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ABSTRACT

We consider local rings (Bo,no) all of whose deformations are tangentially flat
when endowed with suitably constructed filtrations. Various examples of such singu-
larities are constructed and applications to Lech-Hironaka type inequalities between
the Hilbert functions of base and total space are discussed.

INTRODUCTION

Let (Bg,ng) be a local ring. By a deformation of it we will mean a flat local homo-
morphism f : (A,m) — (B,n) of local rings whose special fiber B/mB is isomorphic to
(Bo,ng). As A/m — B/mB this concept makes sense only in the case (By,ng) contains a
field.

In 1959 C. Lech [13] stated the problem whether the multiplicities of local rings (A4, m)
and (B,n) being base, respectively total space, of a deformation satisfy the inequality

eo(A) < eg(B). (1)
A generalization of this is the analogous inequality
H3" < Hp (2)

between sum transforms of the Hilbert functions, where d denotes the dimension of Bjy.
Recall that these are defined inductively by H” (1) := Zéc:o H’7' (k) where HY is the usual
Hilbert function given by

HY\(1) == dimy m! /m!tt.

By an inequality H < H' between two functions H, H' : N — N we always mean the
inequality in its total sense, i.e. H(l) < H'(l) for all {. In 1970 H. Hironaka [9] asked
whether (2) is always true for ¢« = 1 as that would simplify his proof of the existence of a
resolution of singularities in characteristic zero [8].

In a remarkable paper Larfeldt and Lech [12] showed that the problem of Hironaka is
equivalent to the following statement: For every local ring A and every coheight one prime
P in A the inequality H},P < HY is true. This one and its immediate corollaries are usually
referred as Bennett’s inequality. Note that it generalizes Serre’s result that the localization
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of a regular local ring by a prime ideal is again regular. It is proven in the case A is excellent
[2, 16].

Unfortunately, Lech-Hironaka type inequalities are established in very few cases, only.
The most interesting result in that direction is due to Lech himself. It says that H} < H} in
the case that the special fiber By is a zero dimensional complete intersection [14]. B. Herzog
generalized this to the situation that By corresponds to a regular point [By] of the Hilbert
scheme [5]. This includes all complete intersections and all singularities with embedding
dimension less than 3.

A completely different approach is given in the paper [6]. B. Herzog asks the question
for which local rings By all deformations are tangentially flat, by which one means that the
induced homomorphism G(A) — G(B) between the associated graded rings is flat, where
A and B are equipped with the canonical filtrations by powers of their maximal ideals. He
proves a criterion expressing this property in terms of the normal module of By. Thus he
is able to give a large class of local rings for all whose deformations Hironaka’s inequality is
true even for ¢ = 0.

The aim of this paper is to give a generalization of the second approach to more general
filtrations. Recall that a homomorphism of filtered local rings f : (4, m, Fa) — (B,n, Fp)
is a local homomorphism of local rings satisfying f(F%) C Fj. Such a homomorphism is
called tangentially flat, if the associated map Gp, (A) — Gp,(B) is flat.

We emphasize explicitly that we mainly consider the more general filtrations as a tool to
obtain results on the usual Hilbert functions. For that we need a comparison between the
Hilbert functions of a local ring induced by two different filtrations. One possibility to do
that is given in Lemma 3.2.

The paper will be organized as follows. In section 1 we introduce the concept of a
monomially filtered local ring and prove the basic features of them being necessary for what
follows. Section 2 contains the main theorem of the paper. It expresses the property of
a monomially filtered local ring to allow tangentially flat deformations only in terms of
normal modules. In section 3 we give the application to Lech-Hironaka type inequalities.
We include several examples which were not covered by the results known before. Section 4
is a little more technical. It deals with the problem that the normal modules we are forced to
consider as a consequence of the main theorem can be highly complicated to compute. The
experience says that it is possible practically only for singularities defined by monomials.
By some modification of the deformation to the normal cone we show that in some sense it
is actually possible to reduce the question to that case.

Throughout the paper we follow the standard assumptions and notations of commutative
algebra as in [15] (unless stated otherwise). We will make extensive use of the volume [7],
which is fundamental concerning tangential flatness for general filtrations. All local rings
will be assumed Noetherian.

1. FUNDAMENTAL CONCEPTS

1.1 Definition. By a monomially filtered local ring we will mean a triple (By, yo, E'), where
i) By is a local ring
ii) yo = (y10, -.- ,Yro) is an r-tuple of elements generating ng, the maximal ideal of By.
i) £ = (Eg)aen is a separated filtrating family, i.e. a sequence of subsets E; C N”
satisfying the following conditions.
a) N™\ Ej is a finite set.
b) (a1, ... ,a,) € Eq implies (b1, ... ,b,) € Ey if b; > a; for every i.
) E; 2 E;j4q for all i € N.
) Ei + E; C E;y; for arbitrary 4,5 € N.
) (0, ... ,0) € Ep\ Ey.
) ﬂd Ed = (Z) (separatedness).

o

o,

- D



1.2 Let (Bo,yo, E) be a monomially filtered local ring. Associated to the data given, one
has a filtration Fg, on By defined by

Féo = <y -o. cye | (a1, .. ap) €EE; >

Fp, is cofinite, i.e. the modules B/ Féo are of finite length. A filtration generated by a
separated filtrating family induces the canonical (ng-adic) topology.
We will call a filtrating family finitely generated, if there is some dj such that

E, = U Ei,+ ... +E; .
i1+ ... +ir.=d,i;<do

Finitely generated filtrating families give rise to finitely generated filtrations.

