{SpecK} Spec L^{f ′} � σ � P^{n−1}_L a_σ∘σ � X ×_{SpecK} Spec L^{f ′} � P^{n−1}_L

commute. Therefore, by Galois descent for morphisms of schemes, it is equivalent to give an element of Aut_{K−schemes}(X_A) or to give an element of PGL_n(L) being invariant under a_σ ∘σ for every σ ∈ G. □

Proposition 5.6 (F. Châtelet, M. Artin). — Let K be a field, n and d be natural numbers, and A be a central simple algebra of dimension n^2 over K. Then the Brauer-Severi variety X_A associated with A admits a linear subspace of dimension d if and only if d ≤ n − 1 and

d ≡ −1 (mod ind(A)).

Proof. We write A = M_m(D) with a skew field D and put e := ind(A). Clearly, n = me.

“=⇒” Let H ⊂ X_A be a linear subspace of dimension d. By Proposition 4.13 we know H ∼= X_A′ for some central simple algebra A^′ which is similar to A, i.e. A^′ ∼= M_k(D) for a certain k ∈ N. It follows that dim A^′ = k^2 ·dim D = k^2 ·e^2 and dim H = dim X_A′ = k·e − 1. This implies the congruence desired. Further, we have dim X_A = n − 1. Consequently, d = dim H ≤ dim X_A = n − 1. “⇐=” Let L/K be a finite Galois extension such that L is a splitting field for A and denote its Galois group by G. Further, let k be the natural number such that d = k·e − 1. By assumption, k·e − 1 = d ≤ n − 1 = m·e − 1, hence k ≤ m. We consider the cohomology class a_D ∈ H^1(G, PGL_e(L)) associated with D. By Proposition 3.9, a_A = (i^e_{me})_∗(a_D) where i^e_{me} : PGL_e(L) → PGL_{me}(L) is the blockdiagonal embedding. Let (a_σ)_{σ∈G} be a cocycle representing the cohomology class a_D. Then (i^e_{me}(a_σ))_{σ∈G} is a cocycle that represents a_A. We define a G-operation on P^{me−1}_L by letting σ ∈ G operate as

i^e_{me}(a_σ)∘σ : P^{me−1}_L^σ � P^{me−1}_L^{ieme(aσ )} � P^{me−1}_L .

This is a group operation as (i^e_{me}(a_σ))_{σ∈G} is a cocycle. The geometric version of Galois descent yields the Brauer-Severi variety X_A. Further, the Goperation fixes the linear subspace defined by the homogeneous equations X_{ke} = X_{ke+1} = . . . = X_{me−1} = 0. So Galois descent can be applied to this subspace, as well. It gives a variety Y of dimension ke − 1 = d. Galois descent for morphisms of schemes, applied to the canonical embedding, yields a morphism Y −→ X_A. This is a closed immersion as that property descends under faithful flat base change. Consequently, Y is a linear subvariety of X_A of the dimension desired. □

6. Functoriality

Remark 6.1. — The preceding results suggest that X : A → X_A should somehow be a functor. This is indeed the case but for that the construction of the Brauer- Severi variety associated with a central simple algebra given above is not sufficient. The problem is that X_A is determined by its associated class in group cohomology only up to isomorphism and not up to canonical isomorphism. Thus, in order to make X into a functor, it would still be necessary to make choices. For that reason we aim at a more natural description of X_A.

Lemma 6.2 (A. Grothendieck). — Let n be a natural number and R a commutative ring with unit. Then there is a bijection

κ_R : P^{n−1}_R (R) −→ G(R) := { submodules M in R^n such that R^n/M is a locally free R−module of rank n − 1 }

subject to the conditions given below.

i) κ_R is natural in R, i.e. for every ring homomorphism i : R → R^′ the diagram

P^{n−1}_R (R)^{κR} �

P^{n−1}(i) � G(R)

G(i): M→M⊗_RR^′ � P^{n−1}_{R′} (R^′)^{κR′} � G(R^′)

commutes.

ii) For every a ∈ PGL_n(R) the canonical actions of a on P^{n−1}_R (R) and G(R) are compatible with κ_R. That means that the diagrams

P^{n−1}_R (R)^{κR} � a � G(R) a � P^{n−1}_R (R)^{κR} � G(R)

commute where a ∈ PGL_n(R) acts on a submodule M ⊂ R^n by matrix multiplication from the left, i.e. by M → a·M. Here a ∈ GL_n(R) is a representative of a. Proof. A submodule M ⊆ R^n such that the quotient R^n/M is locally free of rank n − 1 defines an R-valued point in P^{n−1}_R . To see this, let first m ⊆ R be an arbitrary maximal ideal. Then R^n_m/M_m is a free R_m-module of rank n−1. In particular, it is projective. Hence, M_m is a direct summand of R^n_m and, therefore, projective and of finite presentation. Consequently, by [Ma, Theorem 7.12], M_m is a free R_m-module of rank one. As R^n/M is R-flat, there is an exact sequence

0 −→ M⊗_R (R/m) −→ R^n/mR^n −→ R^n/(M+mR^n) −→ 0.

So the canonical map M/mM → R^n/mR^n is injective, i.e. mM = mR^n ∩ M. In particular, M can not be contained in mR^n and the free rank-1 R_m-module M_m is not contained in mR^n_m. Consequently, if M_m = ⟨(r_0, . . . , r_{n−1})⟩ then there is some α ∈ {0, . . . , n−1} such that r_α ∈ R_m is a unit. This is equivalent to

R^n_m/(M_m + e_0 ·R_m + . . . + e_{α−1} ·R_m + e_{α+1} ·R_m + . . . + e_{n−1} ·R_m) = 0 where e_0, . . . , e_{n−1} ∈ R^n_m denote the standard elements with an index shift by −1. The latter is an open condition on m by [Ma, Theorem 4.10]. Therefore, there exists some f ∈ R\m such that

R^n_f = M_f + e_1 ·R_f + . . . + e_{α−1} ·R_f + e_{α+1} ·R_f + . . . + e_n ·R_f ,

i.e. such that the (α+1)-th projection M_f → R_f is surjective. As there are locally free modules of rank 1 on both sides, that must be an isomorphism. Consequently, M_f is free and there is a generator of type (r_0, . . . , r_{α−1}, 1, r_{α+1}, . . . , r_{n−1}). Taking the entries as homogeneous coordinates we get a morphism Spec R_f → P^{n−1}_R . It is easy to see that all these can be glued together to give a morphism of R-schemes Spec R → P^{n−1}_R .

Conversely, an R-valued point Spec R → P^{n−1}_R defines a quotient module of R^n of rank n − 1 as follows. Cover Spec R by affine, open subsets

Spec R = n−1⋃ α=0 Spec R_α

such that for each α the image i(Spec R_α) is contained in the standard affine set “X_α ≠ 0”. Then i|_{Spec Rα0} can be given in the form

(r_0 :r_1 : . . . :r_{α−1} : 1 :r_{α+1} : . . . : r_{n−1}).

But R^n_α/(r_0, r_1, . . . , r_{α−1}, 1, r_{α+1}, . . . , r_{n−1}) is a free R_α-module of rank n − 1 for trivial reasons.

The compatibility stated as i) follows directly from the construction given above. ii) is clear. □

Definition 6.3. — Let R be a commutative ring with unit. i) Let X be a R-scheme. Then by

P_X : {R − schemes}^{op} → {sets}

we will denote the functor defined by

T → Mor_{R-schemes}(T, X)

on objects and by composition on morphisms. The various functors P_X depend on X in a natural manner, i.e. if p: X → X^′ is a morphism of R-schemes then there is a morphism of functors i_∗ : P_X → P_X′ given by composition with i. Therefore, there is a covariant functor

P : {R−schemes} −→ Fun ({R−schemes}^{op}, {sets})

described by X → P_X on objects.

The functor P_X induced by a R-scheme X is exactly what in category theory is usually called the Hom-functor. Nevertheless, we will follow the standards in Algebraic Geometry and refer to it as the functor of points. Note that P_X(T) is the set of T-valued points in X.

ii) Let F: {R − schemes}^{op} → {sets} be any functor. If for some R-scheme X there is an isomorphism F^{∼=}−→ P_X then we will say F is represented by X. Having fixed the isomorphism of functors, then, by Yoneda’s Lemma, the K-scheme representing a functor is determined up to unique isomorphism.

Corollary 6.4 (A. Grothendieck). — Let n be a natural number and R a commutative ring with unit. Then the functor

P^{n−1}_R : {R−schemes} −→ {sets}

T → P^{n−1}_R (T) := subsheaves M in O^n_T such that O^n_T/M is a locally free O_T−module of rank n − 1 is represented by the R-scheme P^{n−1}_R .

Proof. It is clear that both functors satisfy the sheaf axiom for Zariski coverings. Therefore it is sufficient to construct the isomorphism on the full subcategory of affine R-schemes. This is exactly what is done in Lemma 6.2. □ Corollary-Definition 6.5. — Let L be a field, n a natural number and F an Lvector space of dimension n. Put F := ~F to be the coherent sheaf being associated with F on Spec L. Then the functor

P(F): {L−schemes} −→ {sets}

(π : T → Spec L) → P(F)(π) := subsheaves M in π^∗F such that π^∗F/M is a locally free O_T−module of rank n − 1 is representable by an L-scheme being isomorphic to P^{n−1}_L . We will denote that scheme by P(F) and call it the projective space of lines in F.

Remark 6.6. — If L^′ is a field containing L then P(F⊗_L L^′) is naturally isomorphic to the functor P(F)|_L′_{−schemes}. Therefore, there is a canonical isomorphism P(F⊗_L L^′)^{∼=}−→ P(F)×_{SpecL} Spec L^′ between the representing objects such that for each L^′-scheme U the diagram of natural mappings Mor_L′_{−schemes}(U, P(F)) � ∼= � {M ⊂ π^∗_UF }

Mor_L′_{−schemes}(U, P(F⊗_L L^′)) � {M ⊂ π^∗_UF } commutes. Consequently, for each L-scheme T there is a commutative diagram Mor_{L−schemes}(T, P(F)) �

comp. with projection � {M^′ ⊂ π^∗_TF }

pull−back � Mor_L′_{−schemes}(T×_{SpecL} Spec L^′, P(F)) ∼= � Mor_L′_{−schemes}(T×_{SpecL} Spec L^′, P(F⊗_L L^′)) � {M ⊂ π^∗_{T×SpecL Spec L}′ F }.

We note explicitly that in the column on the left, there is, up to the canonical isomorphism obtained above, exactly the base extension map from Spec L to Spec L^′.

Definition 6.7. — Let L be a field and K ⊂ L be a subfield such that L/K is a finite Galois extension. Denote its Galois group by G.

i) By L − Vect^K we will denote the category of all finite dimensional L-vector spaces where as morphisms there are allowed all injections being σ-linear for a certain σ ∈ G.

ii) L−Vect^K_0 is the subcategory of L−Vect^K that consists of the same class of objects but allows only bijections as morphisms.

