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1. Introduction

The goal of this paper is to establish an asymptotic formula for the density of del Pezzo
surfaces of degree four in a certain family of Birch Swinnerton-Dyer type, which violate
the Hasse principle due to a Brauer-Manin obstruction. More precisely, let D € Z be
some fixed non-zero integer, which is not a perfect square, and A, B € Z. Let S(P:4.5)
be the surface in P4 given by the system of quadrics

toty = t3 — Dt2,
(to + Aty)(to + Bty) = t3 — Dt3. (1)

If A and B are chosen in such a way such that A # B, AB # 0 and A2 —2AB+B?—-2A—
2B+1 # 0, then S(Pi4:-B) is a smooth del Pezzo surface of degree four. We are interested
in the frequency of failures of the Hasse principle for surfaces of the form S(Pi4:5) In
order to formulate a reasonable counting question, we need to introduce some height
function, according to which we order the del Pezzo surfaces in the family above. For a
fixed non-zero integer D, we use a naive height given by

H(SPAB)Y .= max{|A|, |B|}.

Let Rp(N) be the number of integers |A|,|B| < N such that S(P4-5) is smooth and fails
the Hasse principle. We can hence characterise a tuple (A, B) with |A|,|B| < N, which
is counted by Rp(N), by the property that S(Pi4:5) is smooth, S(P:4:B)(Q,) # () for all
primes p including the infinite prime, and such that S(P+5)(Q) = (). It is conjectured
that all failures of the Hasse principle for del Pezzo surfaces in general can be explained
by some Brauer—Manin obstruction. Hence we introduce the counting function R2F(NN)
to be the number of all surfaces S(Pi4:5B) in the family (1) of height at most N with the
property that there is a Brauer-Manin obstruction to the Hasse principle for S(P4.5)
Moreover, we let RIS°(N) be the number of |A|,|B| < N such that S(7:48)(Q,) # 0 for
all primes p, including the infinite prime. In particular, we have

RP'(N) < Rp(N) < RE°(N).
Our first main theorem gives an asymptotic expansion for REF(N).

Theorem 1.1. Let D > 1 be some positive squarefree integer, which satisfies D = 1
modulo 8. For any integer P > 0, there are real constants Cy, independent of P, such
that

2P

4N? Ch N2
RE"(N) = 0] —_— ] .
BO) = (g7 2= (logany? o (Gogmpres)

The constants Cy, have explicit descriptions as in equations (21) and (22). Moreover, the
leading constant Cy is positive.
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We note that the implied constant in the error term depends ineffectively on P due
to possible Siegel zeros of Dirichlet L-functions.

Moreover, we note that we can always reduce to the case where D is squarefree by
substituting t3 = d='t} and t4 = d=1t} if d?|D for some positive integer d.

It is known that the Brauer—-Manin obstruction to the Hasse principle (and weak
approximation) is the only one for the family (1) under the assumption of Schinzel’s hy-
pothesis and the finiteness of Tate—Shafarevich groups of elliptic curves. Varilly-Alvarado
and Viray show this in [VAV] (see Theorem 5.3) in applying a deep theorem of Witten-
berg [Wi2, Théoreme 1.1] (see also [Wil]) on genus 1 fibrations Y — P!, and checking
that the conditions of his theorem are satisfied. Hence, we conclude that, conditionally
on those two conjectures, we also obtain an asymptotic expansion for Rp(N).

Theorem 1.2. Let D be as in Theorem 1.1 and P > 0 be an integer. Assume Schinzel’s
hypothesis and the finiteness of Tate—Shafarevich groups of elliptic curves. Then

2P

4N? Cy, N2
N =
RD( ) (10g2N)1/4 kzzo (IOgQN)k/2 + OD,P ((10gN)3/4+P> 9

with real constants Cy, given as in Theorem 1.1.

Remark 1.3. Theorem 1.1 can be used to conclude that the set of del Pezzo surfaces
of degree four, that are counterexamples to the Hasse principle, is Zariski dense in the
moduli scheme. Indeed, one can argue as in Theorem 6.11 in [JS| and note that the
density estimate for RP(N) implies that the set of (A, B), for which S(Pi4.5) is a
counterexample to the Hasse principle, cannot be contained in a finite union of curves
in A2,

Next we compare our result from Theorem 1.1 with the number of del Pezzo surfaces
in the family that are everywhere locally soluble.

Proposition 1.4. Assume that D is some positive, squarefree integer with D = 1 modulo 8.
Then there exists a positive constant cjo. such that one has

RE°(N) = c1ocN? + O(N*P)),

for some (D) > 0. The constant cioc has an explicit description in equation (6) in
section 2. In particular, it is a product of local densities.

In section 2, we give an elementary proof of Proposition 1.4. Alternatively, one should
be able to use the methods from the papers of Poonen and Stoll in [PSa] and [PSb] as used
in Theorem 3.6 in work of Poonen and Voloch [PV] or work of Ekedahl [Ek]. However,
it turns out that except for a finite number, all the local densities in our problem are
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identically equal to 1 and hence we can pursue an easier proof. Moreover, we obtain an
explicit error term with a power saving of the main parameter.

If D is chosen suitably as in the assumptions of our main theorems, then Propo-
sition 1.4 shows that a positive proportion of surfaces in the family (1) are locally
soluble. The family (1) is built in such a way that in the generic case one obtains a
non-trivial Brauer-group isomorphic to Z/2Z. However, in most cases one would only
expect that weak approximation is obstructed, but the Hasse principle still holds. Theo-
rem 1.1 and Theorem 1.2 verify this expectation for the Hasse principle in a quantitative
way.

Similar questions for other families of algebraic varieties have been studied before. In
[Bh], Bhargava considers families of genus one curves and shows among other results that
a positive proportion of plane cubics fail the Hasse principle. In a similar spirit, Browning
and Newton [BN] study twists of norm one tori and find that a positive proportion of
rational numbers fail the Hasse norm principle in the case of a non-trivial knot group.
The situation for the degree four del Pezzo surfaces in our family is different in the
sense that only on a sparse subset one observes failure of the Hasse principle due to a
Brauer—-Manin obstruction. This phenomenon is closer to the observations of La Breteche
and Browning [BB2] on the failure of the Hasse principle for a certain family of Chatelet
surfaces. Similarly to our situation, they find a positive proportion of locally soluble
surfaces and only a sparse set failing the Hasse principle, with a density decaying like
~ W as in our Theorems 1.1 and 1.2. The study of a certain family of coflasque
tori in [BB1] shows a similar behaviour.

In order to count counterexamples to the Hasse principle in the family (1), we need
to understand the Brauer group of the variety and its evaluation on the local points
S(D;A,B) (Q,) for any place v sufficiently well. Our analysis in this direction, in particular
criteria for the constancy of the evaluation of a Brauer group element on SP ?A’B)(Q,,),
builds on and generalises part of our earlier work in [JS]. For inert primes, we have
a rather precise criterion (see Lemma 3.2), whereas for ramified primes the situation
remains to some extent unsolved. We circumvent the problem in using the continuity
properties of Brauer classes, see Lemma 4.3.

Note that in our setting it is enough to consider algebraic Brauer classes. Since
del Pezzo surfaces are rational varieties, their Brauer group is trivial after passing to
some algebraic closure, see Remark 1.3.8 in [Co| and III, Example 8.7.ii) in [Ja] as
well as Theorem 42.8 in [Mal. Hence, in the usual notation we have Br X = Br; X =
ker[Br X — Br X].