1.3 Definition. Let (By,yo, E) be a monomially filtered local ring. By a deformation of
(Bo,yo, ) we will mean a homomorphism f : (A,m,Fs) — (B,n,Fg) of filtered local
rings such that

i) B/mB = By.
ii) The filtration Fp is the sum [7] of a filtration defined by E and some lift y of the
r-tuple yo to B with the direct image f.(F4), i.e.

i J a1 ar
Fp = > Fayit -
j+k=i,(a1, ... ,ar)EEL

iii) The homomorphism f ® A/F} : A/F} — B/F}B of filtered local rings is tangen-
tially flat.

1.4 Remarks. a) We are interested in monomially filtered local rings having only tangen-
tially flat deformations.

b) Without losing any of the results of this paper, condition i) could be weakened. It
would be sufficient to require that only the completions of the local rings in question should
be isomorphic. Then condition ii) has to be modified in the obvious manner.

¢) For questions concerning tangential flatness by [7, 3.16] one is easily reduced to the
case the base A is Artin. But in that case F4 induces the m-adic (discrete) topology on A
and F'g defines the n-adic topology on B by construction. For that reason, from now on we
are going to assume the following

1.5 Convention. All filtrations on local rings induce the canonical topology, i.e. the same
topology as the filtration by powers of the maxrimal ideal. This is equivalent to say we restrict
ourself to cofinite Artin-Rees filtrations with 1 ¢ F1 [7, 1.12, 1.14].

Note that Artin-Rees filtrations are not necessarily finitely generated, so the associated
graded rings may be non-Noetherian. Weight filtrations with weight vectors having irra-
tional coordinates are simple counterexamples. Nevertheless every standard base of an ideal,
i.e. every system of elements whose initial forms generate the initial ideal, is a system of
generators.

1.6 The following technical lemma is a generalization of 7, 5.9].

Lemma. Let (A,m) and (B,n) be complete filtered local rings and f : A — B be a
deformation of the complete monomially filtered local ring (Bo,yo, E). Then there exists a
commutative diagram

AL B

N\ Sk
R



of homomorphisms of filtered complete local rings, where g is tangentially flat, h is surjective
and Fg = hyFr. The diagram can be adjusted such that hg:=h®4A/m : R/mR =: Ry — By
is isomorphic to the natural surjection L[[Y1, ... ,Y.]] — By, where Y; — ;0 and L is a
coefficient field for By.

Proof. Using the theory of Cohen rings [4, Ch. 0, §19] one sees there is a commutative
diagram of local homomorphisms

A S, B
7 7
Cal[X1, ..., XJ)] -5 COp[[X1, ..., X, Y1, ..., Y]],

where C4 and Cp are Cohen rings, X; and Y are indeterminates, ¢ induces the identity
on X;, the vertical arrows are surjective and Y; is mapped to y;o under the canonical
homomorphism onto By. Note that for C'4 and Cpg there are two cases. If the residue
characteristic is p, they are both discrete valuation rings whose maximal ideals are generated
by the prime number p. Otherwise they are fields of characteristic 0. We identify A with

an appropriate factor ring of Ca[[X1, ..., X;]] and obtain the commutative diagram
A 4, B
| Th
g
CallXn, - XI5 (ColXe, o XJ/@D) [V, -, Y]] = R.

Clearly the filtrating family E defines a prefiltration Fj, on R. We put Fr = Fj, + g.Fa.
One checks easily that this construction fulfills the assertions of the lemma.

The only point that requires a little bit work is to show g is tangentially flat. For that
consider the natural factorization

A:CA[[Xh aXs]]/IL’CB[[Xh 7XSH/(Q(I)) = R L)R[[Ylv 7YT]]:R

and equip R with Fgz =i,F4. Then Fi = Zzzl Fg <Y - Y >0 an)eEgy» hence

d
G(R)(d) = @G(R)(k> < Yla1 et Yrar > (a1,erar)€Ba— i \Ba—kt1 *
k=1

In particular we get the identity H% = H%Hg[[yl ''''' ) such that j is tangentially flat [7,
6.13]. On the other hand Cp is flat over C'4 in any of the two cases above, thus R is flat
over A. Therefore FE = Fj ®4 R and G(R) = G(A) ®4 R. Consequently, 7 is tangentially

flat, too. (Il
2. TANGENTIAL FLATNESS OF ALL DEFORMATIONS AND THE
NORMAL MODULE

2.1 Let R be a filtered local ring and I C R be an ideal. Then the normal module
N; = Hompg(I, R/I) carries a natural filtration Fy, = (F§ )acz given by

F ={feN/|VkeN: fINFE) CFE+1/I}.

Note also, if R is a graded ring and I € R is a homogeneous ideal, then N; = @gez Ni(d)
admits a natural grading.



2.2 Definition. Let (Bg,y0,E) = (Bo,n9) be a complete monomially filtered
local ring containing a field. Choose a coefficient field By/ng =: L < By, let
p: L[[Y1, ... ,Y;]] = Ry — By be the canonical surjection and denote its kernel by
Iy. We will call

NBO = N[O

the normal module of By and
Na(By) = Nin(1o)

the normal module of the associated graded ring to By. A standard argument gives that
Np, and Ng(p,) are determined uniquely up to (non canonical) isomorphism respecting
filtrations respectively gradings.

2.3 Proposition. Let f: (A,m, Fa) — (R, M, Fg) be a tangentially flat homomorphism
of filtered local rings, t € A an element in the socle, and I an ideal in R such that B := R/I
is flat over A. Suppose B := B/tB is tangentially flat over A := A/tA and consider the
following conditions.

i) Nin(1,)(< —ordp, (t)) = 0. Here Ry := R/mR and Iy := I Ry.
ii) For every ideal I' in R such that I + tR = I' + tR flatness of B’ :== R/I' over A
implies tangential flatness.

Then i) implies ii).