Definition 6.8. — i) Let H be a group. Then, by H we will denote the category consisting of exactly one object ∗ with Mor(∗, ∗) = H.

ii) Let L be a field and K ⊂ L be a subfield such that L/K is a finite Galois extension. Denote its Galois group by G. By Sch^{L/K} we will denote the category of all L-schemes with morphisms twisted by any element of G. We note that Sch^{L/K} has a canonical structure of a fibered category over G. The pull-back under σ ∈ G is given by X → X×_{SpecL} Spec L^{σ−1} .

Lemma 6.9. — Let L be a field and K ⊂ L a subfield such that the extension L/K is finite and Galois. Denote the Galois group Gal(L/K) by G.

i) Then P is a covariant functor from L−Vect^K to Sch^{L/K}. Here a σ-linear monomorphism i : F → F^′ with σ ∈ G induces a morphism i_∗ = P(i): P(F) −→ P(F^′) of schemes that is twisted by σ.

ii) Let F be an L-vector space and i : F → F be the multiplication map with an element of L. Then i_∗ : P(F) → P(F) is equal to the identity morphism.

Proof. i) Let i : F → F^′ be a σ-linear monomorphism. We have to consider the diagram P(F) � P(F^′) � Spec L^{S(σ)} � Spec L.

By Yoneda’s Lemma, there has to be constructed a natural transformation i_+ : P(F) → P(F^′)(S(σ)∘ · ), i.e. for each L-scheme π : T → Spec L there is a mapping i_+(π): P(F)(π) → P(F^′)(S(σ)∘π) to be given such that for each morphism p : π_1 → π_2 of L-schemes the diagram

P(F)(π_2)^{i+(π2)} �

P(F)(p) � P(F^′)(S(σ)∘π_2)

P(F^′)(p) � P(F)(π_1)^{i+(π1)} � P(F^′)(S(σ)∘π_1) commutes. We construct i_+(π) as follows: There is the description

P(F)(π) = {M ⊂ π^∗F | π^∗F/M is locally free of rank dim F − 1} = { M ⊂ (S(σ)∘π)^∗S(σ^{−1})^∗F | (S(σ)∘π)^∗S(σ^{−1})^∗F/M is locally free of rank dim F − 1 }

where S(σ^{−1})^∗F = ~F^σ. Here F^σ is nothing but F equipped with the ordinary structure of an abelian group and the multiplication by a scalar given by l · f := σ(l) f . Therefore, i gives rise to an L-linear monomorphism i : F^σ → F^′ and to a morphism ~i : S(σ^{−1})^∗F → F^′ of sheaves over Spec L. If M is a subsheaf of (S(σ)∘π)^∗ S(σ^{−1})^∗F such that (S(σ)∘π)^∗ S(σ^{−1})^∗F/M is locally free of rank dim F−1 then ( (S(σ) ∘ π)^∗(~i) ) (M ) is a subsheaf of (S(σ) ∘ π)^∗F^′ such that the quotient is locally free of rank dim F^′ − 1. This gives rise to a morphism of functors i_+ : P(F) −→ P(F^′)(S(σ)∘ · ) as desired. Consequently, there is a morphism i_∗ : P(F) −→ P(F^′) of schemes that makes commute the diagram considered above. ii) This is clear from the construction. □

Corollary 6.10. — Let L be a field and K ⊂ L a subfield such that the extension L/K is finite and Galois. Denote the Galois group Gal(L/K) by G.

i) Then P can as well be made into a contravariant functor from L−Vect^K_0 to Sch^{L/K}. Here a σ-linear isomorphism i : F → F^′ with σ ∈ G induces a morphism

i^∗ : P(F^′) → P(F)

of L-schemes being twisted by σ^{−1}.

ii) Let F be an L-vector space and i : F → F be the multiplication with an element of L. Then i^∗ : P(F) → P(F) is equal the identity morphism.

Proof. For an isomorphism i : F → F^′ put i^∗ := i^{−1}_∗ . □

Remark 6.11. — The morphisms i^∗ can also be constructed directly, in a manner being completely analogous to the construction of i_∗ given above. Indeed, the task is to give a natural transformation i^+ : P(F^′) → P(F)(S(σ^{−1})∘ · ). There are the descriptions

P(F^′)(π) = {M ⊂ π^∗F^′ | π^∗F^′/M is locally free of rank dim F^′ − 1} and P(F)(S(σ^{−1})∘π) = { M ⊂ π^∗S(σ^{−1})^∗F | π^∗S(σ^{−1})^∗F/M is locally free of rank dim F − 1 } . If M is a subsheaf of π^∗F^′ such that π^∗F^′/M is locally free of rank dim F^′ − 1 = dim F − 1 then π^∗(~i)^{−1}(M ) is a subsheaf of π^∗S(σ^{−1})^∗F such that the quotient is locally free of rank dim F − 1. This gives rise to a morphism of functors i^+ : P(F^′) −→ P(F)(S(σ^{−1})∘ · ) as desired. Consequently, there is a morphism i^∗ : P(F^′) → P(F) of schemes making commute the diagram above.

Remark 6.12. — Let us mention the following observation explicitly. If L is a field and A is a central simple algebra of dimension n^2 over L then all the nonzero, simple, left A-modules are isomorphic to each other. Further, if l is a nonzero, simple, left A-module then each automorphism of l is given by multiplication with an element from the center of A. Hence it induces the identity morphism on P(l). Therefore, two arbitrary isomorphisms i_1, i_2 : l → l^′ between non-zero, simple, left A-modules induce one and the same isomorphism i^∗_1 = i^∗_2 : P(l^′) → P(l). Consequently, A determines P(l) not only up to isomorphism, but up to unique isomorphism. We will formulate this in a more sophisticated manner below.

Definition 6.13. — Let L/K be a finite Galois extension of fields and r be a natural number. Denote the Galois group Gal(L/K) by G.

i) By Mat^{L/K}_r we will denote the category of all split central simple algebras of dimension r^2 over L, i.e. of all algebras being isomorphic to M_r(L), where as morphisms we take all homomorphisms of K-algebras which are σ-linear for a certain σ ∈ G and preserve the unit element. Note that in Mat^K_r every morphism is an isomorphism and every two objects are isomorphic.

ii) P^{L/K}_r will denote the subcategory of Sch^{L/K} which consists of all L-schemes isomorphic to the projective space P^r_L and which allows all isomorphisms as morphisms.

Proposition 6.14. — Let L/K be a finite Galois extension of fields and n be a natural number. Denote the Galois group Gal(L/K) by G.

i) There is an equivalence of categories Ξ^{L/K}_n : Mat^{L/K}_n → P^{L/K}_{n−1}. On objects it is given by A → P(l) where l ⊂ A is a non-zero, simple, left A-module. If i : A → A^′ is a morphism in Mat^{L/K}_n then Ξ^{L/K}_n (i) is the morphism of schemes being induced by the canonical homomorphism l → A^′ ⊗_A l.

ii) If the morphism i : A → A^′ is σ-linear for σ ∈ G then Ξ^{L/K}_n (i) is a morphism twisted by σ.

Proof. If l is a non-zero, simple, left A-module then A^′ ⊗_A l is a non-zero, simple, left A^′-module. Both are n-dimensional L-vector spaces. Up to isomorphism, these modules are known to be unique. Therefore, the morphism of schemes

i_{l∗} := Ξ^{L/K}_n (i): Ξ^{L/K}_n (A) = P(l) −→ P(A^′ ⊗_A l) = Ξ^{L/K}_n (A^′)

induced by the homomorphism

i_l : l → A^′ ⊗_A l, x → 1⊗x

is well-defined. If i : A → A^′ is a σ-linear homomorphism then l → A^′ ⊗_A l is a σ-linear homomorphism of vector spaces. By Lemma 6.9 above, the morphism Ξ^{L/K}_n (i) is twisted by σ. As i is automatically invertible, Ξ^{L/K}_n (i) must be an isomorphism of schemes. Consequently, Ξ^{L/K}_n is a functor between the categories described.

To prove Ξ^{L/K}_n is an equivalence of categories we have to show it is full, faithful and essentially surjective. As in P^{L/K}_{n−1} every two objects are isomorphic to each other, essential surjectivity is clear. For full faithfulness it will suffice to prove that Ξ^{L/K}_n |_{Aut(A)} : Aut(A) −→ Aut(X_A) is an isomorphism of groups in the case A = M_n(L). Then Aut(A) = PGL_n(L) ⋊ G and Aut(Ξ^{L/K}_n (A)) = Aut_{K−schemes}(P^{n−1}_L ) = PGL_n(L)⋊G. Thus, the functor Ξ^{L/K}_n induces on Aut(A) a group homomorphism

Ξ: PGL_n(L) ⋊ G → PGL_n(L) ⋊ G.

By Lemma 6.2.ii), the restriction of Ξ to PGL_n(L) is the identity. By statement ii) proven above, the quotient map G → G is the identity, as well. Consequently, Ξ^{L/K}_n |_{Aut(A)} is an isomorphism. □

Corollary 6.15. — The categories Mat^{L/K}_n and P^{L/K}_{n−1} are also anti-equivalent, i.e. there is an equivalence of categories Ξ̌^{L/K}_n : Mat^{L/K}_n → (P^{L/K}_{n−1})^{op} given on objects by A → P(l) where l ⊂ A is a non-zero, simple, left A-module. If the morphism i : A → A^′ is σ-linear for σ ∈ G then Ξ̌^{L/K}_n (i) is twisted by σ^{−1}.

Proof. Put simply Ξ̌^{L/K}_n (i) := (Ξ^{L/K}_n (i))^{−1}. □

Proposition 6.16. — Let n be a natural number, K be a field and A be a central simple algebra of dimension n^2 over K. Then the Brauer-Severi variety X_A being associated with A can be described as follows:

Let L/K be a finite Galois extension such that L is a splitting field for A. Denote the Galois group Gal(L/K) by G. By covariant functoriality, the canonical G-operation on A⊗_K L induces an operation of G on the projective space Ξ^{L/K}_n (A⊗_K L) where the morphism induced by σ ∈ G is a morphism of L-schemes twisted by σ. The geometric version of Galois descent yields the K-scheme X_A.