The structure of this paper is as follows. In section 2, we study the number of locally
soluble del Pezzo surfaces in our family (1) and prove Proposition 1.4. In section 3, we
study the action of the Brauer group at inert primes and give explicit criteria for its
evaluation on S(P ?A’B)(Qp). We use these criteria in section 4 to give asymptotics for
counting functions related to REF(NV). First, we additionally fix A and B in congruence
classes modulo some integer T' that is composed of primes dividing the discriminant D.
We use these asymptotics in the final section to prove the main Theorem 1.1.
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We note that all implicit constants in Vinogradov’s notation may depend on the
discriminant D.

2. Local solubility

The goal of this section is to prove Proposition 1.4. We start by recalling a few results
on local solubility obtained in [JS].

Lemma 2.1. Let p # 2 be some prime that is unramified in the field extension Q(v/D)
and A, B € Z such that SP4B) s smooth. Then one has S7i4P)(Q,) # 0.

This is part a) of Proposition 4.3 in [JS|. Hence the only relevant primes are 2,
the infinite place and all ramified primes. Solubility over R is always guaranteed as for
example noted in Remark 4.7 in [JS]. Furthermore, if p = 2 is split, then S(74-5)(Q,) # ()
by Lemma 4.4.a) in the same paper.

In the following, we set G(A, B) = A? — 2AB + B? — 2A — 2B + 1. We recall that
the surface S(Pi45) is smooth over Q if and only if AB # 0, A # B and G(A, B) # 0
(see Proposition 2.1 in [JS]). Note that if S(P#4-5) is smooth over Q, then the same
holds for all completions Q,. In the following, we give a more refined and quantitative
version of this statement. We observe that if no high power of p!*! divides into any of
the expressions A, B, A — B or G(A, B) and we are given a primitive solution modulo
p®+1 then we can bound the multiplicity of the power of p dividing all of the 2 x 2
minors of the Jacobian by 41.

For convenience, we use in the following the vector notation t = (tg,...,t4) and set

Q1(t) = t2 — Dt2 — toty,
Q2(t) = t2 — Dt — (to + At1)(to + Bty).

We also use vector notation for the system @ = (Q1,Q2) of quadratic forms.

Lemma 2.2. Assume that p | D and p*> ¥ D where p # 2 is a prime. Let | > 1 be such
that p'*1 + A, B, A — B,G(A, B). Assume that t € (Z/p*+1Z)> has components not all
divisible by p and satisfies Q(t) = 0 modulo p¥'*+1. Then p**+1 does not divide all 2 x 2

minors of the Jacobian matriz J(Q)(t) at the point t.

Note that the assumption p? { D is crucial for the proof of Lemma 2.2. However, since
our discriminant D is squarefree, this is no restriction in our application.

Proof of Lemma 2.2. Let t € (Z/p®*17Z)® be as in the statement of the lemma. It is easy
to see that p{¢;. We recall that the Jacobian matrix at the point t is given by

t to 2ty 2Dt; O )
o + (A+ B)t, (A+ B)to+2ABt; —2t, 0 2Dty )" (2)
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Assume that p**! divides all 2 x 2 minors and that Q(t) = 0 mod p®*!. Since p # 2,
we conclude first that p*!|t;. Furthermore, we observe that p*|tyts which implies that
P2ty or p?|ts.

First assume that both t,, 3 are divisible by p?'. In this case, the congruence Q:(t) =

841 implies that p* |ty and the second quadratic congruence delivers p*|AB,

0 mod p
which is a contradiction to our assumption.
In the case where p? { to, we have that p?'*1|t3. Considering the 2 x 2-minors of the

Jacobian consisting of the 1st and 3rd and the 2nd and 3rd column, we find that
(A4+ B —1)t; + 2ty = (A+ B — 1)tg + 2ABt; = 0 mod p? 2.
This leads to
4ABt; — (A4 B —1)*; = 0 mod p* 2,

and hence to p?*2|G(A, B), which is a contradiction, as well.
Similarly, the case p? { t3 and p**1|ty leads to p't1|A — B, and hence a contradic-
tion. 0O

The restriction p # 2 is not strictly necessary in Lemma 2.2, but one would need
to change the exponents slightly for p = 2. Since we assume p = 2 to be split in our
applications, we do not include this case into the lemma.

Definition 2.3. Let %;(p) be the set of residue classes of A, B modulo p¥*! such that
p'™t { A,B,A — B,G(A,B) and the congruence system Q(t) = 0 mod p®*' has a
primitive solution.

The following lemma justifies the definition of the sets %;(p) and explains their role.

Lemma 2.4. Let p # 2 be a ramified prime with p> 1 D and | > 1. Assume that p'*1 {
A,B,A — B,G(A,B). Then SPAB)(Q,) # 0 if and only if (A, B) modulo p¥*! s
contained in Z;(p).

Proof. Tt is clear that (A, B) € Z(p) if SP4-B)(Q,) # 0. Hence we need to show that
there is a Q,-point on S(PiB) as soon as (A, B) € Z%;(p). For this, recall that p** ¢
A, B, A — B,G(A, B). We assume that we are given a primitive vector t € (Z/p%+17Z)®
with Q(t) = 0 mod p¥*!. By Lemma 2.2, we know that p**! does not divide the
determinants of all 2 x 2 minors of the Jacobian J(Q)(t). Hence a version of Hensel’s

Lemma (see Proposition 5.21 in [Gr]) implies that there is some t’ € Z5 such that Q(t') =

41+1

0 and t' = t modulo p , and therefore t’ is in particular not the zero vector. 0O

We are now prepared to deduce the asymptotic for RIS°(N) as stated in Proposi-
tion 1.4. We note that the cases of A, B for which S(P#4.5) is singular only contribute
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a small error. By Proposition 2.1 in [JS], the surface S(P#45) is singular if and only if
AB=0o0r A—B=0or G(A,B) =0. And it is clear that

#{|A|,|B| < N : AB(A— B)G(A,B) =0} < N.
We assume that D = 1 mod 8 is squarefree. Then Lemma 2.1 implies that
RE*(N) = t{| Al [B| < N : SPAP(Qy) # 0¥ p| D} + O(N).

Note that we always have S(P4:B)(R) £ (), since D is positive.
Now we use the characterisation in Lemma 2.4 to detect local solubility at primes
dividing D. For this, let D = ]_[z 1 Di be the prime factorisation of D into primes p; <
. < pr, and L be the largest positive integer such that N 2 < DB+l < N'/2, Then
we have

RISS(N) = #{|A|,|B| < N : (A, B) mod p{*™ € Z1(p;) V1 <i <r}+O(N)+ Fy,
where E; is an error term bounded by

B« Zﬁ{\A| |B| < N : pE™! divides one of A, B,A— B,G(A, B)}
i=1

2
< Z ( LH) #{(A, B) mod p=*! : pF** divides one of A, B, A — B,G(A, B)}.