Proof. We have to show that B’ = R/I’ is tangentially flat over A. For this by [7, 4.6]
it suffices to show that there is a standard base of Iy which can be lifted to I’ preserving
the orders. So let 7o = (rox)aea € [Iyea Ro be a standard base of Iy. We put R := R/tR
and I := IR = I'R. As B = R/I is tangentially flat over A, ro can be lifted to a standard
base T € [],cx R satisfying ord(7) = ord(rg). In particular the coordinates of 7 generate I.
Further B’ is flat over A, so there is a lift 7 € [] ., R of 7 whose coordinates generate I”.
Write

v =r+tsy, r¢c I_IR7 SOEHRO,
A€EA AEA

where tsq is well-defined since ¢ annihilates mR.
Let e := ordp, (t). If the lift 7/ and its decomposition ' = r 4 tsy are such that

ord(sp) > ord(rg) — (e), (3)

then ord(r’) = ord(rg), i.e. I’ satisfies condition (iii) of [7, 4.6] and B’ is tangentially flat
over A.

So assume (3) is wrong and choose m to be the minimal number greater than e such
that there exist A € A for which

ord(sgx) = ord(rgy) — m.

Denote the set of such indices by A,,. We are going to prove that in this situation the
decomposition ' = r + tsg can be replaced by another one, say r”" = r + tsj,, which satisfies

ord(spy) > ord(rgy) —m + 1

for A € A, and s, = s;, otherwise.

Note that this will suffice to conclude the proof. Indeed after a finite number of steps
the decomposition 7' = r 4 tsp will be replaced by one which satisfies (3) for all indices
A € A, while the other coordinates remain unchanged. We continue by doing this process
for the next m and obtain a limit for m — oo as every coordinate will eventually become
stationary.



We shall use the following notations.

dy := ord(roy)
dy—m—+1 .
S = sox + Fg) if A E.Am
0 otherwise

We aim at showing that the system Sy € [[,cp G(Ro) defines an element
< Hp,in(rg) > +— < Hp,Sp > mod in(Ip) (4)
of the normal module
Nin(1y) = Homg (g, (in(lo), G(Ro)/in(1p)).

Note rg is a standard base of Iy, so the elements of in(ly) can be written < Hg,in(rg) >
with Hy € GBAEA G(R())

The element (4), if existing, is homogeneous of degree —m as deg(Sp» ) —deg(in(roy)) =—m
for all A where Spy # 0. By assumption i) the element (4) has to be zero, i.e. all the
coordinates of Sy must be in in(ly). Since r¢ is a standard base of I there exists a linear
map A : [[ycp Bo — @AeAm Ry such that the system s(, := so — Arg satisfies

ord(spy) > ord(roy) —m + 1
for A € A,,,. From the decomposition 1’ = r + tsg one obtains 1’ = r + tArg + ts;. hence
"= (E —tA)r =r +ts.

Obviously r” mod t]],cx R = 7 mod t][yco R and r” € [[,co I by construction. So
r" is another lift of 7 to a system of generators of I’. We may replace the decomposition
r’ = r+4tsg by " = r+ts(. The proof is reduced to the assertion that (4) gives a well-defined
element in Ny, (1,)-

So we have to show < Hy, Sp > € in(lp) for every system Hy € @, G(Ro) satisfying

< Hy,in(rg) > = 0. We may assume the relation < Hp,in(rp) > = 0 is homogeneous,
ie.

deg(Hpy) + deg(in(roy)) = d, (5)
whenever Hox #0. [7, 3.8] gives G(Rg) = G(R/mR) = G(R)/in(mR) = G(R)/in(m)G(R)
as R is tangentially flat over A. So we may consider < Hy,in(rg) > = 0 as a relation

of in(7) modulo in(m)G(R). But G(B) = G(R)/in(I) = G(R)/in(7)G(R) is flat over G(A),
so a standard argument shows the relation above can be lifted to one of in(7). There is a
system H € @, ., G(R) of homogeneous elements satisfying

< H,in(r) > = O0mod in(tR) and Hy= (H mod in(m) @G(R))
AEA

Choose h € @, R such that in(h) = H. Then < h,r > € Fg'H +tR and, by homogeneity

(),
ord(hy) 4+ ord(rpy) > d

for all X. As T is a standard base of I there is a system b’ € @, R such that
<h,r> = <h';,r> modtR (6)

and
ord(h}) + ord(rgy) > d + 1. (7)



Let xg € Ry be such that < h—h',r > = txg. Then ordp, (tzg) = ordp, (< h—h',r >) > d
and, since R is tangentially flat over A, [7, 5.10] implies

ordpy, (z0) > d—e>d—m.

In the congruence (6) we may replace r by ', ie. < h—h,7" > = 0 mod tR. As
B’ = R/r'R is flat over A this relation modulo tR comes from a relation of ' in R. There
is a system yo € @, Ro such that

<h-—"h +tyy,r > = 0.
That means, when indicating residue classes modulo mR by subscripts 70",

0 = <h—Hh,r">+t<ygr0>
= <h—hl,7‘>+<h—hl7t80>+t<y(],’l"()>
= t($0+ < ho*hé,So >4+ < Yo, 7o >).

As R is flat over A this means nothing but zo+ < hg — h{, S0 > + < yo,70 > = 0 and
< hg,s0>—< hi),So > +xg € ToRy = 1.