Proof. Let f : A⊗_K L → M_n(L) be an isomorphism. Then there is a cocycle (a_σ)_{σ∈G} from G to PGL_n(L) such that for each σ ∈ G the diagram

A⊗_K L f � σ � A⊗_K L f � M_n(L)^{aσ ∘σ} � M_n(L)

commutes. Applying the functor Ξ^{L/K}_n to the whole situation we obtain commutative diagrams

Ξ^{L/K}_n (A⊗_K L)

Ξ^{L/K}_n ( f ) � σ � Ξ^{L/K}_n (A⊗_K L)

Ξ^{L/K}_n ( f ) � P^{n−1}_L^{aσ ∘σ} � P^{n−1}_L

where the vertical arrows are isomorphisms. Galois descent on the lower half of the diagram is the description of X_A given in the last section. Galois descent on the upper half of the diagram is the description claimed. □

Corollary 6.17. — Let L/K be a field extension and A be a central simple algebra over K. i) Then there is a canonical isomorphism of L-schemes

ξ^{L/K}_A : X_{A⊗K L} −→ X_A ×_{SpecK} Spec L.

ii) If L/K and L^′/L are field extensions then the isomorphisms ξ^{L′/K}_A , ξ^{L′/L}_A and ξ^{L/K}_A are compatible, i.e. the diagram

X_{A⊗K L}′

ξ^{L′/K}_A � � � � �

ξ^{L′/L}_A � X_A ×_{SpecK} Spec L^′

X_{A⊗K L} ×_{SpecL} Spec L^′

ξ^{L/K}_A ×_{SpecL} Spec L^′ � � � �

commutes.

Proof. Let n^2 be the dimension of A. We choose a splitting field L^{′′} for A which contains L^′. Then X_A, X_{A⊗K L} and X_{A⊗K L}′ are constructed from Ξ^{L′′/K}_n (A⊗_K L^{′′}) = Ξ^{L′′/L}_n (A⊗_K L^{′′}) = Ξ^{L′′/L′}_n (A⊗_K L^{′′}) by Galois descent using compatible descent data. □

Definition 6.18. — Let K be a field and r a natural number.

i) By Az^K_r we will denote the category of all central simple algebras of dimension r^2 over K where as morphisms we take all homomorphisms of K-algebras that preserve the unit element. Note that in Az^K_r every morphism is an isomorphism. ii) Az^{/K}_r will denote the category of all central simple algebras of dimension r^2 over any field extension of K where as morphisms we take all K-algebra homomorphisms that preserve the unit element.

iii) By BS^K_r we will denote the category of all Brauer-Severi varieties of dimension r over K where the isomorphisms of K-schemes are taken as morphisms. iv) BS^{/K}_r will denote the category of all Brauer-Severi varieties of dimension r over any field extension of K. As morphisms one takes all compositions of an isomorphism of K-schemes with a morphism of type id×Spec a : X×_{SpecL} Spec L^′ → X where a : L → L^′ is a homomorphism of fields containing K.

Theorem 6.19. — Let K be a field and n be a natural number. i) There is an equivalence of categories

X^{/K}_n : Az^{/K}_n −→ (BS^{/K}_{n−1})^{op},

that induces for each field extension L/K the bijection X^L_n : Az^L_n → BS^L_{n−1} on isomorphy classes found in Corollary 5.3.i).

ii) In particular, for each field extension L/K the functor X^{/K}_n induces an equivalence of categories X^L_n : Az^L_n −→ (BS^L_{n−1})^{op}. Proof. 1st step. Construction of the functor.

For A ∈ Ob(Az^{/K}_n ) put X^{/K}_n (A) := X_A. Let us remark at this place that we are going to make use of the intrinsic description of X_A given in Proposition 6.16. If i : A → A^′ is a morphism in Az^{/K}_n then, by restriction to the centers, i induces a homomorphism of fields i|_{Z(A)} : Z(A) → Z(A^′) containing K. Therefore, there is a unique factorization

A^c

Z(A′ )

A � A⊗_{Z(A)} Z(A^′)^j � A^′ of i via the canonical inclusion c^{Z(A′)}_A . By Corollary 6.17, one has the canonical isomorphism

ξ^{Z(A′)/Z(A)}

A : X_{A⊗Z(A) Z(A}′_) −→ X_A ×_{SpecZ(A)} Spec Z(A^′).

Put X^{/K}_n (c^{Z(A′)}_A ) to be the morphism of schemes being induced from ξ^{Z(A′)/Z(A)}_A by projection to the first factor.

In order to construct X^{/K}_n (i) as a functor on the category Az^{/K}_n it remains to describe it as a functor on the full subcategories Az^{K1}_n where K_1/K is any field extension. That means we are left with the case that Z(A) = Z(A^′) and i|_{Z(A)} is the identity. In order to make sure the functoriality of X^{/K}_n on the category Az^{/K}_n , that construction has to be done in a way compatible with field extensions, i.e. such that the diagram

X_A′_{⊗K1 K2}^X /K n (i⊗_{K1} K_2) � X^{/K}_n (c^{K2}_{A′} ) � X_{A⊗K1 K2}

X^{/K}_n (c^{K2}_A ) � X_A′^X /K n (i) �

X_A

commutes for every field K_1 containing K, every morphism i : A → A^′ in Az^{K1}_n and every extension K_2/K_1 of fields containing K.

For that choose a finite Galois extension L/K_1 such that L is a splitting field for A. As i is automatically an isomorphism, L is a splitting field for A^′, too. Thus, we obtain a Galois invariant homomorphism i⊗_{K1} L : A⊗_{K1} L → A^′ ⊗_{K1} L. Applying the functor Ξ^{L/K1}_n one gets a Galois invariant morphism of schemes

Ξ^{L/K1}_n (i⊗_L M): X_A′ ×_{SpecK1} Spec L = Ξ^{L/K1}_n (A^′ ⊗_{K1} L) −→ Ξ^{L/K1}_n (A⊗_{K1} L) = X_A ×_{SpecK1} Spec L.

Galois descent for morphisms of schemes yields the morphism X^{/K}_n (i) : X_A′ → X_A desired. This is even an isomorphism of schemes as i is an isomorphism. Consequently, X^{/K}_n is a functor between the categories stated. By construction, X^{/K}_n is essentially surjective. It remains to show it is full and faithful.

We note explicitly that X^{/K}_n induces a functor X^{K′}_n : Az^{K′}_n −→ (BS^{K′}_{n−1})^{op} for each field extension K^′/K. X^{K′}_n is automatically an equivalence of categories as soon as X^{/K}_n is. By its definition on objects the functor X^{K′}_n induces the bijection on isomorphy classes found above.

2nd step. Full faithfulness on automorphisms.

Let us first deal with the following statement which is a special case of full faithfulness of X^{/K}_n .

(*) Let K^′ be a field containing K and A be a central simple algebra of dimension n^2 over K^′. Then the functor X^{K′}_n induces an isomorphism of groups x_A := X^{K′}_n |_{AutK′ (A)} : Aut_K′ (A) −→ Aut_K′_{−schemes} (X_A).

This was proven in the case A = M_n(K^′) in Proposition 6.14. Let A be a general central simple algebra of dimension n^2 over K^′. Let L/K^′ be a finite Galois extension of fields such that L is a splitting field for A.

Assume a ≠ a^′ ∈ Aut_K′ (A) induce one and the same morphism

a^∗ = a^{′∗} ∈ Aut_K′_{−schemes} (X_A).

By the universal property of the tensor product there are uniquely determined homomorphisms a_L, a^′_L : A⊗_K L → A⊗_K L of central simple algebras over L making the diagrams

A⊗_K L^{aL} � A⊗_K L A⊗_K L^a ′ L � A⊗_K L

A^a �

c^L_A � A, c^L_A � A c^L_A � a^′ � A c^L_A �

commute. As c^L_A is an injection, a_L ≠ a^′_L. When one applies the functor X^{K′}_n to the whole situation one obtains the commutative diagrams below:

X_{A⊗K L}

(c^L_A)^∗ � X_{A⊗K L}

(c^L_A)^∗ �

a^∗_L

� X_{A⊗K L}

(c^L_A)^∗ � X_{A⊗K L}

(c^L_A)^∗ �

a^′_L^∗ �

X_A X_A,

a^∗=a^{′∗}

� X_A X_A.

a^∗=a^{′∗} � As A⊗_K L ∼= M_n(L), we have a^∗_L ≠ a^′_L^∗. On the other hand, (c^L_A)^∗ is, up to isomorphism, the canonical morphism X_A ×_{SpecK} Spec L → X_A from the fiber product to the first factor. Therefore, the morphism a^∗∘(c^L_A)^∗ = a^{′∗}∘(c^L_A)^∗ admits a unique factorization as a morphism of L-schemes composed with (c^L_A)^∗. This implies a^∗_L = a^′_L^∗ being a contradiction. Consequently, the homomorphism x_A is injective. Let p : X_A → X_A be an automorphism of K^′-schemes. As (c^L_A)^∗ is, up to isomorphism, the canonical morphism X_A ×_{SpecK} Spec L → X_A from the fiber product to the first factor, the composition p∘(c^L_A)^∗ factors uniquely via (c^L_A)^∗, i.e. there exists a unique morphism p_L : X_{A⊗K L} → X_{A⊗K L} of L-schemes such that there is a commutative diagram

X_{A⊗K L}

(c^L_A)^∗ � X_{A⊗K L}

(c^L_A )^∗ �

p_L �

X_A X_A. p � As A⊗_K L ∼= M_n(L), by Proposition 6.14, there exists some b ∈ Aut (A⊗_K L) such that p_L = b^∗. For σ ∈ Gal(L/K^′) let id×σ : A⊗_K L → A⊗_K L the corresponding automorphism of A⊗_K L. Clearly, (id×σ)∘c^L_A = c^L_A. Therefore, the diagram

X_{A⊗K L} (id×σ)^∗ � X_{A⊗K L} (id×σ)^∗ �

b^∗=p_L �

X_{A⊗K L}

(c^L_A)^∗ � X_{A⊗K L}

(c^L_A )^∗ � X_A X_A. p �

commutes, as well. Hence, b^∗ = (id×σ)^∗ ∘ b^∗ ∘ (id×σ^{−1})^∗ = ((id×σ^{−1}) ∘ b ∘ (id×σ))^∗. Using the injectivity of the homomorphism (*) one gets b = (id×σ^{−1}) ∘ b ∘ (id×σ), i.e. b is invariant with respect to the operation of Gal(L/K^′). By Galois descent for homomorphisms, there exists a homomorphism a : A → A of central simple algebras such that the diagram

A⊗_K L^b � A⊗_K L

A^a �

c^L_A � A c^L_A �

commutes. Consequently, there is a commutative diagram on the level of Brauer- Severi varieties as follows:

X_{A⊗K L}

(c^L_A)^∗ � X_{A⊗K L}

(c^L_A )^∗ �

b^∗=p_L �

X_A X_A.

a^∗ � A direct comparison with the original definition of p_L shows p∘(c^L_A)^∗ = a^∗ ∘(c^L_A)^∗ as both these compositions are equal to (c^L_A)^∗ ∘ p_L. Since (c^L_A)^∗ is dominant this implies that p = a^∗. The homomorphism x_A is surjective, too. 3rd step. Isomorphisms.