In order to bound the last counting function for the case where p“™'|G (A, B), it is
enough to trivially sum over B and apply Lemma 4.9 in [PSW] to the count of solutions
in A. Moreover, we observe that

110gN
L+1>
S8L+1> 21
Hence we have
N2 N2 N? 9—0(D
B < ZpL/Q L/2 < 9L/2 < N#U )’
1=1 g 1

where 0 < 8(D) < 1/2 is given by 8(D) = 321T§g2D'

Next we use the observation

2N

ﬂ{|A| S N : A=t mod D8L+1} = W

+0(1),

to further rewrite the counting function RIS¢(N) as
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4N?
(DBL+1)2

+ O(D8L+1N) =+ O(N270(D))

RIS¢(N) = #{A, B mod D¥*' . (A,B) € Zr(p;) V1 <i<r}

We set Zo(p) := 0 for all primes p. For any | > 1, we let %Z;'(p) C Zi(p) be the set of
tuples (A, B) modulo p**! such that the reduction of (A, B) modulo p®¢~1+1 is not
contained in %Z;_1 (p). For each prime dividing D, we now sort the tuples (A, B) according
to the smallest [, for which (4, B) mod p®*! € %(p). In this way, we obtain

RIgE(N)
AN? - 8L+1 8li+1 x .
= piei+z Z #{A, B mod D (A, B) mod p;" " € %] (pi) V1 <i<r}
lyelr=1

4N2 L s . .
= HreLTs Z Hﬁ{A,B mod pr“ : (A, B) mod pfllﬂ € % (pi)}
Lyelo=114=1

+ O(NZ*Q(D))

L v i+ 2 -
D16L+2 Z H ( S, +1> #{A, B mod p, (A B) € %), (pi)}

l1,...,l,=11=1 b;
+O(N?0P))

L T *
A2 |2, (i) 2-0(D
= 4N Z I Sty +o@v"™). (3)

l1,..,l,=1i=1 p’L

We claim that the last sum is absolutely convergent for . — co. For this, we first observe
that

| %} (p)| < #{A, B mod p® T : p' divides one of A, B, A — B,G(A, B)}
RICESY 2(81+1)

p
pli/2] PCI (4)

<

<p

Here we have used that G(A4, B) is a quadratic polynomial in A, B and p'/? <p 1. Hence
we can estimate

|<%l pz

> H2(81+1><< 2 Hl/2<<221/2

ly,... sl
max(lq,.. 7l )>L m'}x(ll, Gp)>L

< 272 « NTUD), (5)
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Finally, we put

> |<@ pz |<% pz

Cloc 1= 4 Z H 2(8l 1) 4HZ 2(81 +1) (6)

l1,..,lp,=11= 1P i= 1l—1

Then equation (3) together with equation (5) gives
RE(N) = cioeN? + O(N?7P)),

which proves the asymptotic in Proposition 1.4 for some constant cjo.. Next, we observe
that the constant ¢, is indeed positive.

Lemma 2.5. Let D = 1 modulo 8 and assume that D is squarefree. Then one has the
lower bound

Cloc > E

Proof. We use the expression for ¢joc in (6) to prove the lower bound ¢joe > %. Note
that p|D implies that p # 2 by the congruence condition on D modulo 8. We first
consider the case p > 3. For this, we fix a choice of residue classes (a,b) modulo p with
the property that (9) =1 and a #Z 0,—1 modulo p as well as a? + a + 1 Z 0 modulo p,
and set b= 45 modulo p. Such a choice is possible, since p > 3. If (A, B) is a pair
of residue classes modulo some power p* with k& > 1 that reduces to (a,b) modulo p,
then Proposition 5.1.a) in [JS]| shows that the system Q(t) = 0 has a primitive solution
modulo p*. We deduce that

L *

Z 8z+1) =

p2BLHD4(A, B) mod pt! 1 (4, B) mod p = (a,b), p“t' t A, B,A — B,G(A, B)}.

We take the limit for L — oo and, in combination with the bound in (4), we obtain

%0, 1 .
2(8141) = 2°

=D (81+1) p

Now consider the case where p = 3 and p|D. Then we choose (a,b) = (0,0) and observe
that (1 :1:1:0:0)is a smooth point on the reduction of S(Pi5) for any (A, B)
that reduces to (a,b) modulo 3. Hence Hensel’s Lemma implies that S(P:4-5)(Qs) # ()
for such (A, B). Now the same argument as above shows that (7) also holds for p = 3.

Together with equation (6), this completes the proof of the lemma. 0O
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3. Evaluation of the Brauer group at inert primes

For a surface S(P+4:5) in the family (1), we can explicitly write down a Brauer class,
which is locally defined by one of the quotients to/(to + At1), t1/(to + At1), to/(to + Bt1)
or t;/(to + Bt1). Let I be some place and t € S(P:4B)(Q;) a point, where one of the
quotients is defined and non-zero. Denote one of the quotients by ¢q. Then the evaluation
of the Brauer class a described in Proposition 3.2 in [JS] is given by

() 0 if(¢,D) =1,
eva,i(t) = .
% if (an>l:_1a

and the evaluation is independent of the choice of g above.

In Proposition 4.3 in [JS], we observed that S(D?A’B)(Qp) # () as soon as p # 2 is a
finite unramified prime. We even have the stronger statement that in this case there is
always a point in S(P4:5)(Q,) on which the Brauer class a evaluates to 0.

Lemma 3.1. Let p # 2 be some unramified prime in the extension Q(\/E) Then there
is a point t € S(D;A*B)(QI,) such that evg ,(t) = 0.

Proof. In the case where p is split, this is clear and only requires the existence of some
point t € S(Pi45)(Q,), which is guaranteed by Proposition 4.3 in [JS].
Let p # 2 be some inert prime. In the proof of Proposition 4.3 in [JS], we showed

D;AB) - Considering the

that there is a regular F,-rational point on the reduction of S
Jacobian (2) at this point together with the system of equations defining S(P:45) we
see that, for each (o : ...:t4) € SPAB)(Q,) lifting it, at least one of ¢y, ¢; and one of
to+Atq, to+ Bty has to be a unit. The corresponding quotient ¢ then satisfies (¢, D), =1

and hence evq p(t) =0. O

For an inert prime p # 2, we hence need to distinguish two cases. Either
S(D;A,B) (Qp) # 0 and the Brauer class evaluates constantly to 0, or there are Q,-rational
points, but « takes both values 0 and 1/2 on SP4:5)(Q,). We give some criteria for
both cases in the next lemma. Let v, be the p-adic valuation on Q.

Lemma 3.2. Let p # 2 be some inert prime and « the Brauer class described above.
Assume that v,(A) < vy(B).

i) If v,(A) is odd, then the evaluation of o on SPi4B)(Q,) is constant if and only if
B is a square in Q,.

it) If vp(A) is even, then the evaluation of o is non-constant if and only if v,(B — A) >
vp(A) and BD is a square.

In the case of constancy, the Brauer class takes the value 0 on all of S(D?A’B)(Qp).
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Note that, by symmetry, Lemma 3.2 covers all cases of choices for integers A and B.

Proof of Lemma 3.2. By Lemma 3.1, we already know that S(P54.5)(Q,) # () and that o
takes the value 0 on some element in this set. Let t € S(P:4:B)(Z,) be a primitive solution,
i.e. one such that not all of the coordinates of t are divisible by p. Note that one of tq or ¢;
is a unit. If ¢y is a unit and ¢, is divisible by p, then both of the factors to+ At and ty+ Bt
have even valuation, and hence ev,, ,(t) = 0. Therefore, the only points of interest to us
are those where ¢; is a unit. Furthermore we note that the first equation in (1) implies
that t¢ has even p-adic valuation. In the cases of non-constancy of the lemma, we need to
find some element t € S(P4:5)(Q,) with v, (tg + At;) and v,(to + Bt1) both being odd,
and in the other cases we need to show that any primitive solution t € S(P:4-5) (Zp) with
t1 a unit has the property that v,(to + At1) and v, (¢ + Bt1) are even. By homogeneity,
we may in this case even assume that t; = 1. We prove the lemma in three steps, where
we distinguish different cases (which are again different than in the formulation of the
lemma).

First step: We claim that if v,(A) and v,(B) are both odd, then the evaluation of o on
S(DiA.B)(Q,) is non-constant. For this, let a = v,(A) and b = v,(B), and write A = p®u

a+b

and B = p’v with units u and v. We use the substitution to = p®Ttyy and t; = y; and

t; = paTH? y; for i = 2,3,4. Then the system of equations (1) simplifies to

Yoy1 = 5 — Dy3,
(pPyo + uy1) (P yo + vy1) = y3 — Dyj.

We find a non-singular solution on the reduction modulo p, and the corresponding point
t has the property that ¢, has even and ¢, + At; has odd valuation, and hence ev, p(t) =
1/2, as desired.