Taking initial forms on both sides will give the desired relation < Hy, S > € in(lp).
To show this we have to estimate the orders of the terms < hg, sy >, < h{,so > and xo.
Recall for A € A,,

ord(hoy) + ord(sox) ord(hoy) + ord(rox) — m
ord(hy) +ord(ry) —m
d=m  (by ().
ord(h{y) + ord(rgx) —m
ord(h) + ord(ry) —m

d+1-—m (by (7)).

ord(hgy) + ord(sox)

IV IV IV IV IV IV

As Spn =0 for A ¢ A, we found
ordp, < ho,so> >d—m, ordp, <hyso> >d+1-m, ordp, zo>d+1-m
and, therefore
< ho, So > +F§j17m € in (IQ)

But this is just the relation < Hy, Sy > € in (Iy) as for A € A,

HOA = hO)\ +Fg07d>\+1 and

d)—m-+1
Sox = sox+ Fg) .
(]

2.4 Proposition. Let f: (A,m, Fa) — (R, M, FR) be a tangentially flat homomorphism
of filtered local rings, t € A an element in the socle, and I an ideal in R such that B := R/I
is flat over A. We consider the following conditions.

i) For every ideal I' in R such that I +tR = I' + tR flatness of B’ := R/I' over A
implies tangential flatness.

i1) GFNID (Ng,)(< —ordp, (t)) = 0. Here Rg := R/mR and Iy :== I Ry.
Then i) implies ii).



Proof. For simplicity denote ordg, (t) by e. We have to show Fﬁfo = Nj,, i.e. that every
element g of the normal module Ny, = Hompg, (Io, Ro/Iy) satisfies the relation

g(IoNFf) C Fi+ 1o/ (8)

for each k € N.
For this let 79 = (rox)xea be a standard base of Iy and (sox)aea € [],cp R be a system
representing g.
g(< hg, o >) = < hg,So >

By assumption B = R/I is tangentially flat over A. So by [7, 4.6] there exists a lift r
of ro to a standard base of I such that ord(r) = ord(rp). We put ' := r + tsg and let
I’ := 'R be the ideal generated by the entries of r'. Then B’ = R/I’ is flat over A by the
description of first-order deformation in terms of the normal module [1] and even tangentially
flat by assumption. The ring B’ = R/I’ is constructed such that there are the identities
t (sox mod Iy) = —ry mod I’. But then [7, 5.10] implies that

e+ordp, . (sor mod Iy) = ordp,,, (r\» mod I

\%

> ordpg, (ra)

= OrdFR0 (’F)\())
giving the desired relation (8) as ry is a standard base for . g

2.5 Theorem. Let (By,yo, F) be a monomially filtered local ring containing a field. Con-
sider the following statements.

Z) NG(BOA)(< —1) =0

1) (Bo, Yo, ) has only tangentially flat deformations.

ii1) G(Npp)(< —1) =0

Then i) implies ). If E is finitely generated, then i) implies ii).
Proof. i) = ii) Let f : (A, m,F4) — (B,n, Fg) be a deformation of (By,yo, F). We
have to show f is tangentially flat. For this we may assume that A, B and By are complete.
By [7, 3.16] it is sufficient to show that f ®4 A/J : A/J — B/JB is tangentially flat for
every cofinite ideal J. We will proceed using induction on the length [ :=1(A4/J). If I =1
A/J is a field and f ® A/J is obviously tangentially flat. So let I > 1.

First case: F}‘/J = 0. Then F} C J and f ®4 A/J is a surjective base change of
f ®a A/F} being tangentially flat by assumption.

Second case: F},, # 0. Then there is an element 0 # ¢ € F}‘/J in the socle of A/J.
By induction hypothesis f ®4 (A/J)/t(A/J) : (A/J)/t(A/J) — (B/JB)/t(B/JB) is tan-
gentially flat. By Lemma 1.6 there is a commutative diagram of homomorphisms of filtered
local rings

A7 BB
g Sk

R,
where ¢ is tangentially flat, h is surjective, hg : Ry — By is isomorphic to the natural
surjection L[[Y1, ... ,Y.]] — By and Fp,;p = h.Fg. Write I := ker(h) and identify Ry
with L[[Y7, ... ,Y;]]. So we are in the situation of Proposition 2.3 having

Nin(lo)(< _OrdFA/J (t)) = NG(BO)(< _OrdFA/J(t))
C Ngy(<-1)
= 0.

f®aAJJ:A/J — B/JB is tangentially flat in the second case, too.



il) = iii) Assume as above By to be complete. Suppose condition iii) is wrong. We
start with the trivial first-order deformation

Ll[E]]l/(e)? = A L+ Awp By =: B,

where L — By is a coefficient field. Equip A with any filtration and B with a filtration as
described in Definition 1.3 ii). We have a natural commutative diagram

A-LB
Ny Sk
R:=A® LY, ... Y]]

and equip R with the sum of the filtration defined by F and Y7, ... ,Y, with ¢g.(F4). Then
g is tangentially flat as a residually rational base change [7, 3.17] of L — L[[Y1, ... ,Y;]]
being tangentially flat for trivial reason. Further h is surjective, h.Fr = Fp and the induced
homomorphism hg : Ry — By is isomorphic to the natural map L[[Y;, ... ,Y.]] — Bo.
Proposition 2.4 proves there must be a factor ring of R giving rise to a non-tangentially flat
deformation of By. O

2.6 Remark. Theorem 2.5 is the main result of this paper. Is is a natural generalization
of [6, Thm. (2.5)]. The following examples are singularities allowing non-tangentially flat
deformations when equipped with the canonical filtration. Nonetheless they admit this
rather strong property with respect to some other filtrations which are not too artificial.
In the next section we are going to give applications of this phenomenon to Lech-Hironaka
type inequalities.

2.7 Example. Let By = Ry/Iy, where Ry = L[[X,Y, Z]] and Iy = (X?, XY, Z?%), and let
E be the filtrating family for the (XY, Z?)-adic filtration. Then (B, (X,Y, Z), E) admits
only tangentially flat deformations.