We note the following consequence of the results of the last step. (**) Let K^′ be a field containing K and A and A^′ be central simple algebras of dimension n^2 over K^′ being isomorphic to each other. Then X^{K′}_n induces a bijection Iso_K′ (A, A^′) −→ Iso_K′_{−schemes} (X_A′ , X_A).

4th step. On faithfulness.

Assume the homomorphisms i_1, i_2 : A → A^′ induce one and the same morphism of schemes i^∗_1 = i^∗_2 : X_A′ → X_A. Our first observation is that, necessarily, i_1 and i_2 give rise to the same homomorphism i_1|_{Z(A)} = i_2|_{Z(A)} : Z(A) → Z(A^′) on the centers. Indeed, X_A and X_A′ are Brauer-Severi varieties over Z(A) and Z(A^′), respectively. Further, by Proposition 4.2.iv), Γ(X_A, O_{XA} ) = Z(A) and Γ(X_A′ , O_{XA′} ) = Z(A^′), i.e. one can recover the centers of A and A^′ from the Brauer-Severi varieties being associated with them. By the construction of X^{/K}_n on morphisms, the pull-back on the level of global sections

(i^∗_1)^♯ = (i^∗_2)^♯ : Z(A) = Γ(X_A, O_{XA} ) −→ Γ(X_A′ , O_{XA′} ) = Z(A^′)

is equal to the homomorphism Z(A) → Z(A^′) given by i_1, respectively i_2, by restriction to the centers.

Consequently, i_1 and i_2 can both be factorized via the canonical homomorphism c^{Z(A′)}_A : A → A⊗_{Z(A)} Z(A^′). Let j_1, j_2 : A⊗_{Z(A)} Z(A^′) → A^′ be homomorphisms of central simple algebras over Z(A^′) such that j_1 ∘c^{Z(A′)}_A = i_1 and j_2 ∘c^{Z(A′)}_A = i_2. We note that j_1 and j_2 are both isomorphisms as they are homomorphisms of central simple algebras over the same base field. Furthermore, j_1 ≠ j_2. On the other hand, the morphisms

j^∗_1, j^∗_2 : X_A′ −→ X_{A⊗Z(A) Z(A}′_) = X_A ×_{SpecZ(A)} Spec Z(A^′) coincide as their projections to Spec Z(A^′) do, both being the structural morphism, and their projections to X_A, being equal to i^∗_1 = i^∗_2, coincide by assumption. This is a contradiction. 5th step. On fullness.

Let A, A^′ ∈ Ob (Az^{/K}_n ) and f : X_A′ → X_A be a morphism in the category BS^{/K}_{n−1}. Considering the associated map of global sections we obtain a homomorphism Z(A) → Z(A^′) of fields. The canonical inclusion c^{Z(A′)}_A : A → A⊗_{Z(A)} Z(A^′) induces the canonical morphism

(c^{Z(A′)}_A )^∗ : X_{A⊗Z(A) Z(A}′_) = X_A ×_{Spec Z(A)} Spec Z(A^′) −→ X_A.

Remembering the definition of what is a morphism in the category BS^{/K}_{n−1} we see that f gives rise to an isomorphism

f : X_A′ −→ X_A ×_{Spec Z(A)} Spec Z(A^′) = X_{A⊗Z(A) Z(A}′_)

such that f = (c^{Z(A′)}_A )^∗∘ f . As we adjusted the structural morphism in the right way f is even an isomorphism of Z(A^′)-schemes. By Corollary 5.3 the central simple algebras A^′ and A⊗_{Z(A)} Z(A^′) over Z(A^′) are isomorphic. Therefore, by the result of the 3rd step, there is some homomorphism

a : A⊗_{Z(A)} Z(A^′) −→ A^′

such that f = a^∗. Consequently, f = (c^{Z(A′)}_A )^∗∘a^∗ = (a∘c^{Z(A′)}_A )^∗ is in the image of X^{/K}_n on morphisms. X^{/K}_n is full. □

Corollary 6.20. — Let K be a field and n be a natural number. Then Az^K_n and BS^K_{n−1} are also equivalent to each other, i.e. there is an equivalence of categories

X̌^K_n : Az^K_n −→ BS^K_{n−1}.

Proof. Compose X^K_n with the equivalence of categories ι: BS^K_{n−1} → (BS^K_{n−1})^{op} given by the identity on objects and by ι(g) := g^{−1} on morphisms. □

7. The functor of points

Remark 7.1. — This section deals with the contravariant functor on the category of all K-schemes defined by the Brauer-Severi variety X_A associated with a central simple algebra A. It turns out that, as for projective spaces, Graßmannians and flag varieties, this functor can be described completely explicitly. Thus, it is clear that there is a different method to introduce X_A. One can start with the functor and has to prove its representability by a scheme. It seems, that method is closer to A. Grothendieck’s style in Algebraic Geometry than the approach presented here. But, as one might expect, a direct proof of representability, avoiding all descent arguments, is not trivial at all. It is presented in detail in [Hen] or [Ke].

Definition 7.2. — Let K be a field, n be a natural number and A ∈ Ob (Az^K_n ). Then by I_A : {K − schemes}^{op} → {sets} we will denote the functor given on objects by T → { sheaves of right ideals J in π^∗_TA such that π^∗_TA/J is a locally free O_T−module of rank n^2 − n }

and on morphisms by the pull-back. Here A := ~A denotes the sheaf of O_Kalgebras associated with A on Spec K and π = π_T : T → Spec K is the structural morphism. The various functors I_A depend on A in a natural manner, i.e. if i : A → A^′ is a morphism in Az^K_n then there is a morphism of functors i^∗ : I_A′ → I_A given by the inverse image J → π^∗_T(~i)^{−1}(J ). Thus, there exists a contravariant functor I : Az^K_n −→ Fun ({K−schemes}^{op}, {sets})

given on objects by A → I_A.

Theorem 7.3. — Let K be a field and n be a natural number. Then there is an isomorphism ι : I −→ P ∘ X^K_n

between the contravariant functors

I, P ∘ X^K_n : Az^K_n −→ Fun ({K−schemes}^{op}, {sets}).

Remark 7.4. — For a fixed central simple algebra A of dimension n^2 over K the statement of Theorem 7.3 says that there is an isomorphism

ι_A : I_A −→ P_{XA}

between the functors I_A, P_{XA} : {K − schemes}^{op} → {sets} described above. This means that the T-valued points in X_A are in a natural bijection with the sheaves of right ideals J ⊂ π^∗_TA such that π^∗_TA /J is a locally free O_T-module of rank n^2 − n. Further, if i : A → A^′ is a morphism of n^2-dimensional central simple algebras over K then the diagram

I_A′^{ιA′} �

i^∗ � P_{XA′}

[X^K_n (i)]_∗ � I_A^{ιA} � PX_A

commutes.

Remark 7.5. — We note that I_A is canonically a subfunctor of the Graßmann functor Grass^{n2}_n2_{−n} parametrizing (n^2 − n)-dimensional quotients of an n^2-dimensional vector space. Thus, there is an embedding X_A → Grass^{n2}_n2_{−n} into the Graßmann scheme. We note that this is the key observation for a direct proof of representability for I_A.

Definition 7.6. — Let G be any group. By Sets_G we will denote the category of all mappings M → G where M is any set. As morphisms between f_1 : M_1 → G and f_2 : M_2 → G we allow all mappings which make the diagram M_1

f_1 � � M_2

f_2 � G^{· g} � G commutative for a certain g ∈ G where · g : G → G denotes the multiplication by g from the right.

Definition 7.7. — Let L/K be a finite Galois extension of fields and denote its Galois group Gal(L/K) by G.

i) By Sch^{L/K}_+ we will denote the full subcategory of Sch^{L/K} consisting of all Lschemes being non-empty.

ii) Let X ∈ Ob (Sch^{L/K}). Then the contravariant Hom-functor Hom_{Sch}L/K ( · , X): Sch^{L/K}_+ −→ {sets} factors canonically via the category Sets_G. Indeed, for each morphism T → X in Sch^{L/K}_+ the σ ∈ G being associated with it is uniquely determined. Note for that we need the assumption T ≠ ∅ while X = ∅ may be allowed as in that case there are no morphisms. The functor just constructed will be denoted by P^{L/K}_X : Sch^{L/K}_+ −→ Sets_G and called the functor of points of X. There is a covariant functor P^{L/K} : Sch^{L/K} → Fun ((Sch^{L/K}_+ )^{op}, Sets_G) given on objects by X → P^{L/K}_X .

Remark 7.8. — The Hom-functor Hom_{Sch}L/K_+ ( · , X) remembers all information X as an object of the category Sch^{L/K}_+ . The functor of points P^{L/K}_X : Sch^{L/K}_+ −→ Sets_G carries the additional information coming from the structure of Sch^{L/K}_+ as a fibered category.

Lemma 7.9. — Let L/K be a finite Galois extension of fields and n be a natural number. Denote the Galois group Gal(L/K) by G.

i) Then there is an isomorphism of functors j^{L/K}_n : P^{L/K}_n −→ I^{L/K}_n between the composition

P^{L/K}_n : Mat^{L/K}_n^Ξ L/K n � P^{L/K}_{n−1}^{embedding} � Sch^{L/K}_+^{PL/K} � Fun ((Sch^{L/K}_+ )^{op}, Sets_G)

and the functor I^{L/K}_n given by A → ( T → ⨆ σ∈G { sheaves of right ideals J in (S(σ)∘π_T)^∗A such that (S(σ)∘π_T)^∗A/J is a locally free O_T−module of rank n^2 − n }) on objects and by the pull-back on morphisms. Here A := ~A denotes the sheaf of O_L-algebras associated with A on Spec L and π_T : T → Spec L is the structural morphism. The set given on the right hand side is equipped with a map to G in the obvious way.

ii) Let L^′ be a finite field extension such that L^′/K is Galois again. Then the isomorphism j^{L/K}_n is compatible with the base extension from L to L^′, i.e. for every A ∈ Ob (Mat^{L/K}_n ) and every T ∈ Ob (Sch^{L/K}_+ ) the diagram

P^{L/K}_n (A)(T)

Mor_{Sch}L/K (T, Ξ^{L/K}_n (A))^j L/K n (A)(T) �

×_{SpecL}Spec L^′ � I^{L/K}_n (A)(T)

pull−back � Mor_{Sch}L′/K (T×_{SpecL} Spec L^′, Ξ^{L′/K}_n (A⊗_L L^′))^j � I^{L′/K}_n (A⊗_L L^′)(T×_{SpecL} Spec L^′)

P^{L′/L}_n (A⊗_L L^′)(T×_{SpecL} Spec L^′)

commutes. Here j is used as an abbreviation for j^{L′/K}_n (A⊗_L L^′)(T×_{SpecL} Spec L^′).