Second step: Let now v,(A) be even and v,(A) = v,(B — A). We then claim that the
evaluation on S(Pi4:5)(Q,) is constantly zero.

As we noted at the beginning of the proof, it is sufficient to show that all reduced
vectors t € S(Pi4B)(Z,) with t; = 1 have the property that ev, ,(t) = 0. Assume, to
the contrary, that both ty + A and ty + B have odd p-adic evaluation. If we keep the
notation a = v,(A), then we see that tg = —A + rp®™! for some r € Z,. However, then
the term tg+B = B — A+rp®t! has even valuation, a contradiction. Hence we conclude
that the evaluation of the Brauer class a on S(Pi4:5)(Q,) is constant.

Third step: Assume that v,(A) < v,(B), and additionally that v,(A) is odd and v,(B)
even. Or that v,(A) = v,(B) are even and v,(B — A) > v,(B).

We first aim to show that a evaluates constantly in the case where BD is not a square
in @,. For this, it suffices to consider a primitive solution t € S(P4-5)(Z,)) with ¢; = 1.
In this case one of ty + A or tg + B has even valuation, and hence « evaluates to zero at
this point.
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We now claim that a evaluates non-constantly if BD is a square in QQ,. For this we
construct solutions t € S(P4:5)(Q,) with ev,,(t) = 1/2. We hence assume that BD
is a square in Q, and then distinguish two subcases. In the first subcase, we assume
that v, (B — A) is odd. We put t; = 1, to = 0 and observe that there is a solution with
to = —B + sp**! for some s € Z,. Our constructed point t € SP4B)(Z,) has the
property that ¢y + B has odd p-adic valuation and ¢; = 1, and hence ev, ,(t) = 1/2.

For the last subcase that v,(B — A) is even, recall that we have that v,(A) = v,(B)
are even and v,(B — A) > v,(B). Let b = v,(B). We construct a point t € S(P?4-5)(Q,)
with t; = 1, t4 = 0 and tqg = —B 4 vp®*! for some unit v. The constructed point has the
property that evy ,(t) = 1/2, as desired. O

4. First asymptotics

As before, let D = []/_, p; be a factorisation of D into distinct primes p; < ... < p;.
In this section, we fix some modulus 7', which is composed of primes dividing the discrim-
inant D, and two congruence classes a and b modulo T'. We seek density estimates for the
number of surfaces S(P#4-5) in the family (1) with (A mod T) = a and (B mod T) = b
that are counterexamples to the Hasse principle explained by some algebraic Brauer—
Manin obstruction. For this, we introduce the counting function R%r(N ;T,a,b), which
counts the number of |A|,|B| < N with (A mod T') = a and (B mod T') = b such that
S(DiAB) ig a counterexample to the Hasse principle explained by some Brauer—Manin
obstruction.

Lemma 4.1. Assume that S'PB) is non-singular, has an adelic point and that nei-
ther of the expressions —AB or D((A + B — 1) — 4AB) is a square in Q. Then
Br(S(P+4:8)) / Br(Q) is isomorphic to Z/27Z or 0.

Proof. Generally, the Brauer group of S(”#4:5) can be either isomorphic to 0 or Z/27
or (Z/2Z)?. Let . C P! be the degeneracy locus of the pencil of the two quadratic
forms defining S(P#4B) In particular, . is a degree five subscheme of P'. Since
SPiAB) (Ag) # B, we may apply Theorem 3.4 in [VAV] (see also [CTSSD] and [Wil]).
This includes the statement that Br(S(P:.5))/Br(Q) = (Z/2Z)? if and only if . has
three distinct points s, s1, 52 € #(Q) such that the corresponding discriminants Dy,
Dy, , D, of the rank four quadrics are non-squares in Q and coincide up to square
factors.

An explicit computation of the characteristic polynomial P(A, ) = det(AQ1 + pQ2)
shows that under the assumptions of the lemma, exactly three points sg, s1, s2 of &
are defined over Q. The corresponding discriminants are given up to square factors by
Dy, =D, D;, =D and

D,, = £D2((A + B —1)* —4AB).
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By the assumption of the lemma, the discriminant D,, does not coincide with Dy, or
D, up to square factors, and hence Theorem 3.4 in [VAV] implies that the Brauer group
cannot be isomorphic to (Z/2Z)2. O

We claim that the contribution of those A and B, for which Lemma 4.1 does not
apply, is negligible.

Lemma 4.2. Let 2 be the set of squares in Q. One has the bounds
8{|A[,|B| < N: —AB € 2} <. N3/**¢,
and
#{|A|,|B| < N : D((A+ B —1)? —4AB) € 2} <. D°N3/%*¢,
Proof. This is a consequence of Theorem 13.1 in [Se]. O

Recall that, if Br(S(P#4:-5))/Br(Q) = Z/2Z and SP#5) has an adelic point, then
there is a Brauer-Manin obstruction to the Hasse principle if and only if the non-trivial
Brauer class evaluates constantly at each place and takes the value % an odd number of
times. We show next that, for T" sufficiently large, the surfaces showing this behaviour
may be characterised entirely in terms of the residue classes (A mod T) and (B mod 7).

Lemma 4.3. Set G1(X,Y) = G(X,Y)® = (X2 —2XY + Y2 —2X —2Y +1)8, Go(X,Y) =
X8, G3(X,Y)=Y® and G4(X,Y) = (X —Y)8. Let p | D be a prime not equal to 2 with
p? 1 D, and assume, for certain A, B € Z, that p' { G;(A, B) for all 1 <i < 4.

a) Then the local solubility S(P+5)(Q,) # 0 only depends on A and B modulo p'.
b) Furthermore, the set of values taken by the evaluation of a on SPABN(Q,), as

described in Section 3, only depends on A and B modulo p'.

The proof of Lemma 4.3 is similar to the proof of Lemma 2.2 and Lemma 2.4.

Proof of Lemma 4.3. Let G;(X,Y) for 1 < i < 4 be as chosen above, and assume that
p' 1 Gi(A, B) for 1 <i < 4. Lemma 2.4 now implies that local solubility of S(74:5) gver
Q,, only depends on (A, B) modulo p'. This proves the first part of the lemma.

Next we need to understand the evaluation of o on S(Pi4:5)(Q,). For this let t €
S(D‘A’B)(Qp) be a point, which we may assume to have coordinates in Z, in reduced
form. Then, as shown in the proof of Lemma 2.2, we have that p{t¢;. Furthermore,
we claim that p' {to + Aty or p' {tq + Bt;. Indeed, otherwise we would have p'|A — B,
which is a contradiction to p' t (A — B)®. Hence the p-adic valuation of ¢, (¢ + At;) or
t1(to + Bt1) is at most [ — 1. Therefore, the evaluation of (g, D),, with ¢ = t1/(to + At1)
or q = t1/(tg + Bty), only depends on t and A, B modulo p'. Moreover, any primitive
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solution modulo p' lifts according to Lemma 2.2 and Hensel’s Lemma (for example in
the form of Proposition 5.21 in [Gr]) to a solution in S(Pi45)(Q,). In order to find all
possible values of o on S(D§A7B)(Qp), one hence only needs to consider A and B modulo
p' and evaluate o on all primitive solutions modulo p'. The result only depends on A

and B modulo p!. O

In the following, we use the notation G;(X,Y’), 1 < j < 4, for the four polynomials
specified in Lemma 4.3.

Notation. With the conclusions of Lemma 4.3 in mind, for a vector 1 = (I1,...,l,) € N,
we define

, 2
(1) C (Z/HI)?Z>
i=1
to be the set of all pairs (a,b) modulo []/_, pl' such that

a) for each 1 < i <r, there is some 1 < j < m with pé"'71|Gj(a7b),

b) for each 1 <4 <r and 1 < j < m, one has pi 1Gj(a,b),

c) one has S(P4B)(Q,,) # 0 for (A mod [[_,p%) = a, (B mod []_, pk) = b, and
all 1 <7 <r, and

d) the Brauer class « described in section 3 evaluates constantly at all places p; and
takes the value 1/2 at an odd number of them.