Proof. We have to show Ng(p,)(< —1) = 0. Obviously G(Ry) = L[X,Y, Z] as an L-vector
space, where the multiplication is given by
Xuybige, xaryb: ge2 { Xarraybithzete if (9) is true
0 otherwise
with
ord(X Y"1 Z4) 4+ ord(X Y2 Z?) = ord(X @ a2y brtbz gertery, (9)

The last condition is easily reduced to [4] + [%] < 1. So we see (X2, XY,Z?%) =: F is

standard base for Iy. Therefore a homogeneous element of N¢(p,) of degree d is given by a
triple (G1, G, G3) of elements of Ry of degrees d + 2,d + 2,d + 1, respectively, satisfying
<R, F> =0 = <R,G> € in({y).

The proof is then concentrated in the following table.

generators r X2 XY A
a Syzygy R Y -X
NG(BO)(< —1) Gl A +AZ | Bi+BsZ | 0
0 0 Tab. 1

The polynomials in the first row of the table are the generators F; of in(ly). Below that we
have written down a syzygy of these generators needed for the proof. The third row contains
a presentation of all polynomials of degree 0, respectively —1 in G(Ry). Here A; and B; are
coefficients from the ground field L. The syzygy requires A1Y + AsYZ — B1 X — B X7 =0
such that all G; need to be zero. O



2.8 Example. Let By = Ry/Iy, where Ry = L[[X,Y, Z]] and

In=(X*YZ+XY?Z X*YZ +XYZ* X*’YZ -Y?7?),

and let F be the filtrating family for the (X, Y, Z)?-adic filtration. Then (B, (X,Y,Z), E)

admits only tangentially flat deformations.

Proof. For Ng(p,) (< —1) we get the following table.

generators F XYZ+XY?*Z XYZ+XYZ? XYZ -Y?Z?
degrees 2 2 2
some syzygies |y XZ -YZ -XZ

Ro 72 -XZ XZ

’NG(BO) (< *1)‘G HAl +B1X+01Y+D1Z‘A2 +BQX+CQY+D2Z‘A3+BgX+CgY+D32LTab. 5

Here Ry gives As = Co = Dy = 0 and Ry implies Ay = C; = D; = 0. But then we get
A3 = D3 = 0 from Ry and C3 = 0 from Ry. Now R; requires By = 0 while Ry implies
Bl =0. Fmally Bg =0 by R1 or RQ. [l

2.9 We can mix the situation of a complete intersection being simple from the point of
view of deformation theory with situations being trivial from the point of view of tangential
flatness.

Proposition. a) Let X, , X; be sets of indeterminates consisting of at least
two elements each and Y7, , Y, be indeterminates. Put By = Rg/lp, where
Ry =L[[Xy, ... , X, Y1, ... Y]] and Iy = (X7, ... ,Xft,Yldl, <., YA Let E be the

filtrating family for the (X1, ... , X, Y™, ...
admits only tangentially flat deformations.

b) Instead of all monomials in X; of a given degree one could have used t systems of
power products as described in [6, Prop. (3.1)] and put

Y4 -adic filtration. Then (By, (X,Y), E)

N1 1

_ (ol Ny vd d,
Io=(s7, v yS1 Yy cov 3 Shy e S Y LY

T

Proof. The system of generators given for I is a standard base. The monomials in Y do
not cause any difficulty as they are of degree 1. But for the monomials in X one can argue
as in [6, Prop. (3.1)]. O

2.10 Theorem 2.5 gives a necessary and a sufficient condition for a monomially filtered local
ring to have tangentially flat deformations only. Unfortunately, they are not equivalent in
general as the following example shows.

Example. Let By = Ry/Iy, where Ry = L[[X,Y,Z]] and Iy = (X2, XY, XZ,Y?,YZ,7Z3),
and let E be the filtrating family for the (X,Y, Z?)-adic filtration. Then Ng(p,)(< —1) # 0
but G(Np,)(< —1) =0.

Proof. Let us show Ng(p,)(< —1) # 0 first. G(By) is as in Example 2.7. So in order to
get a standard base of Iy we have to add certain generators.

number i 11213 4 |51 6 7 1819
standard base F, [ X2 XY | XxXZ|XZ22|Y?|yZ|YZ? | 23| Z*%
degree 2| 2 1 2 2|1 2 112
syzygies R;j

an element from Ngp)(=2)|G; | 0| 0 | O 0 J]0JO] 0 JO]Z}. ., .

We have to show Rjg - Z =

< R;,G > € in(lp) for every syzygy. But for a+b+c > 2

the product X¢Y?Z¢ . Z is zero or a monomial whose sum of exponents is at least 3. In



both cases it is in in(Jy). Further X - Z € in(ly), Y - Z € in(lp) and Z - Z = 0 € in({p).
So the only critical case is when Rj9 contains a constant term. But this is impossible as
Z-Fyg=27-7°=0.