Remark 7.10. — The lemma states in particular that the ordinary functor of points of the L-scheme Ξ^{L/K}_n (A) for A ∈ Ob (Mat^{L/K}_n ) is isomorphic to T → { sheaves of right ideals J in π^∗_TA such that π^∗_TA/J is a locally free O_T−module of rank n^2 − n } , i.e. for every L-algebra R the set Ξ^{L/K}_n (A)(R) of R-valued points in Ξ^{L/K}_n (A) is naturally isomorphic to the set of all right ideals I in A⊗_L R such that A⊗_L R/I is a locally free R-module of rank n^2 − n.

7.11 (Proof of the lemma). — i) For each A ∈ Ob (Mat^{L/K}_n ) both of the two functors under consideration satisfy the sheaf axiom for Zariski coverings. Therefore, it will suffice to work with affine schemes as test objects.

Let R be a commutative L-algebra with unit. By construction we have Ξ^{L/K}_n (A) = P(l) where l is a non-zero, simple, left A-module. By Corollary- Definition 6.5 the set of R-valued points in P(l) is in a natural bijection with the set of all submodules M ⊂ l⊗_L R such that the quotient l⊗_L R/M is a locally free R-module of rank n−1.

As an R-module A⊗_L R is isomorphic to the direct sum of n copies of l⊗_L R. Under this isomorphism an R-submodule M ⊆ l⊗_L R determines a right ideal M ⊆ A⊗_L R by the definition

M := n⨁ i=1 M.

This gives a natural bijection between the set of all right ideals in A⊗_L R and the set of all R-submodules M ⊆ l. Obviously,

A⊗_L R/M ∼= (l⊗_L R/M)^n ∼= (l⊗_L R/M)⊗_R R^n

as R-modules. So, if l⊗_L R/M is locally free of rank n−1 then A⊗_L R/M is locally free of rank n^2 − n. Conversely, if A⊗_L R/M is locally free of rank n^2 − n then, by Lemma 2.14, l⊗_L R/M is necessarily locally free. Clearly, it is of rank n−1. We obtained the description of the ordinary functor of points of Ξ^{L/K}_n (A) given in the remark above. Giving a morphism of L-schemes f : T → Ξ^{L/K}_n (A) that is twisted by some σ ∈ G is equivalent to giving a commutative diagram

T π_T � id � T S(σ)∘π_T � f � Ξ^{L/K}_n (A)

π_{ΞL/Kn (A)} � Spec L^{S(σ)} � Spec L^{id} � Spec L.

Therefore, f becomes a morphism of L-schemes in the ordinary sense if one simply changes the structural morphism of T from π_T into S(σ)∘π_T. Consequently, the functor of points P^{L/K}_{ΞL/KR (A)} is isomorphic to functor given in the claim. The construction just made is compatible with K-linear ring homomorphisms i : A → A^′ by the description of Ξ^{L/K}_n as a covariant functor given above. ii) Again we need the concrete description of Ξ^{./K}_n . We have Ξ^{L/K}_n (A) = P(l) where l is a non-zero, simple, left A-module and Ξ^{L′/K}_n (A⊗_L L^′) = P(l⊗_L L^′). The claim is a direct consequence of Remark 6.6 together with the connection of submodules in l⊗_L R and l⊗_L R⊗_L L^′ with right ideals in A⊗_K R and A⊗_L R⊗_L L^′, respectively, that was established in the proof of part i). □

7.12 (Proof of Theorem 7.3). — We have to construct an isomorphism ι_A : I_A → P_{XA} of functors for every A ∈ Ob (Az^K_n ) in a way being natural in A. We will proceed in three steps.

1st step. The case A ∼= M_n(K).

We have A⊗_KR ∼= M_n(R) and X_A = P(l) by the intrinsic description of X_A given in Proposition 6.16 above. Here l denotes a non-zero, simple, left A-module. The assertion is a special case of Lemma 7.9 above. We note explicitly that P(l) = Ξ^{K/K′}_n (A) for every subfield K^′ ⊂ K such that K/K^′ is a finite Galois extension. In particular, the isomorphism ι_A : I_A → P_{XA} is compatible with the action of automorphisms of A which are only K^′-linear.

2nd step. Reduction to T-valued points for affine schemes T.

Let again A be an arbitrary central simple algebra over K of dimension n^2. Then, the functors I_A and P_{XA} satisfy the sheaf axioms for Zariski coverings of T. Hence, it is sufficient to consider the affine case: There is a natural isomorphism ι_A : I_A → P_{XA} of functors on the full subcategory of affine schemes to be constructed, i.e. an isomorphism

I_A(R) := { right ideals J in A⊗_K R such that A⊗_K R/J is a locally free R−module of rank n^2 − n } ↓ι_A(R) P_{XA} (R) := Mor_{K-schemes}(Spec R, X_A)

for each commutative ring R with unit such that for homomorphisms r : R → R^′ of K-algebras the corresponding diagram

I_A(R)^{IA (r)} �

ι_A(R) � I_A(R^′)

ι_A (R^′) � P_{XA} (R)^{PXA (r)} � P_{XA} (R^′)

commutes.

3rd step. Galois descent.

Let L/K be some finite Galois extension such that L is a splitting field for A. Put G := Gal (L/K). By Theorem 2.2 in the version for schemes, there is a bijection

P_{XA} (R) = { p : Spec R → X_A | p morphism of K−schemes }

∼= p : Spec R⊗_K L → X_{A⊗K L} | p morphism of L−schemes, p compatible with the G−operations on both sides

being natural in the ring R. As A⊗_K L is isomorphic to the matrix algebra, we have

X_{A⊗K L} = Ξ^{L/K}_n (A⊗_K L) = P(l)

where l is a non-zero, simple, right A ⊗_K L-module. Hence, there is a second natural bijection

p : Spec R⊗_K L → X_{A⊗K L} | p morphism of L−schemes, p compatible with the G−operations on both sides

∼= I ⊂ (A⊗_K L)⊗_L (R⊗_K L) | I right ideal, (A⊗_K L)⊗_L (R⊗_K L)/I locally free R⊗_K L−module, rk_{R⊗K L} (A⊗_K L)⊗_L (R⊗_K L)/I = n^2 − n, I invariant with respect to the G−operation .

Indeed, this is exactly the result of the first step when we note that the isomorphism of functors P_{XA⊗K L} ←− I_{A⊗K L} is compatible with K-linear ring automorphisms of A⊗_K L. Finally, there is a natural bijection

I ⊂ (A⊗_K L)⊗_L (R⊗_K L) | I right ideal, (A⊗_K L)⊗_L (R⊗_K L)/I locally free R⊗_K L−module, rk_{R⊗K L} (A⊗_K L)⊗_L (R⊗_K L)/I = n^2 − n, I invariant with respect to the G−operation ∼= I ⊂ A⊗_K R | I right ideal, (A⊗_K R)/I locally free R−module, rk_R (A⊗_K R)/I = n^2 − n

by Galois descent for right ideals, i.e. by Lemma 7.14. Indeed, everything would be clear if there would be no assumption on the ranks of the quotients. But if A⊗_K R/I is a locally free R-module of rank n^2 −n then

(A⊗_K L)⊗_L (R⊗_K L)/I ∼= (A⊗_K R/I)⊗_R (R⊗_K L)

is a locally free R⊗_K L-module of the same rank. On the other hand, if (A⊗_K L)⊗_L (R⊗_K L)/I ∼= (A⊗_K R/I)⊗_R (R⊗_K L) is a locally free (R⊗_K L)-module of rank n^2 −n then it is a locally free R-module, as well. By Lemma 2.14 A⊗_K R/I is a locally free R-module, too. Clearly, it is of rank n^2 −n.

We note finally that the construction of ι_A given above can easily be extended to morphisms and gives a functor in A. For that we first choose a splitting field L_A ⊃ K for each A ∈ Ob (Az^K_n ) in such a way that L_A depends only on the isomorphy class of A in Az^K_n . If i : A → A^′ is a morphism in Az^K_n then A and A^′ are automatically isomorphic and we execute the construction of ι_A and ι_A′ via the splitting field chosen. The first and the third natural bijection constructed above are applications of descent and, therefore, compatible with the morphisms induced by i. For the second one that was proven in Lemma 7.9.i) above. The proof is complete. □

Remark 7.13. — The isomorphism of functors ι_A is independent of the choice of the splitting field made in the proof. Indeed, let L^′_A ⊃ L_A be splitting fields for A. Going through the proof given above, one sees that the two constructions for ι_A yield the same result. The main ingredient for that is Lemma 7.9.ii).

Lemma 7.14 (Galois descent for right ideals). — Let L/K be a finite Galois extension of fields and G := Gal(L/K) be its Galois group. Further, let A be a K-algebra and I ⊂ A⊗_K L a right ideal being invariant under the canonical operation of G on A⊗_K L. Then there is a unique right ideal I ⊂ A such that I = I⊗_K L.

Proof. I inherits from A a structure of an L-algebra and an operation of the group G by homomorphisms of K-algebras where σ ∈ G acts σ-linearly. By the algebraic version of Galois descent, there exists some K-algebra I such that I = I⊗_K L. Clearly, the canonical homomorphism of L-algebras I = I ⊗_K L → A⊗_K L is compatible with the G-operations on both sides. Therefore, by Galois descent for homomorphisms, we get a homomorphism of K-algebras I → A that induces the ideal I. As the functor ⊗_K L is exact and faithful, that morphism is necessarily injective. Consider I ⊂ A as a subring. The multiplication ·a : I → I with some element a ∈ A from the right is compatible with the operation of G. Hence, it descends to a homomorphism I → I. That homomorphism is compatible with the multiplication by a from the right on A. Consequently, I is a right ideal. Uniqueness is clear. □