Before we state a lemma, which we use to characterise surfaces S5 in our family
(1) that are counterexamples to the Hasse principle explained by some Brauer—Manin
obstruction, we give an easy upper bound for the cardinality of the set J#(1).

Lemma 4.4. There is a positive real constant 0y, such that
T
1;—6
1(1) <p [ i ™.
i=1

More precisely, the bound is valid for any 6y < 1/16.

Proof. It is enough to use property a) in the definition of the set (1), and bound

1 (1) <« Hﬁ{(a,b) mod pY* : pt =G, (a,b) for some 1 < j < 4}. O

=1

Lemma 4.5. Let D = 1 mod 8 be squarefree with a factorisation into primes D = [[._, ps,
as before. Let a and b be congruence classes modulo T = [];_, plt such that (a,b) € (1),
Assume that (A mod T) = a and (B mod T) = b and that neither of the expressions
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—AB or D((A+ B —1)? — 4AB) is a square in Q. Furthermore, assume that S(Pi4.5)
is non-singular.

Then there is a Brauer—Manin obstruction to the Hasse principle for SPi4B) if and
only if, for all inert primes q in Q(\/ﬁ)/@, the evaluation of the Brauer class a, as
described in section 3, is constant.

Proof. Note that the condition D = 1 mod 8 ensures that 2 is split in the quadratic
extension Q(v/D)/Q. Hence S(P4:5)(Qy) # () by Lemma 4.4 in [JS]. Furthermore, the
definition of /7 (1) ensures that S(P+4:5)(Q,) # 0 for all ramified primes and Lemma 2.1
ensures local solubility at all unramified primes different from 2. Since D > 0, it is clear
that there are real solutions. Hence one has S(”i4B)(Aq) # (). If there is some inert
prime ¢, for which the evaluation of o on S(P+4:5)(Q,) is non-constant, then this shows
that o defines a non-trivial element in Br(S(P:4.5)) / Br(Q). By Lemma 4.1 the element o
already generates Br(S(P4:5))/Br(Q) and hence there is no Brauer-Manin obstruction
to the Hasse principle.

For the other direction, as (a,b) € (1), we have constant evaluation at all ramified
primes, whereas the evaluation takes the value % an odd number of times. Moreover,
we note that if a evaluates constantly at some unramified prime different from 2, then
it automatically takes the value zero by Lemma 3.1. Also, the evaluation of « at the
prime 2 is constantly zero, as this prime is split. Hence S(Pi5) is a counterexample
to the Hasse principle, explained by some Brauer—Manin obstruction, if a evaluates

constantly on S(D?A’B)(Qq) for all inert primes q. O

Before we start to establish an asymptotic formula for R¥(N; T a,b), let us introduce
the following definition.

Definition 4.6. Let n % 0. We call an integer B admissible for n, if the following two
conditions hold.

a) If p is an inert prime and p!||n for some odd I, then B is of the form B = up?* with
(%) =1, 0or B=—n+up* with 2k > [ and (}) = 1.

b) If p is an inert prime and p'||n for some even [, then either p!|B or B is of the form
B = up?* with 2k < [ and (3)=1

D;A,B

We can now characterise elements in the family S¢ ), for which there is a Brauer—

Manin obstruction to the Hasse principle.

Lemma 4.7. Let a and b be congruence classes modulo T such that (a,b) € A (1). Assume
that (A mod T) = a, (B mod T) = b, and that S4B is non-singular and neither of
the expressions —AB or D((A+ B — 1)? — 4AB) is a square in Q. Put n:= A — B.

Then there is a Brauer—Manin obstruction to the Hasse principle for SPi4B) if and
only if B is admissible for n.



J. Jahnel, D. Schindler / Journal of Number Theory 162 (2016) 224-25/ 239

Proof. By Lemma 4.5, we need to show that admissibility is equivalent to saying that «
evaluates constantly to zero at all inert primes p. For this, we consider some fixed inert
prime p.

We have A = n+ B and it is, of course, possible that v,(A) < v,(B). This happens if
and only if v,(n) < v,(B). In this case, vp(n) = vp(A). Thus, Lemma 3.2 shows that the
evaluation of « is constant at the prime p if and only if we are in one of the four cases
below.

i) vp(n) < vp(B), vp(n) is odd, and B is a square.
ii) < vp(B) and vp(n) is even.
iii) vp(n) > vp(B), vp(B) is odd, and A is a square.

"St 'Et
3
~—

As A =n+ B and v,(B) is odd, the latter is possible only when v,(n) = v,(B). Le., if
B = —n + ¢ for ¢ a square such that v,(q) > v,(n).

iv) vp(n) > vu(B), vp(B) is even, and vp(n) = vp(B) or AD is a non-square. The
last statement is hence of interest only when v,(n) > v,(B). In which case, AD =
(n+ B)D being a non-square is equivalent to BD being a non-square, and to B being
a square.

Thus, given n, a evaluates constantly at the prime p if and only if one of the following
holds.
o vp(n) > vp(B) and B is a square.
o vp(n) is odd, vp(n) < vp(B) and B is a square.
o vp(n) is odd, and B = —n + g, for ¢ a square such that v,(q) > v,(n).
o vp(n) is even and v,(n) < v,(B).

In view of Definition 4.6, this completes the proof. O

We now define the counting function
r(N,n)=#{|B| < N:(BmodT)=0b, |B+n|<N, B is admissible for n},

and for convenience of notation also write 7(N,n) = r(n) if the dependence on N is
clear. Let (a,b) € J£(1). By the above considerations in combination with Lemma 4.2
and Proposition 2.1 in [JS], we can rewrite the counting function R¥F(N; T, a,b) as

RP(N;T,a,b)= Y r(n)+O0(DN?/?*e), (8)

=a—b mod T
In|<2N
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Note that the implied constant in the error term is independent of T'. In our computa-
tions, we will generally keep explicit dependence of the error terms on 7', whereas the
implicit constants may depend on D.

Our next goal is to approximate the function r(n) by some linear combination of mul-
tiplicative functions, which then can be used to evaluate the main term in the asymptotic
for RBY(N;T,a,b). For this, we introduce the multiplicative function o(m) for m € N,
which is defined in the following way. If [ is an even positive integer and p some inert
prime, then we put

L

Wye=L iy p-L
o = = ,
pl prs 2p2k+1
and note that
1 (1-p™
o(p') =+

pl 20 +p7t)

For | odd and p an inert prime, we set

= p—1 > p—1 14 p~(+1)
a(p') = op2Rtl Z opZhHL 21 +p 1)
k=0 k=(l+1)/2
We extend o to a multiplicative function on all of Z by setting o(m) := 1 if m is not

divisible by any inert prime, and o(—1) := 1.
Lemma 4.8. Let q1,...,q, be the list of the inert primes dividing n. One has

rim) = 2 L ) (),

with an error ri(n), which is absolutely bounded by

. 3/4+e
ri(n) < (qu) Hk € 2%, : qui < N?}L
i=1 i

Proof. Write n = qll1 ...qlr. Without loss of generality, we may assume that q1,...,q
divide n to some odd power and that gp+1, ..., ¢, divide n to some even power. We first
split the counting function r(n) into different contributions according to what property
of B makes this value admissible for n. Hence, let I; for 1 < i < 4 be disjoint index sets
with 1 Ul = {1,...,h} and IsU Iy = {h+1,...,7}. Now let r;(n) be the number of
integers B which satisfy the following properties:

i) |[B|]< N and [B+n| <N,
ii) (Bmod T) = b,
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iii) for ¢ € I, one has B = uzqf‘ for some (%) =1 and some even k; > 0,