Consider G(Np,)(< —1) now. We have to start with a system F' of generators for .
For simplicity we choose the standard base above. An element in Np, is given by a 9-tuple
G € Rj satisfying < R,G > € Ij for every syzygy of F. We obtain the following table.

number 1 1 2 3 4 ) 6 7 8 9
system of generators | F; X2 XY | XZ | XZ22|Y?|\YyZ|YZ?| Z23 | 22
order 2 2 1 2 2 1 2 1 2
some syzygies Ry || Z -X

RQi Z —-X

Rs; Z | =Y

Ry; VA -X

Rs; Z | =Y

Rei Z | -1

Rz; A X

’ N, ‘ Gi H ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ Lrab. 4

We want to show ord(G;) > ord(F;) — 1. This is trivial for ¢« = 3,6,8. For the other i we
need G; cannot contain terms of the type C or CZ. For i = 1,2,4,5 and 7 this clear from
the syzygies Ry, Ra, R4, R3, respectively Rs. Consider ¢ = 9. Rg would allow only that Gg
contains C'Z while C' is in Gg. But this is forbidden by syzygy R;. As F was chosen to be
a standard base we have shown Np, = FZQ;O as desired. g

3. LECH-HIRONAKA TYPE INEQUALITIES

3.1 Singularities with only tangentially flat deformations with respect to the canonical
filtration give rise to a large class of homomorphisms for which the Lech-Hironaka problem
has trivially a positive answer. We will show here that the local rings admitting only
tangentially flat deformations for some other filtration give inequalities of exactly the same
kind. The only difference is that one possibly gets some coefficients into the play.

3.2 Lemma. Let (R,M) be a local ring, f1, ... ,fr € R[X] be polynomials without
constant term and x € M. Then for any d € N

L(R/(fi(a?), .. fe(@®) < d-1(R/(fil2), ..., fr(2)))

as soon as the right hand side is finite.

Proof. It is sufficient to show the desired inequality for all factor rings R/M®. So assume
without restriction R to be Artin. Equip R with the (z)-adic filtration. Then S := G ,)(R)
is a factor ring of Ro[X] by some homogeneous ideal I, where Ry := R/(z) is an Artin local
ring. Further we have

LR/(fi(@), s (@) = L(GR/(filx), ..., [r(2))))
HG(R)/in(fi(x), .. s fr(2))))

(
= 1 (Ro[X]/(1, H))

and the analogous result

LR/(fi(a?), o fr(@h)) =1 (Ro[X]/(1, HD))



for the other ideal in question.
We claim H® is generated by {F(X9)|F € H}. Clearly, if F' € H, i.e. if F is the homo-

geneous initial form of some element from (fi(z), ... , fy(z)), then F(X%) € H¥. For the
other direction let G € H(?  i.e. the initial form of some element g € (f1(z%), ... , fr(z%)).
Then
g = MEHAE)+ .. +hE)f()
+ @ DA+ o+ ) fe(e?)]
+ 2R T @) A+ BT ) (),

whose initial form G is obviously in the ideal generated by the set given above.
We note, as everything is Artin, we could have dealt with power series in X instead of
polynomials. As I is a homogeneous ideal we have a local homomorphism of local rings
— d
Ro[[X))/(I, H) *=3" Ro[[X])/(1, H?)
whose special fiber is of length d. Consequently, I(Ro[[X]]/(I, H®)) < d-1(Ro[[X]]/(I, H)).
O

3.3 Definition. Let (Bg,ng) be a local ring of dimension d and I be an ng-primary ideal
in it. By the Hilbert-Serre theorem the Hilbert series of By with respect to I can be written

in the form .

L P(T i (T
Hp, (T) = (1_(T))d—&-1+z;&(12)

where P and p; are polynomials with non-negative coefficients. Define the vage multiplicity
vi(By) of By with respect to I as the maximal value of P(0) occurring in decompositions
of the type above. Note, if By is Artin, then v;(Bg) = 1(Bo/I). In any case v;(Bg) > 1 as

H}BO’ 1> H}Bo,nﬂ and W is the minimal Hilbert series possible in dimension d.
3.4 Theorem. Let By = Ro/ly, where Ry = L[[X1, ... ,X.]], be a d-dimensional lo-
cal ring and let E be a filtrating family such that (Bo, (X1, ... ,X;),E) admits only
tangentially flat deformations. Assume (d1,0, ... ,0), ... ,(0, ... ,0,d.) € Ey (i.e.
(X, ... X)) C Fh. ). Further let I € By be some ideal such that Ff, C I' for all i.
Then for any deformation f : (A,m) — (B,n) of By
B
«B) > B4y ana (10)
di-...-d,
B
wy) > P g (1)
1. Ay

for alli. If By is Artin one has even

_ 1(Bo/Fh,)

HA(0) = gD 1 (i), (12)

Proof. Equip A with the m-adic filtration and B with one of the filtrations described in
Definition 1.3 ii). Clearly we obtain a deformation of the monomially filtered local ring

(Bo, (X1, ... ,X,),FE), which is tangentially flat by assumption. [7, 6.13] implies the
equality H%;, Fp = H%H}%’ Fp, between Hilbert series.



The maximal ideal n in B is generated by some 21, ... ,2; € f(m) and the lift

(Y105 - - - » Yro) chosen. We obtain F5 D (zq, ... ,zs,yfé, ,y%)l and
Hp p, (i) < 1(B/(21, .. 2,Ylh - o yi)™h)
S dld’rl(B/(Zla cee 5255410, - - ,yTO)i+1)

= dy-...-d, - H5(3),

where the middle inequality is nothing but an r-fold application of Lemma 3.2. Consequently,

Hl
Hp 2 ot A

Furthermore Hp p. (T) > Hp, (T) > %. So the estimate P(T') > v;(Bp) implies
assertion (11). On the other hand assertion (10) comes the fact that e;(By) = P(1) and
there are analogous formulas for e(A) and e(B). For (12) in the case By is Artin we simply

use HI%O,FBO (T) 2 U(Bo/Fp,) 127 .

3.5 Remarks. a) In Example 2.7 one has H}, > H3. Indeed

W(LIX Y, Z)/(X2 XY, 22)/(X,¥,7%) = 2 and
(LIX, Y, Z)/(X%, XY, Z2) (X, Y, 7)) = 2i+a
for i > 1. Consequently Hp, p, (T) = ﬁ + AL

b) For Example 2.8 we get H}, > H%. In fact

S 21+ 2 ifi<2
'3 +1\ -
l(ng/ng™) = { 2i+5  otherwise

as the monomials X®Y? and X*Z" are not affected by the relations given and among the
(X2Y*Z¢)Y Z there are the relations X2(YZ) = ~XY(YZ), X32(YZ) = ~XZ(YZ) and
X2(YZ) =Y Z(YZ) bringing every monomial into the form X*(YZ), Y{(Y Z) or Z'(Y Z).