References

[Al] Albert, A.: Structure of Algebras, Revised Printing, Amer. Math. Soc. Coll. Pub., Vol. XXIV, Amer. Math. Soc., Providence, R.I. 1961 [Am55] Amitsur, S. A.: Generic splitting fields of central simple algebras, Annals of Math. 62(1955)8-43 [Am72] Amitsur, S. A.: On central division algebras, Israel J. Math. 12(1972) 408-420 [Am81] Amitsur, S. A.: Generic splitting fields, in: van Oystaeyen, F. and Verschoren, A. (Eds.): Brauer groups in ring theory and algebraic geometry, Proceedings of a conference held at Antwerp 1981, Springer, Lecture Notes Math. 917, Berlin, Heidelberg, New York 1982, 1-24 [Ara] Arason, J. K.: A proof of Merkurjev’s theorem, in: Quadratic and Hermitian forms (Hamilton, Ontario 1983), CMS Conf. Proc. 4, Amer. Math. Soc., Providence, R.I. 1984 [EAr27a] Artin, E.: Über einen Satz von J. H. Maclagan-Wedderburn, Abh. Math. Sem. Univ. Hamburg 5(1927)245-250 [EAr27b] Artin, E.: Zur Theorie der hyperkomplexen Zahlen, Abh. Math. Sem. Univ. Hamburg 5(1927)251-260 [A/N/T] Artin, E., Nesbitt, C. J. and Thrall, R.: Rings with minimum condition, Univ. of Michigan Press, Ann Arbor 1948 [MAr81a] Artin, M.: Left Ideals in Maximal Orders, in: van Oystaeyen, F. and Verschoren, A. (Eds.): Brauer groups in ring theory and algebraic geometry, Proceedings of a conference held at Antwerp 1981, Springer, Lecture Notes Math. 917, Berlin, Heidelberg, New York 1982, 182-193 [MAr81b] Artin, M. (Notes by Verschoren, A.): Brauer-Severi varieties, in: van Oystaeyen, F. and Verschoren, A. (Eds.): Brauer groups in ring theory and algebraic geometry, Proceedings of a conference held at Antwerp 1981, Springer, Lecture Notes Math. 917, Berlin, Heidelberg, New York 1982, 194-210 [A/M] Artin, M. and Mumford, D.: Some elementary examples of unirational varieties which are not rational, Proc. London Math. Soc. 25 (1972)75-95 [A/G] Auslander, M. and Goldmann, O.: The Brauer group of a commutative ring, Trans. Amer. Math. Soc. 97(1960)367-409 [Az] Azumaya, G.: On maximally central algebras, Nagoya Math. J. 2 (1951)119-150

[vdB] van den Bergh, M.: The Brauer-Severi scheme of the trace ring of generic matrices, in: Perspectives in ring theory (Antwerp 1987), NATO Adv. Sci. Inst. Ser. C: Math. Phys. Sci. 233, Kluwer Acad. Publ., Dordrecht 1988, 333-338 [BB] Białynicki-Birula, A.: A note on deformations of Severi-Brauer varieties and relatively minimal models of fields of genus 0, Bull. Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys. 18(1970)175-176 [Bl-ard] Blanchard, A.: Les corps non commutatifs, Presses Univ. de France, Vendôme 1972 [Bl-et] Blanchet, A.: Function fields of generalized Brauer-Severi varieties, Comm. in Algebra 19(1991)97-118 [Bl80] Bloch, S.: Lectures on algebraic cycles, Duke Univ. Math. Ser. 4, Duke Univ. Press, Durham, N.C. 1980 [Bl81] Bloch, S.: Torsion algebraic cycles, K_2 and Brauer groups of function fields, in: The Brauer group (Les Plans-sur-Bex 1980), Springer, Lecture Notes Math. 844, Berlin, Heidelberg, New York 1981, 75-102 [Bou] Bourbaki, N.: Éléments de Mathématique, Livre II: Algèbre, Chapitre 8, Hermann, Paris 1958 [Br] Brauer, R.: Über Systeme hyperkomplexer Zahlen, Math. Z. 30(1929) 79-107 [LeB/S] Le Bruyn, L. and Seelinger, G.: Fibers of generic Brauer-Severi schemes, J. of Algebra 214(1999)222-234 [Brz] Brzezinski, J.: Brauer-Severi schemes of orders, in: Orders and their applications (Oberwolfach 1984), Springer, Lecture Notes Math. 1142, Berlin, Heidelberg, New York 1985, 18-49 [Ca] Cartan, E.: Œvres complètes, Partie II, Volume I: Nombres complexes, Gauthier-Villars, 107-246 [C/E] Cartan, H. and Eilenberg, S.: Homological Algebra, Princeton Univ. Press, Princeton 1956 [Cha] Chase, S. U.: Two remarks on central simple algebras, Comm. in Algebra 12(1984)2279-2289 [Ch44] Châtelet, F.: Variations sur un thème de H. Poincaré, Annales E. N. S. 61(1944)249-300 [Ch54/55] Châtelet, F.: Géométrie diophantienne et théorie des algèbres, Séminaire Dubreil, 1954-55, exposé 17 [CT83] Colliot-Thélène, J.-L.: Hilbert’s theorem 90 for K_2, with application to the Chow group of rational surfaces, Inv. Math. 35(1983)1-20 [CT88] Colliot-Thélène, J.-L.: Les grands thèmes de François Châtelet, L’Enseignement Mathématique 34(1988)387-405 [CT91] Colliot-Thélène, J.-L.: Cycles algébriques de torsion et K-théorie algébrique, in: Arithmetic Algebraic Geometry (Trento 1991), Springer, Lecture Notes Math. 1553, Berlin, Heidelberg 1993, 1-49 [CT/SD] Colliot-Thélène, J.-L. and Swinnerton-Dyer, Sir P.: Hasse principle and weak approximation for pencils of Severi-Brauer and similar varieties, J. für die Reine und Angew. Math. 453(1994)49-112

[SGA4^1_2 ] Deligne, P. (avec la collaboration de Boutot, J. F., Grothendieck, A., Illusie, L. et Verdier, J. L.): Cohomologie Étale, Séminaire de Géométrie Algébrique du Bois Marie (SGA4^1_2 ), Springer, Lecture Notes Math. 569, Berlin, Heidelberg, New York 1977 [SGA3] Demazure, A. et Grothendieck, A.: Schemas en groupes, Séminaire de Géométrie Algébrique du Bois Marie 1962-64 (SGA3), Springer, Lecture Notes Math. 151, 152, 153, Berlin, Heidelberg, New York 1970 [De] Deuring, M.: Algebren, Springer, Ergebnisse der Math. und ihrer Grenzgebiete, Berlin 1935 [Di] Dickson, L. E.: On finite algebras, Nachrichten von der Königlichen Gesellschaft der Wissenschaften zu Göttingen, Math.-Phys. Klasse, 1905, 358-393 [Dr] Draxl, P. K.: Skew fields, London Math. Soc. Lecture Notes Series 81, Cambridge University Press, Cambridge 1983 [Du] Ducros, A.: Fibrations en variétés de Severi-Brauer au-dessus de la droite projective sur le corps des fonctions d’une courbe réelle, C. R. Acad. Sci. Paris Ser. I Math. 327(1998)71-75 [Fr97] Frossard, E.: Fibres dégénérées des schémas de Severi-Brauer d’ordres, J. of Algebra 198(1997)362-387 [Fr98] Frossard, E.: Groupe de Chow de dimension zéro des fibrations en variétés de Severi-Brauer, Compositio Math. 110(1998)187-213 [G/T] Gatsinzi, J.-B. and Tignol, J.-P.: Involutions and Brauer-Severi varieties, Indag. Math. 7(1996)149-160 [Gi] Giraud, J.: Cohomologie non abélienne, Springer, Grundlehren der math. Wissenschaften 179, Berlin, Heidelberg, New York 1971 [GrBrI] Grothendieck, A.: Le groupe de Brauer, I: Algèbres d’Azumaya et interprétations diverses, Séminaire Bourbaki, 17^e année 1964/65, n^o 290 [GrBrII] Grothendieck, A.: Le groupe de Brauer, II: Théorie cohomologique, Séminaire Bourbaki, 18^e année 1965/66, n^o 297 [GrBrIII] Grothendieck, A.: Le groupe de Brauer, III: Exemples et compléments, in: Grothendieck, A.: Dix exposés sur la Cohomologie des schémas, North-Holland, Amsterdam and Masson, Paris 1968, 88-188 [EGA] Grothendieck, A. et Dieudonné, J.: Éléments de Géométrie Algébrique, Publ. Math. IHES 4, 8, 11, 17, 20, 24, 28, 32 (1960-68) [Hai] Haile, D. E.: On central simple algebras of given exponent, J. of Algebra 57(1979)449-465 [Ha] Hartshorne, R.: Algebraic Geometry, Springer, Graduate Texts in Mathematics 52, New York 1971 [Hen] Henningsen, F.: Brauer-Severi-Varietäten und Normrelationen von Symbolalgebren, Doktorarbeit (PhD thesis), available in electronic form at http://www.biblio.tu-bs.de/ediss/data/20000713a/20000713a.pdf [Her] Herstein, I. N.: Noncommutative rings, The Math. Association of America (Inc.), distributed by John Wiley and Sons, Menasha, WI 1968

[Heu] Heuser, A.: Über den Funktionenkörper der Normfläche einer zentral einfachen Algebra, J. für die Reine und Angew. Math. 301(1978) 105-113 [J/W] Jacob, B. and Wadsworth, A.: A new construction of noncrossed product algebras, Trans. Amer. Math. Soc. 293(1986)693-721 [Jac] Jacobson, N.: Structure of rings, Revised edition, Amer. Math. Soc. Coll. Publ. 37, Amer. Math. Soc., Providence, R.I. 1964 [vdK] van der Kallen, W.: The Merkurjev-Suslin Theorem, in: Orders and their applications (Oberwolfach 1984), Springer, Lecture Notes Math. 1142, Berlin, Heidelberg, New York 1985, 157-168 [Kan] Kang, Ming Chang: Constructions of Brauer-Severi varieties and norm hypersurfaces, Canad. J. Math. 42(1990)230-238 [Ka95a] Karpenko, N. A.: On topological filtration for Brauer-Severi varieties, in: Proc. Symp. Pure Math. 58, Part 2: K-theory and algebraic geometry: connections with quadratic forms and division algebras (Santa Barbara, CA 1992), Amer. Math. Soc., Providence, R.I. 1995, 275-277 [Ka95b] Karpenko, N. A.: Torsion in CH_2 of Severi-Brauer varieties and indecomposability of generic algebras, Manuscripta Math. 88(1995) 109-117 [Ka96a] Karpenko, N. A.: Grothendieck Chow motives of Severi-Brauer varieties, St. Petersburg Math. J. 7(1996)649-661 [Ka96b] Karpenko, N. A.: On topological filtration for Brauer-Severi varieties. II., in: Bolibrukh, A. A., Merkurjev, A. S. and Netsvetaev, N. Yu (Eds.): Mathematics in St. Petersburg, Amer. Math. Soc. Translations, Series 2, 174, Advances in Math. Sciences 30, Amer. Math. Soc., Providence, R.I. 1996, 45-48 [Ka97] Karpenko, N. A.: Cycles de codimension 2 en produits de variétés de Severi-Brauer, in: Théorie des nombres, Années 1994/95- 1995/96, Publ. Math. Fac. Sci. Besançon, 17pp.