)
iv) if i € I, then B=—n —|—uiqf‘ for some even k; > I; and (%) =
)
)

v) for ¢ € I3, one has B = uzqiC for some even k; < I; and (%) =1,

l;
q;

vi

By the definition of admissibility for n, we have

rn)= Y > ri(n). (9)

I,UI>={1,...,h} IsUI4,={h+1,...,7}
I1NIy=0 IsNIy=0

i |I4‘ and

First step: We evaluate each of the summands rj(n) separately. Let k € Z<
define r7(n, k) to be the same counting function as r;(n) where we postulate properties
iii)—v) with the exponent occurring exactly equal to the given k;. Note that r7(n;k) = 0
unless all the k; are even and k; > I; for i € I, and k; < [; for i € I3. Furthermore, one

has 7(n, k) = 0if [[;c; oy, ¢F > N or [Lics, ¢ > N. Hence, we may rewrite 77(n) as

ri(n) =Y ri(nk), (10)

=114
kezl,"*

which is a finite sum. Now we approximate r;(n,k) for fixed even k. For this, we
parametrise the integers B counted by r;(n, k) using conditions iii), iv) and vi). Set w :=

ki l; - ki li - ki—Ll;
Hiehufzu13 q; HieI4 q;', as well as @y 1= Hie[lul;; q; Hiel4 ¢;' and wy = Hie12 q; .
We observe that there are integers tg and vy with tgw; + (Hiel2 qi_“)n = Yywso. Set
w=tow [L;ep, ¢ and v =1y [Lics, ¢F. Then the function r;(n, k) counts the number

of integers u in some bounded interval ¢ with the following properties:

a) the coprimality conditions (to + uws, [[;c;, 07, @) = 1 and (vo + uwi, [[;c7, i) =1
hold,

b) (uw+pmod T) =0,

¢) for i € I; U I3, one has (%) =1, and

d) for i € I, one has (%) =1.

If k has even coordinates and k; > [; for i € Iy and k; < I; for i € I3, then we can now

write r7(n, k) in the form

ri(nk) =27 7B S ] <<7‘~’ W“‘))H)

ue/ i€l Ul 7
a), b) hold

L))
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Second step: Next, we remove the coprimality condition a). For this, write d = (dy, d2)
and define

rr(n, k,d) := 277+l Z H ((uw—i—u)) T 1)

u€ _#,b) holdsi€l1Ul3
di|to+uws
da|vo+uwoy

() )

rin,k) = Y uld) D plda)ri(n,k,d). (11)

dl‘H,‘E]lujzs qi d2|H7’,612 qi

Then we have

Let us consider one of the summands r;(n,k,d). Set w3 = Hielluh in and wy =
X ki Similar congruence considerations as in step 1 show that there exist integers
i€ly q; g p g

a, f, v and 0 and a bounded interval ¢’ such that

xe€ Z'i€lUl3 7

> H ((M) _|_1> . (12)

Third step: Let Il{ for 1 <i < 3 be subsets of I;, and consider the sum
/ iy qi '
z€ ' iel{Ul} i€ly

We aim to give an upper bound for this character sum. By the definitions of w3 and wy,
and from the fact that all k; are even, we see that it coincides with the sum

e 5L (505

z€ _#'iel,Ul} il i

Using the Polya—Vinogradov inequality (see equation (51), p. 263 in [Te]) for multiplica-
tive characters we deduce the bound

1/2

Ep< I @|Ila| los(]a)-
i=1

i€l uUl} el
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The same bound holds for the roles of [],. rur, and [, 1 i reversed, and hence we
conclude that

Ep < ( H i)/ log(H qi)-
1eI{UIZuls i=1

Fourth step: Using this bound, we may now rewrite the function r7(n,k,d) in (12) as

T

ri(n,k,d) = Z o-THl L 0 2—T+\I4|2|11|+\Iz\+|13\( H qi)3/41°g(Hqi)
ze g’ ieI{UI4UI} i=1

ol s om0 (T a oa([a)

i€l UIL U}
We compute the length of the interval #’ in the substitutions in the previous steps as
| 7’| = (Tdidew) (2N — |n| + 1)
and deduce that
rr(n k,d) = 277 (Tdydyw) 2N = [n|+ 1)+ 0 [ ( []  @)**log(J] @)
i€ I UILUT} i=1

By equation (11), we obtain

Tw d

ri(n,k) = 2—T+II4IM Z M+O ( H a)4 10g(H @)

A lier,urpu1, i€l UlUly L
Let ¢ be the set of vectors k € Z;_Ou“‘ such that all coordinates k; are even and k; > I;
for i € Iy and k; < [; for i € I3. Fl_lrthermore, let 2 (N) be the intersection of J#~ with
the set of tuples k € Z;_O‘I“‘ such that [[;c; p, ¢¥ < N and [Lics, ¢¥ < N. Then we
obtain by equation (10)

. 2N —|n| +1 d
O DEE RS R o L S AT
ke (N) d| HiEIluIQUIg qi

with an error term E4 bounded by

By < ([Ja)* "tk e 22y : [[ o < N}
1=1

=1
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Fifth step: We next complete the sum in (13) over all k € J¢. Note that it is absolutely
convergent, and more precisely one has

> [T o" <N kezl,: [[a <N
ke \A (N) i€, UlUl3 i=1

Hence, we obtain

2N —|n| +1 1
_ —TH[Iy 22 I _ =
rr(n) = E 27T T | [] (1 qi> + O(Ey).
ket i€ l1UlaUl3

We finally come back to equation (9) to evaluate r(n) as

() = 2ol L5 S D40 E),  (14)

T
LU ={1,....h} I3UL;={h+1,...,7}
I1NIx=0 IsNIy=0

with

p(D):=> Tla" 11 <Qi_ki2_1(1_i.)>'

ke i€l i€ Ul Ul di

By the definition of the multiplicative function o(n), we conclude that

r(n) = wg(n) + O(2"Ey),

which establishes the lemma. O

Before we treat the main term arising from Lemma 4.8 in the asymptotic for
RBI(N;T,a,b), let us show that the contribution of the error term 71(n) in Lemma 4.8
is negligible.

Lemma 4.9. Let r1(n) be as in Lemma 4.8. Then one has

3 () < N7/
1<n<N

with an implied constant independent of T'.

Proof. It is sufficient to show that

R, (N;q) :=t{k € 2, : [[ ¢ < N’} <. N7, (15)

i=1
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for any n < N. Hence, we assume that ¢; < ... < ¢, are primes with []'_, ¢;|n. Since
we are only interested in upper bounds, we may even assume that ¢; < ... < ¢, are the
first 7 primes. Note that

R.(N:q) =t{k € Z1;: Y kilogg; < 2logN}.
=1
We observe that

u 1 (3log N)™
R,(N;q) < vol{k € RZy : 3"k log g; < 3log N} = '1(10g1)
P T 1, log g

We need to get an upper bound for the last expression. By the prime number theorem
we have

: log N
T <#{q < qr:qprime} < Cy g o8

S 3 )
log q- loglog N

for some positive constants Co and Cj.
We are now in a position to estimate the size of

| {1 (3log N)™

log N
—————| =7loglogN +7—71log7+ O o8
T!Hizllogqi 1

——= logloglog N | .
oglog N 0806708 )

The derivative of the function g(7) := —7 log 7+7+7 loglog N is given by log log N—log T,
and hence g(7) is increasing for 7 < log N. For N sufficiently large, we may therefore
apply the bound 7 < C’g%, and obtain

1 (2log N)™ log N
I ——2 | =0 —=——1logloglog N | .
o8 |:T! [1_, log qZ} <log log N 08708 208

This establishes the bound (15) with an implied constant depending on €. O

Next, we aim to evaluate the sum

Y= Z o(n). (16)

1<n<2N
n=b—a mod T

For this, we let 77 = ged(b—a,T) and T"” = T/T’'. Then we may rewrite the sum % as
pIES > o(T'm).