. . a2
One easily computes Hllé’o,FBo (T) = (1_8T)3 + 6+(£:?)32T

¢) For deformations of the singularities from 2.9 we get Hj > v(L[[X]]/(s)) - H™ and
e(B) > e(L[[X]]/(s)) - e(A).

3.6 Example. Let By = Ry/Iy, where Ry = L[[X,Y,Z]] and Iy = (X2XY,Y2XZ2Y Z%Z3),
and let E be the filtrating family for the (X, Y, Z?)-adic filtration. Then (B, (X,Y,Z), E)
admits only tangentially flat deformations. In particular, for every deformation f: A — B
of By one has e(B) > Ze(A) and H}, > H}.

Proof. We easily see 1(By) = 7 and 1(By/Fp, ) = 2. Tangential flatness of all deformations

is shown in the table below.

standard base X? XY Y? XZ? YZz? 173 Vi
degrees 2 2 2 2 2 1 2
some syzygies Y -X
A -X
Y -X
A -X
A -X
NG(BO)(< 71) A\ +AsZ | B1+ By Z | C1+CoZ | Dy + Do Z | E1+ExZ | 0 |Fi+FoZ
0 0 0 0 0 0 b, 5




3.7 Example. Let By = Ry/Iy, where Ry = L[[X,Y, Z]] and Iy = (X2, XY,Y? X 72 Z3),
and let F be the filtrating family for the (X, Y, Z?)-adic filtration. Then (B, (X,Y,Z), E)
admits only tangentially flat deformations. In particular, for every deformation of By one
has e(B) > 4e(A) and Hy > HY.

Proof. We have 1(By) = 8 and 1(By/Fp,) = 2 and get the following table.

standard base X? XY Y2 XZ? A Vi
degrees 2 2 2 2 1 2
some syzygies -X

A X

Y -X
A -X

NG(BO)(< —1) A1+ AsZ | Bi+ B Z | C1+CoZ | D1+ DsZ | 0 | E1+ ExZ

0 0 0 0 0 -

O

3.8 Example. Let By = Ro/Iy, where Ry = L[[X,Y, Z]] and Iy = (X3, X Z,Y3,Y?Z, Z?),
and let F be the filtrating family for the (X2 XY, Y2 Z)-adic filtration. Then (B (X,Y, Z),E)
admits only tangentially flat deformations. For every deformation of By the inequalities
e(B) > tLe(A) and Hj > 2H), are true.

Proof. To get a standard base we have to add further generators. The proof is concentrated
in the table below.

standard base X3 XZIV I XA X3Y | X2Z [ XYZ| XY3[Y*[Y2Z] 72
number M@ B[ @ ] B) | ©) | (1) | () |(9]00)]@11)
degrees 1 1 1] 2 2 2 2 2 2 2 2
some syzygies | Ry XYy [-X?

Ry XY —X?

Rs VA —_Y?

Ry -7 X2

R XY | =-X2

R YZ XY

Rs Y2 [ XY

A XY | X

R~ Z |—-XY

Rg VA _Y2
Newo(<-D] [oJofo[o[ o[ o [0 ][O0 J[Jo[O0O[]O],.

In principal for generators of degree 2 linear combinations of type A + BX + CY would be
possible. Ry and Rs give 0 at number (6), R and R3 0 at (7). Further, one considers Ro
and Rg for number (10), Rs and Ry for (11), Rs, Rf and R7 for numbers (4) and (5) and
Rg, Rj; and Rg for (8) and (9). O

3.9 Example. Let By = Ro/Iy, where Ry=L[[X,Y, Z]] and Ip= (X3 XY?2XZY3Y?2Z 7Z?),

and let F be the filtrating family for the (X2 XY, Y2 Z)-adic filtration. Then (By,(X,Y, Z),E)
admits only tangentially flat deformations. For every deformation of By one has the inequal-

ities e(B) > Je(A) and Hf > 2H}.



Proof. We obtain the table below.

standard base] [[ X3 [ XZIXY Y3 [X2ZIXYZY?Z] X* [ X3YIX?YAXY?3[ Y* | 72
pumber W] @) @) @] (5)]©) (7)) @] [10)]11)](1A2)(13)
degrees 111111 2 2 2 2 2 2 2 2 2
some syzygies Y? [-XY]
XY |-X?
Y? |- XY]
XY |-X?
Y? |- XY
XY [-X?
Y? XY
XY [-X?
Y? XY
XY [-X?
Y? XY
XY |[-X?
IR X2 -7
IRo X? -7
IRs Z -X?
R4 Z —XY]

Nopo(<-1) JOJO0JoJoJoJoJoJoJoJoJoJoJ]olj,,
Trivially we have zeros at numbers (1) to (4). At the other generators there could be linear
combinations like A + BX 4+ CY. R; and R, yield that the coefficient of Y disappears at
(5), (6), (8) and (9). The pairs of syzygies ((Y2,—XY), (XY, —X?)) allow for the normal
module only linear combinations of (X,Y") and (Y, 0). Consequently, we have 0 everywhere,
maybe except at number (13). But there the zero comes from Rz and Ry. O

3.10 Example. Let By=Ro/ls, where Ry=L[[X)Y,Z]] and I, = (X3X2Y,Y3XY Z,Y2Z,22)
and let E be the filtrating family for the (X2 XY, Y2 Z)-adic filtration. Then (By,(X,Y, Z),E)
admits only tangentially flat deformations. For every deformation f : A — B of By one
has e(B) > 1le(A) and H}, > 3H},.