[Ka98] Karpenko, N. A.: Codimension 2 cycles on Brauer-Severi varieties, K-Theory 13(1998)305-330 [Ke] Kersten, I.: Brauergruppen von Körpern, Vieweg, Braunschweig 1990 [K/R] Kersten, I. and Rehmann, U.: Generic splitting of reductive groups, Tôhoku Math. J. 46(1994)35-70 [Kl] Klingen, N.: A short remark on the Merkurjev-Suslin theorem, Archiv der Math. 48(1987)126-129 [K/M/R/T] Knus, M. A., Merkurjev, A. S., Rost, M. and Tignol, J.-P.: The book of involutions, Amer. Math. Soc. Coll. Publ. 44, Amer. Math. Soc., Providence, R.I. 1998 [K/O] Knus, M. A. and Ojanguren, M.: Théorie de la descente et algèbres d’Azumaya, Springer, Lecture Notes Math. 389, Berlin, Heidelberg, New York 1974 [La] Lang, S.: Algebra, Third Edition, Addison-Wesley, Reading, MA 1993

[Le] Lenstra Jr., H. W.: K_2 of a global field consists of symbols, in: Stein, M. R.: Algebraic K-theory, (Evanston 1976), Springer, Lecture Notes Math. 551, Berlin, Heidelberg, New York 1976, 69-73 [L/O] Lorenz, F. and Opolka, H.: Einfache Algebren und projektive Darstellungen über Zahlkörpern, Math. Z. 162(1978)175-182 [MWe05] Maclagan-Wedderburn, J. H.: A theorem on finite algebras, Trans. Amer. Math. Soc. 6(1905)349-352 [MWe08] Maclagan-Wedderburn, J. H.: On hypercomplex numbers, Proc. London Math. Soc. 2nd Series 6(1908)77-118 [Ma] Matsumura, H.: Commutative ring theory, Cambridge University Press, Cambridge 1986 [O’Me] O’Meara, O. T.: Introduction to quadratic forms, Springer, Berlin, New York 1963 [Me81] Merkur’ev, A. S.: O simvole normennogo vycheta stepeni 2, Dokl. Akad. Nauk SSSR 261(1981)542-547, English translation: Merkurjev, A. S.: On the norm residue symbol of degree 2, Soviet Math. Dokl. 24(1982)546-551 [Me83a] Merkur’ev, A. S.: Kruchenie v gruppe K_2 dlya lokal’nogo polya, Dokl. Akad. Nauk SSSR 270(1983)45-47, English translation: Merkurjev, A. S.: Torsion in the group K_2 for a local field, Soviet Math. Dokl. 27(1983)553-556 [Me83b] Merkurjev, A. S.: On the torsion in K_2 of local fields, Annals of Math. 118(1983)375-381 [Me83c] Merkurjev, A. S.: Brauer groups of fields, Comm. in Algebra 11(1983) 2611-2624 [Me84] Merkur’ev, A. S.: Gruppa K_2 dlya lokal’nogo polya, Trudy Mat. Inst. imeni Steklova 165(1984)115-118 [Me85] Merkur’ev, A. S.: O stroenii gruppy Brauèra poleĭ, Izv. Akad. Nauk SSSR Ser. Mat. 49(1985)828-846, English translation: Merkurjev, A. S.: Structure of the Brauer group of fields, Math. USSR-Izv. 27(1986)141-157 [Me86a] Merkurjev, A. S.: K_2 of fields and the Brauer group, in: Applications of Algebraic K-Theory to Algebraic Geometry and Number Theory (Boulder 1983), Contemporary Math. 55, Part II, Amer. Math. Soc., Providence, R.I. 1986, 529-546 [Me86b] Merkur’ev, A. S.: O kruchenii v K-gruppakh poleĭ po Milnoru, Matem. Sbornik 131(173)(1986)94-112 English translation: Torsion in the Milnor K-groups of fields, Math. USSR-Sbornik 59(1988)95-112 [Me87] Merkurjev, A. S.: Milnor K-theory and Galois cohomology, Proceedings of the International Congress of Mathematicians (Berkeley, CA 1986), Amer. Math. Soc., Providence, R.I. 1987, 389-393 [Me88a] Merkur’ev, A. S.: Gruppa SK_2 dlya algebr kvaternionov, Izv. Akad. Nauk SSSR Ser. Mat. 52(1988)310-335, English translation: Merkurjev, A. S.: The group SK_2 for quaternion algebras, Math. USSR-Izv. 32(1989)313-337

[Me88b] Merkur’ev, A. S.: Kruchenie v gruppe K_2 dlya poleĭ, Vestnik Leningrad. Univ. Mat. Mekh. Astronom. 1988-vyp.1(1988)17-20 English translation: Merkurjev, A. S.: Torsion in the group K_2 for fields, Vestnik Leningrad Univ. Math. 21-1(1988)21-24 [Me90] Merkur’ev, A. S.: Obrazuyushchie i sootnosheniya gruppy Brauèra polya, Trudy Mat. Inst. imeni Steklova 183(1990)139-144 [Me91] Merkur’ev, A. S.: Prostye algebry i kvadratichnye formy, Izv. Akad. Nauk SSSR Ser. Mat. 55(1991)218-224, English translation: Merkurjev, A. S.: Simple algebras and quadratic forms, Math. USSR-Izv. 38(1992)215-221 [Me93] Merkur’ev, A. S.: Zamknutye tochki mnogoobraziĭ Severi-Brauèra, Vestnik S.-Peterburg. Univ. Mat. Mekh. Astronom. 1993-vyp.2(1993)51- 53 English translation: Merkurjev, A. S.: Closed points of Brauer- Severi varieties, Vestnik St. Petersburg Univ. Math. 26-2(1993)44-46 [Me95] Merkurjev, A. S.: Certain K-cohomology groups of Brauer-Severi varieties, in: Proc. Symp. Pure Math. 58, Part 2: K-theory and algebraic geometry: connections with quadratic forms and division algebras (Santa Barbara, CA 1992), Amer. Math. Soc., Providence, R.I. 1995, 319-331 [Me96] Merkurjev, A. S.: On the norm residue homomorphism for fields, in: Bolibrukh, A. A., Merkurjev, A. S. and Netsvetaev, N. Yu (Eds.): Mathematics in St. Petersburg, Amer. Math. Soc. Translations, Series 2, 174, Advances in Math. Sciences 30, Amer. Math. Soc., Providence, R.I. 1996, 49-71 [M/S82a] Merkur’ev, A. S. i Suslin, A. A.: K-kogomologii mnogoobraziĭ Severi-Brauèra i gomomorfizm normennogo vycheta, Dokl. Akad. Nauk SSSR 264(1982)555-559, English translation: Merkurjev, A. S. and Suslin, A. A.: K-coho-mology of Severi-Brauer varieties and the norm residue homomorphism, Soviet Math. Dokl. 25(1982)690-693 [M/S82b] Merkur’ev, A. S. i Suslin, A. A.: K-kogomologii mnogoobraziĭ Severi-Brauèra i gomomorfizm normennogo vycheta, Izv. Akad. Nauk SSSR Ser. Mat. 46(1982)1011-1046, English translation: Merkurjev, A. S. and Suslin, A. A.: K-coho-mology of Severi-Brauer varieties and the norm residue homomorphism, Math. USSR-Izv. 21(1983)307-340 [M/S90] Merkur’ev, A. S. i Suslin, A. A.: Gomomorfizm normennogo vycheta stepeni tri, Izv. Akad. Nauk SSSR Ser. Mat. 54(1990)339-356, English translation: Merkurjev, A. S and Suslin, A. A.: The norm residue homomorphism of degree three, Math. USSR-Izv. 36(1991) 349-367 [M/S92] Merkurjev, A. S and Suslin, A. A.: The group of K_1-zero-cycles on Severi-Brauer varieties, Nova J. Algebra Geom. 1(1992)297-315 [deM/F] de Meyer, F. and Ford, T. J.: On the Brauer Group of Surfaces and Subrings of k[x, y], in: van Oystaeyen, F. and Verschoren, A. (Eds.):

Brauer groups in ring theory and algebraic geometry, Proceedings of a conference held at Antwerp 1981, Springer, Lecture Notes Math. 917, Berlin, Heidelberg, New York 1982, 211-221 [deM/I] de Meyer, F. and Ingraham, E.: Separable algebras over commutative rings, Springer, Lecture Notes Math. 181, Berlin, Heidelberg, New York 1971 [Mi-e] Milne, J. S.: Étale Cohomology, Princeton University Press, Princeton 1980 [Mi-or] Milnor, J.: Introduction to Algebraic K-theory, Princeton Univ. Press, Annals of Math. Studies 72, Princeton 1971 [Mo] Molien, T.: Über Systeme höherer complexer Zahlen, Math. Ann. 41 (1893)83-156 [Na] Nakayama, T.: Divisionsalgebren über diskret bewerteten perfekten Körpern, J. für die Reine und Angew. Math. 178(1937)11-13 [Noe] Noether, M.: Rationale Ausführung der Operationen in der Theorie der algebraischen Funktionen, Math. Ann. 23(1884)311-358 [Or] Orzech, M.: Brauer Groups and Class Groups for a Krull Domain, in: van Oystaeyen, F. and Verschoren, A. (Eds.): Brauer groups in ring theory and algebraic geometry, Proceedings of a conference held at Antwerp 1981, Springer, Lecture Notes Math. 917, Berlin, Heidelberg, New York 1982, 66-90 [O/S] Orzech, M. and Small, C.: The Brauer group of commutative rings, Marcel Dekker, Lecture Notes in Pure and Applied Mathematics 11, New York 1975 [O/V] Orzech, M. and Verschoren, A.: Some Remarks on Brauer Groups of Krull Domains, in: van Oystaeyen, F. and Verschoren, A. (Eds.): Brauer groups in ring theory and algebraic geometry, Proceedings of a conference held at Antwerp 1981, Springer, Lecture Notes Math. 917, Berlin, Heidelberg, New York 1982, 91-95 [Pa/Su] Panin, I. A. and Suslin, A. A.: On a conjecture of Grothendieck concerning Azumaya algebras, St. Petersburg Math. J. 9(1998)851-858 [Pa/Sr] Parimala, R. and Sridharan, R.: Reduced norms and Pfaffians via Brauer-Severi schemes, in: Recent advances in real algebraic geometry and quadratic forms (Berkeley, CA 1990/91; San Francisco, CA 1991), Contemporary Math. 155, Amer. Math. Soc., Providence, R.I. 1994, 351-363 [Pe] Peyre, E.: Products of Severi-Brauer varieties and Galois cohomology, in: Proc. Symp. Pure Math. 58, Part 2: K-theory and algebraic geometry: connections with quadratic forms and division algebras (Santa Barbara, CA 1992), Amer. Math. Soc., Providence, R.I. 1995, 369-401 [Pi] Pierce, R. S.: Associative Algebras, Springer, Graduate Texts in Mathematics 88, New York 1982 [Po] Poincaré, H.: Sur les propriétés arithmétiques des courbes algébriques, J. Math. Pures et Appl. 5^e série, 7(1901)161-234