1<T'm<2N
T'm=b—a mod T
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Let b — a = T'd for some d modulo T”, and further rewrite X1 as

¥ = Z o(m),

1<m<N’
m=d mod T"

with N’ = QT—]Y We encode the condition m = d mod T” using multiplicative characters
modulo 7", and obtain

SR SIS X(m)a(m):@(;/,) Y @S, (1)

o(T")
x mod T 1<m<N' x mod T

with sums of the form

t
3
H
(]
=
2
2
g

1<m<N’

for any multiplicative character ¥ modulo T”. These can be evaluated via an application
of Perron’s formula. For this, let D, (s) be the associated Dirichlet series, given by

Dy = 35 Xt

It is clear that D, (s) is absolutely convergent for ®(s) > 1. In this region, it can be
expressed as an Euler product

X\ O o ()x(@)
Do) =II(1-=5) 1T (1=-5 II (=)
p p — p
& (3)-1 ()"
We next compare the Dirichlet series D, (s) to products of Dirichlet L-functions. For
some character y modulo T”, we write

L(s,y) = Z X(ZL)

n
Using some Euler product manipulations we obtain the following lemma.
Lemma 4.10. One has
Dy(s)* = Lis: 0L (s, (5) ) H(s).

where H(s) is given by some Euler product in R(s) > 1/2, which is absolutely convergent
in this region. 0O
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Next, we evaluate the sum 3 (x) asymptotically for the trivial character xy = xo, and
show that the contribution from all non-trivial characters is negligible or corresponds to
lower order terms.

Lemma 4.11.
a) One has
N & N N’
5 — 0 v
100 = G 2 g e O (g
for some real constants N\, 0 < k < P. More precisely, one has A\g = g(% , for
_1\3/4 g\ —1/4 . 1/4
c)=TLa-»)" T a-p)"2(1(5)0) I o
it Pt (8)1

and

o= (L—p ¥4 (1 +ph)H/ <1 +3°
=1

0(pl)>

I
Furthermore, the product defining G(1) is absolutely convergent and G(1) > 0. The
constants A\, are given by A\, = Ak (%), as defined in equation (15) in §I1.5 of [Te].

b) Let Ag > 0 be some real parameter and assume that T" < (log N')4°. Then there is
an (ineffective) constant C(Ag) with the following property. If x # xo and x (E) 18
a non-trivial character, then one has the bound

$1(x) < N'e~CAVIE N

¢) If x is a mon-trivial character modulo T" such that x (5) is the trivial character
modulo D, then one has

P

) = — % ol opp(—2
1(x) = (log N/)3/4 kz_o (log N/)k +0Up.p (logN/)3/4+P+1 )

for some real numbers py,.

Having established Lemma 4.10, we are already prepared to use the Selberg—Delange
method to evaluate 1 ().

Proof of Lemma 4.11. First, we prove a), i.e. treat the case x = xo. Note that, for D
fixed, there is only a finite number of trivial characters modulo T, where T" varies over
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all moduli which are composed of primes dividing D. Hence, all our estimates for ¥ (xo)
are uniform in 7" and the implicit constants depend only on D.
By Lemma 4.10, we see that the function

N[

G(s) = Dyo(5)C(s)™ (18)

may be continued as a holomorphic function to the region o > 1 — ¢y /(1 + log(3 + |¢])),
where s = o + it. Since H(s) is given as an Euler product in R(s) > 1/2, which is
absolutely convergent in this region, we may apply Theorem 3 in §IL.5 in [Te]. We obtain
for N’ > 3 the asymptotic formula

P

1) = o A Opp (N
1(x0) = (log N")1/4 kz—o (log N")k tCpr (log N")1/4+P+1 ] 7

where A\; = A, (2) is defined as in equation (15) in §IL.5 in [Te|. In particular, one has

Ao = IE; (51). To find the constant G(1), we recall that Lemma 4.10, together with the

definition (18) of G, shows

60 = I] (=) 2 (5 () o) 1

pIT”

A short calculation reveals that

G(1) = H (1 —p71)3/4 H (1 _Pfl)_lﬁlL (1, (5) Xo)l/4 H Cps

PIT™ Pl (8)=—1

with constants ¢, given by

2\1/4 1 — o(p'
cp=(1—p 2V (1—%) <1+; (117)

p

)03 )
)

b) Similarly, one can use Lemma 4.10 in combination with an application of Perron’s

This can be simplified to

00 !
6 =(1 —p YA 4 p /A (1 " Z 0;2; )
1=1

formula to deduce the upper bounds on ¥4 (x), for x # xo and x (5) non-trivial. The
computations are similar to the Siegel-Walfisz theorem (but simpler) and we omit the
details here.

¢) The last part of the lemma follows in a fashion similar to the first part, via an
application of the Selberg-Delange method as in §I1.5 in [Te]. O
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Let Ag > 0 be some real parameter and 7" < (log N’)4°. From Lemma 4.11, we now
conclude in combination with equation (17) that

2P

)\k T//
El - (T//) /( 2N 1/4 Z 2N k/2

N 1 77
+Op.p <—, ( Praja T e~ Ol Vios N >> ) (19)
: 71
"\ (1) (1og 2)

where the constants Az (T”) are defined via

Xk (T") = A, Xk (T") = pu,

and A and py are as in Lemma 4.11.
We furthermore define

Yo = Z no(n).

1<n<2N
n=b—a mod T

We evaluate o using partial summation and our asymptotic for 37 in (19). This leads
to

2P
/\/ (T//
Z =
2 (T//)T/( / 1/ Z QN)k/2
N2 1 o ;
~C(Ag)VIog N7
+ODP <T/ (QD(TH) (log 2N)P+3/4 +e >> ) (20)

with real constants X;C(T”) and Xf)(T”) = \o.
We are now in a position to collect our results of this section in the following theorem.

Theorem 4.12. Assume that D is some positive integer with D = 1 mod 8, which is
square-free, and T = H 1pZ be a modulus composed of primes dividing D. Let a and
b be congruence classes modulo T, which satisfy (a,b) € (). Finally, let Ay > 0
be some real parameter and T < (log N)Ao. Then there are real constants c;(T") with

co(T") = ((%13 such that one has

REI(N;T,a,b) = Al Z *”) o N
bR _TqS(T”)T’( 2n) 1/4 21\7)’6/2 PB4\ T2(log N)FF3/1 ) -

The constant G(1) is given as in Lemma 4.11, and T' and T" are defined by T' =
ged(b —a,T) and T" = T/T'. The constant in the last error term is ineffective in Ag.
Moreover, one has ¢, (T") <p p 1, for all0 < k < 2P.
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Proof. We start with the relation from equation (8), which asserts that

R%Y(N;T,a,b) = Z r(n)+O€(D€N3/2+5)'

=a—b mod T
In|<2N

We decompose 7(n) according to Lemma 4.8, and obtain

2N — 1
RE(N;T,a,b) = > #a(n) + Y ri(n) + O (DN?/2FE),
n=a—b mod T |n|<2N
In|<2N

Lemma 4.9 implies that

2N — 1
R%r(N; T, a,b) = Z %J(n) + OE,D(N7/4+E)~
=a—b mod T
[n|<2N

We recall that o(—1) = 1 and hence

Yoo o= ). o).