[Pu98a] Pumplün, S.: An extension of Arason’s theorem to certain Brauer- Severi varieties, Archiv der Math. 71(1998)368-369 [Pu98b] Pumplün, S.: The Witt ring of a Brauer-Severi variety, Manuscripta Math. 97(1998)93-108 [Pu99] Pumplün, S.: The Witt group of symmetric bilinear forms over a Brauer-Severi variety with values in a line bundle, K-Theory 18 (1999)255-265 [Qu] Quillen, D.: Higher algebraic K-theory I, in: Algebraic K-theory I, Higher K-theories, Springer, Lecture Notes Math. 341, Berlin, Heidelberg, New York 1973, 85-147 [Roq63] Roquette, P.: On the Galois cohomology of the projective linear group and its applications to the construction of generic splitting fields of algebras, Math. Ann. 150(1963)411-439 [Roq64] Roquette, P.: Isomorphisms of generic splitting fields of simple algebras, J. für die Reine und Angew. Math. 214/215(1964)207-226 [Ro86] Rost, M.: Hilbert 90 for K_3 for degree-two extensions, Preprint, Regensburg 1986 [Ro88] Rost, M.: On Hilbert Satz 90 for K_3 for quadratic extensions, Preprint, Regensburg 1988 [Ro96] Rost, M.: Chow groups with coefficients, Documenta math. (in electronic form only) 1(1996)319-393 [Ro98] Rost, M.: Examples of norm varieties, talk held at the Workshop on Homotopy theory for algebraic varieties with applications to Ktheory and quadratic forms at MSRI in May 1998, Video available at MSRI, Berkeley CA [Ro99] Rost, M.: Lectures on Norm Varieties, series of talks held at IAS Princeton in the academic year 1999/2000 [Rou] Roux, B.: Sur le groupe de Brauer d’un corps local à corps résiduel imparfait, in: Groupe d’Etude d’Analyse Ultramétriuqe, Publ. Math. de l’Univ. de Paris VII 29, Paris 1985/86, 85-97 [Sal80] Saltman, P. J.: Division algebras over discrete valued fields, Comm. in Algebra 8(1980)1749-1774 [Sal81] Saltman, P. J.: The Brauer group is torsion, Proc. Amer. Math. Soc. 81 (1981)385-387 [Sal92a] Saltman, P. J.: Finite-dimensional division algebras, in: Azumaya algebras, actions, and modules (Bloomington, IN 1990), Contemporary Math. 124, Amer. Math. Soc., Providence, R.I. 1992, 203-214 [Sal92b] Saltman, P. J.: A note on generic division algebras, in: Abelian groups and noncommutative rings, Contemporary Math. 130, Amer. Math. Soc., Providence, R.I. 1992, 385-394 [Sal99] Saltman, P. J.: Lectures on division algebras, Amer. Math. Soc. Regional Conference Series 94, Amer. Math. Soc., Providence, R.I. 1999 [Sa] Satake, I.: On the structure of Brauer group of a discretely-valued complete field, Sci. Papers Coll. Gen. Ed. Univ. Tokyo 1(1951)1-10

[Sch] Scharlau, W.: Quadratic and Hermitian forms, Springer, Grundlehren der math. Wissenschaften 270, Berlin, Heidelberg, New York 1985 [S/vdB92] Schofield, A. and van den Bergh, M.: The index of a Brauer class on a Brauer-Severi variety, Trans. Amer. Math. Soc. 333(1992)729-739 [S/vdB94] Schofield, A. and van den Bergh, M.: Division algebra coproducts of index n, Trans. Amer. Math. Soc. 341(1994)505-517 [See97] Seelinger, G.: A description of the Brauer-Severi scheme of trace rings of generic matrices, J. of Algebra, 184(1996)852-880 [See99] Seelinger, G.: Brauer-Severi schemes of finitely generated algebras, Israel J. Math. 111(1999)321-337 [Se62] Serre, J.-P.: Corps locaux, Hermann, Paris 1962 [Se73] Serre, J.-P.: Cohomologie Galoisienne, Springer, Lecture Notes in Mathematics 5, Quatrième Edition, Berlin 1973 [Sev] Severi, F.: Un nuovo campo di richerche nella geometria sopra una superficie e sopra una varietà algebrica, Mem. della Acc. R. d’Italia 3(1932)1-52 = Opere matematiche, vol. terzo, Acc. Naz. Lincei, Roma, 541-586 [So] Soulé, C.: K_2 et le groupe de Brauer [d’apres A.S. Merkurjev et A.A. Suslin], Séminaire Bourbaki, 1982/83, n^o 601 [Sr] Srinivas, V.: Algebraic K-theory, 2nd edition, Birkhäuser, Progress in Math. 90, Boston 1996 [Su82a] Suslin, A. A.: Kvaternionnyĭ gomomorfizm dlya polya funktsiĭ na konike, Dokl. Akad. Nauk SSSR 265(1982)292-296, English translation: Suslin, A. A.: The quaternion homomorphism for the function field on a conic, Soviet Math. Dokl. 26(1982)72-77 [Su82b] Suslin, A. A.: Homology of GL_n, characteristic classes and Milnor Ktheory, in: Algebraic K-theory, number theory, geometry and analysis (Bielefeld 1982), Springer, Lecture Notes Math. 1046, Berlin, Heidelberg, New York 1984, 357-375 [Su84a] Suslin, A. A.: Gomologii GL_n, kharakteristicheskie klassy i Kteoriya Milnora, Trudy Mat. Inst. imeni Steklova 165(1984)188-204 [Su84b] Suslin, A. A.: Algebraicheskaya K-teoriya (v MIANe), Trudy Mat. Inst. imeni Steklova 168(1984)155-170 [Su84c] Suslin, A. A.: Algebraicheskaya K-teoriya i gomomorfizm normennogo vycheta, Itogi nauki i tekhniki, Sovremennye problemy matematiki, Akad. Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moskva 1984 [Su87a] Suslin, A. A.: Algebraic K-theory of fields, Proceedings of the International Congress of Mathematicians (Berkeley, CA 1986), Amer. Math. Soc., Providence, R.I. 1987, 222-244 [Su87b] Suslin, A. A.: Torsion in K_2 of fields, K-Theory 1(1987)5-29 [Su91] Suslin, A. A.: SK_1 of division algebras and Galois cohomology, in: Algebraic K-theory, Advances in Soviet Math. 4, Amer. Math. Soc., Providence, R.I. 1991, 75-99

[S/V] Suslin, A. and Voevodsky, V.: Bloch-Kato conjecture and motivic cohomology with finite coefficients, in: The arithmetic and geometry of algebraic cycles (Banff, AB 1998), NATO Adv. Sci. Inst. Ser. C: Math. Phys. Sci. 548, Kluwer Acad. Publ., Dordrecht 2000, 117-189 [SYu] Suslin, A. A. i Yufryakov, A. V.: K-teoriya lokal’nykh algebr s deleniem, Dokl. Akad. Nauk SSSR 288(1986)832-836, English translation: Suslin, A. A. and Yufryakov, A. V.: K-theory of local division algebras, Soviet Math. Dokl. 33(1986)794-798 [Sw] Swiȩcicka, J.: Small deformations of Brauer-Severi schemes, Bull. Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys. 26(1978)591-593 [Sz] Szeto, G.: Splitting Rings for Azumaya Quaternion Algebras, in: van Oystaeyen, F. and Verschoren, A. (Eds.): Brauer groups in ring theory and algebraic geometry, Proceedings of a conference held at Antwerp 1981, Springer, Lecture Notes Math. 917, Berlin, Heidelberg, New York 1982, 118-125 [Ta] Tate, J.: Relations between K_2 and Galois cohomology, Inv. Math. 36 (1976)257-274 [Ti81] Tignol, J.-P.: Sur les decompositions des algèbres à divisions en produit tensoriel d’algèbres cycliques, in: van Oystaeyen, F. and Verschoren, A. (Eds.): Brauer groups in ring theory and algebraic geometry, Proceedings of a conference held at Antwerp 1981, Springer, Lecture Notes Math. 917, Berlin, Heidelberg, New York 1982, 126- 145 [Ti87] Tignol, J.-P.: On the corestriction of central simple algebras, Math. Z. 194(1987)267-274 [Tr] Tregub, S. L.: O biratsional’noĭ èkvivalentnosti mnogoobraziĭ Brauèra-Severi, Uspekhi Mat. Nauk 46-vyp.6(282)(1991)217-218 English translation: Tregub, S. L.: On the birational equivalence of Brauer-Severi varieties, Russian Math. Surveys 46-6(1991)229 [Tu] Turner, S.: The zeta function of a birational Severi-Brauer scheme, Bol. Soc. Brasil. Mat. 10(1979)25-50 [Ve] Verschoren, A.: A check list on Brauer groups, in: van Oystaeyen, F. and Verschoren, A. (Eds.): Brauer groups in ring theory and algebraic geometry, Proceedings of a conference held at Antwerp 1981, Springer, Lecture Notes Math. 917, Berlin, Heidelberg, New York 1982, 279-300 [V] Voevodsky, V.: Voevodsky’s Seattle lectures: K-theory and motivic cohomology, in: Algebraic K-theory (Seattle, WA 1997), Proc. Symp. Pure Math. 67, Amer. Math. Soc., Providence, R.I. 1999, 283-303 [V/S/E] Voevodsky, V., Suslin, A. and Friedlander, E. M.: Cycles, transfers, and motivic homology theories, Princeton Univ. Press, Annals of Math. Studies 143, Princeton 2000 [Wad] Wadsworth, A. R.: Merkurjev’s elementary proof of Merkurjev’s theorem, in: Applications of Algebraic K-Theory to Algebraic Geometry and Number Theory (Boulder 1983), Contemporary Math. 55, Part II, Amer. Math. Soc., Providence, R.I. 1986, 741-776

[Wan] Wang, S.: On the commutator group of a simple algebra, Amer. J. Math. 72(1950)323-334 [We] Weil, A.: The field of definition of a variety, Amer. J. of Math. 78(1956) 509-524 [Wi35] Witt, E.: Über ein Gegenbeispiel zum Normensatz, Math. Z. 39 (1935)462-467 [Wi37] Witt, E.: Schiefkörper über diskret bewerteten Körpern, J. für die Reine und Angew. Math. 176(1937)153-156 [Ya] Yanchevskiĭ, V. I.: Printsip Khasse dlya grupp Brauèra poleĭ funktsiĭ na proizvedeniyakh mnogoobraziĭ Severi-Brauèra i proektivnykh kvadrik, Trudy Mat. Inst. imeni Steklova 208(1995)350-365 [Yu] Yuan, S.: On the Brauer groups of local fields, Annals of Math. 82 (1965)434-444

version of September 25th, 2000 JÖRG JAHNEL, Mathematisches Institut, Bunsenstraße 3-5, D-37073 Göttingen, Germany E-mail : ~jjahnel@uni-math.gwdg.de • Url : http://www.uni-math.gwdg.de/jahnel