=a—b mod T n=b—a mod T
—2N<n<0 1<n<2N

This is evaluated in the very same way as ¥; (see equation (16)). A combination of the
asymptotics in (19) and (20) leads to

REN(N;T,a,b) = Al Z ™) Lo N
D T B T(ZS(T”)T’ 2N 1/ 2N k/2 D,P, 4o T2(10g N)P+3/4 ’

with real constants ci(T") and co(T") = F((él; This completes the proof of the theo-
4

rem. O
5. Proof of the main theorem

Let RP(N) be the number of del Pezzo surfaces S(P4:5) of degree four in the family
(1) of height at most H(S(Pi4:5)) < N that are counterexamples to the Hasse principle
explained by some Brauer-Manin obstruction. In order to compute REF(NV), we argue
similarly as for the counting function R{3°(NV) in section 2. We have

RE(N)=Y_ > RY (N [17a b) +O(N).
1eNT (a,b)es(1)

The term O(N) here comes from all the tuples (A, B), for which one of the G;(A,B) =0
We next truncate the sum at a positive integer L. We use the vector notation 1 <1< L
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to express that 1 <[; < L for all 1 <14 < r. We rewrite the expression for R%r(N) as
REN(N) = Z Z RYr (N sz ,a, b> +O(N) + Es,
1<I<L (a,b)es#(1)
with
B <Y Y #{|Al,|B] < N : pf|G;(A, B)}.
i=1 j=1

Here the polynomials G;(A,B) are defined as in Lemma 4.3. As in the proof of
Lemma 4.4, there is a real constant #; > 0 such that

t{|A],|B| < N : pF|G;j(A, B)} < N?p; "L 4+ Np?P.

Let Ag > 0 be a real parameter to be chosen later. We let L be the largest integer

such that pL < (log N)40/7. In particular we have L < Agli’f%. We hence may apply

Theorem 4.12 to evaluate REF(N;[[;_, pl,a,b) and obtain

T/l
CIEIICD DD DD S HON) + By + B,
V2L (abyese ) hmo To(T")T" (log 2)

with an error term Eg bounded by

, N?
E6 <<D7P7A(J (log log N) W
We next expand the expression

1
(log(2N) — log T")1/4+k/2

into a series of powers of log 2N and hence may rewrite this as

RY(N —4NQZ Y (") + Es + Eg,

1/4+k/2
k=01<I<L (a,b)e#(1) T$(T")T’ (log 2N) [k

with coefficients ¢, (T") <p,p,a, (loglog N)?F and c{(T") = co(T") for all T". At this
point, we also note that 7" and T" in general depend on (a,b) by Theorem 4.12.
We claim that the series

C/ (T//)
2 A T

1ENT (a,b)e22(1)
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is absolutely convergent. Indeed, by Lemma 4.4, for any 1 < i < r, we have the estimate

Z Z TCk(T”) <D.p.A, waf(l)

Al T 21,
leN’ (a,b)e(1) o(T)T 1eN” [Li=1 p;
1;>L
T
<p.p.a, (loglog NP> " T wi ™
1eN” i=1
I;>L

<p.pa, (loglog N)2Pp- 0ok,

If we choose Ay sufficiently large, we hence obtain

ANz K o N2
RBI N — O ‘ :
p(N) (log2N)1/4 kZ:O (log 2N)k/2 +0Up,p <—(log N)3/4+P)

with constants C}, of the form

C/ TII
Ce=> > T;((T))T (21)

1eN™ (a,b)e#(1)

Moreover, for k = 0, we specifically obtain

G(1,T)
Co = Z Z W7 (22)

1EN™ (a,b)es2(1

where G(1) = G(1,T") is defined as in Lemma 4.11. The proof of Theorem 1.1 is now
completed by Lemma 5.3. O

Before we prove that the leading constant Cj is indeed positive, we prepare with two
lemmata. The first of them is a modified version of Lemma 6.7 in [JS].

Lemma 5.1. Let p > 9 be a prime and F, be the finite field with p elements. Then there
are elements ag and a1 € K, with the following properties. Both ay and a1 are squares
different from 0,—1, with a? + a; + 1 # 0, and such that ag + 1 is a square, and a; + 1
1S a Mon-square.

Proof. We only consider the case of ag, since the arguments for a; are identical. To
establish the claim in the lemma, it is sufficient to find a (non-trivial) point on the
conic u? + w? = v? over E,, Wlthw;«éO (£)2£0,—1 and (%)*+ (£)2+ 1 #0. In the
projective plane, the conic u? + w? = v? has exactly p 4+ 1 points. There are at most
two points with w = 0, at most four points with u = 0 or (%)2 = —1, and at most four
points satisfying w # 0 and (£)* + (%)? + 1 = 0. Hence there is a point with the desired
properties as soon as p+1>10. O
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Lemma 5.2. Assume that 3|D, A = —D modulo 9 and B = 0 modulo 9. Then
SPiAB)(Qg3) # 0, and the Brauer class o evaluates constantly to zero on SP+#4B)(Q3).

Proof. The existence of some point in SP45)(Q3) is clear since (1:1:1:0:0) is a
smooth point on the reduction of S(Pi4:B) to Fy. Hence, we need to show that a evaluates
constantly. For this, let t € S(D;A.B) (Q3), and assume the ¢; normalised s.t. t; € Zs and
one of them is a unit. If 3|¢;, then the first equation in (1) shows that 3|t2 and hence
by the second equation yields 3|ty. Since D is assumed to be squarefree, this leads to
all of the ¢; being divisible by 3, a contradiction. Hence, we may assume without loss
of generality that t; = 1. Now, the first equation in (1) shows that ¢y is a norm, and

hence tp = 1 mod 3 or tg = —D mod 9 or t; = 0 mod 9. In the first case, one has
% = 1 mod 3, which is a norm. In the second case, one has % = —D mod 9,
and in the third case totﬁ = —D mod 9, which are both norms, as well. Hence «

1
evaluates constantly to 0 on S(P5)(Qs). O
We can now show that the leading constant Cj is indeed positive.
Lemma 5.3. One has Cy > 0.

Proof. Recall the definition of Cy in equation (22). By Lemma 4.11, we see that each of
the G(1,T") > 0, such that the problem reduces to showing that there is some 1 € N"
such that J#(1) # (. For this, we construct a tuple of integers (A, B) satisfying the
following properties:

i) If p; = 3, then A = —D modulo 9 and B = 0 modulo 9.
ii) For p; > 3, the residue class A= (A mod p;) is a square, different from 0, —1, and
such that A2 + A+ 1 # 0. Furthermore B = —ALH
iii) If there is an even number of non-squares among (A mod p;) + 1 for primes p; > 3

mod p;.

and 7 < r, then (A mod p,) + 1 is a non-square, and if there is an odd number of
non-squares among (A mod p;) + 1 for primes p; > 3 and ¢ < r, then (A mod p,) +1
is a square.

iv) All of the polynomials G;(A, B) as defined in Lemma 4.3 are non-zero.

By Lemma 5.1, such a choice for (A4, B) is possible. This is clear for D # 3-5-7. For
D = 3-5-7 we note that condition ii) forces (4 mod 5) = 1 and hence (A mod 5)+1isa
non-square. Then, over the field F, there is an element ag # 0, —1 with a2 +ag +1 # 0,
and such that ag + 1 is a square, take e.g. ag = 1.

If 3|D then, by Lemma 5.2, condition i) implies that S(P+:5)(Q3) # 0. Furthermore,
the Brauer class a evaluates constantly to zero on S(Pi5)(Qs3). Since none of the
G, (A, B) vanish, this implies, together with Proposition 5.1 in [JS], that there is some
1 € N” such that the reduction of (A, B) modulo [[/_, p'* is contained in #(1). Hence
we have 57 (1) # (), which completes the proof of the lemma. 0O
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