Proof. Here we obtain the following table.

standard base X3 XY Y3 [XYZY?2Z] X* [ XY [IX2YdXY?| Y+ | Z2
number W] @G @] G676 ] [10)]a1)
degrees 1 1 1 1 2 2 2 2 2 2 2
some syzygies Y? [-XY
XY [-X?
Y? [-XY
XY [-X?
Y? |-XY
XY [-X?
Y? XY
XY [-X?
Ry Z —Y?
Ry Z — XY
R Y? -7
Ry XY —7Z

Wap(< 1] [[0]0[0[0]0]0[O]OJOJO]O,,




Here the pairs (Y2, —XY), (XY, —X?)) of syzygies allow only linear combinations of (X,Y)
and (0,X). But R3 and Ry yield that the coefficients of X at (9) and (10) disappear. We
get everything is zero except maybe the entries at numbers (4), (5) and (11). Considering

the syzygies R; and Rs completes the proof. O
3.11 Proposition (ramified coverings). Let e := (e1, ... ,e.) be some r-tuple of positive
integers and consider the homomorphism Ry := L[ X1, ... , X,]] — R§ = L[ X1, ..., X/]]

of local rings given by X; — X'. For every Ro-module M denote the tensor product
M ®g, R by M©).

For some factor ring By = Ro/Io and a filtrating family E assume G(Ry) to b((é)Noethe—
rian and NG_FB (By)(< —1) = 0 Then NGFB%S)(B(()S))(< —1) = 0. In particular By’ admits
only tangentzal?y flat deformations.

Proof. R(()e) is flat over Rg. Therefore Gp(.) (R(()e)) = Gp(Ry) Qr, R(()e) and R((Je) is even
tangentially flat. Consequently,

Groo (By”) = G (R finre(Io) - Greo (Ry) = G (Bo) @, Ry
and, in particular, ing) (I(ge)) =inp(ly) ®r, R(()e). For the normal modules one gets

NG(BéE))(Bée)) = HOMG )05 ) (I o) o R$?,Gr(Bo) ®r, RE)
= Newy)(Bo) @r, RE

as inp(Ip) is finitely generated. The isomorphism constructed respects the gradings. O
3.12 Corollary. Let By = Ry/Iy, where Ry = L[[X1, ... ,X,]], be a d-dimensional local
ring and let E be a finitely generated filtrating family such that Ng(p,)(< —1) = 0. Assume
(d1,0, ... ,0), ... ,(0, ... ,0,d,) € Ey. Further let I C By be some ideal such that
FEO C I' for all i. Then for any deformation f : (A,m) — (B,n) of one of the Bée)
B
e(B) > dle{.(. .O.)dre(A) and
. vi(Bo)
Hh() = )
for alli. If By is Artin one has even
1(Bo/F,)

4. INITIAL MONOMIALS

4.1 In the previous sections we mainly considered examples By = L[[X1, ... ,X,]]/Io,
where Iy was generated by monomials. That is because in other cases the computation
of the normal module will usually become hopelessly complicated. Nevertheless based on
the deformation to the normal cone there is a method to reduce the question whether the
normal module of the associated graded ring to some By = Ry/Iy has non-zero elements in
degrees less than —1 to the analogous question for some other ring Bj, = R/l where I| is
generated by monomials.

4.2 Definition. Let G be an ordered abelian group and H C G be a semigroup. An
H-filtration on a ring R is a system F' = (F'9),cq of ideals satisfying



i) F9* D F92 if ¢y < ¢o,
ii) F91 . 92 C Fortoz,
The associated H-graded ring to R is given by

Gp(R) =P F/(>_ F).

geEH g=g’

We note that the concept of an initial ideal carries over directly to the situation of an
H-filtered ring. Any element in R has a well-defined order in H U {o0}.

On R let F' be a filtration and F' an H-filtration. F is said to refine F' if for every d € N
there is a k € H such that F'¢ = FF,

By a filtration on an R-module M we always mean a G-filtration, i.e. a system (Fy;) eq
of submodules satisfying

i) Fif 2 Fyf if g1 = go,

ii) F9.F9 C 9.
Then Gr, (M) == @ cc Fir/ Xy <y Ff/}) is endowed with a natural structure of a graded
module over G(R).

4.3 Example. Let Ry := L[[X1, ... ,X,]]. Then put G :=Z" and H := N" and equip G
with an ordering inducing the order type w = (N, <) on H. We get an H-filtration given by

HIEI) S 2y F9') =1 for each g € H the direct image p,F under the natural map to a
monomially filtered local ring By will be called a full monomial filtration. Note initial ideals
with respect to full monomial filtrations are generated by monomials.

Let F’ be the weight filtration defined by (g1, ... ,¢-) on (Bo,yo). Then there exists a
full monomial filtration F refining F’. Indeed put

nat - +gar <gint ... +g.¢  or
(915 -+ 90) < (915 -1 9r) = aqg+ .. +oe=9ia+ ... +4g.qr and
(91, ... ,gr) precedes (¢}, ... ,g.) lexicographically.
Analogously for the (ygi, ... ,yor)-adic filtration one can choose the ordering
[+ o <2+ 2] o
/ / e ’ ’
(g1 - 90) < (ghs -0 90) = &)+ ... + 2] = L%J + ...+ Li—:] and
(91, --- ,gr) precedes (¢}, ... ,g.) lexicographically.
4.4 Proposition. Let Ry = (L[[X1, ... ,X,]] and (Ro/Io, (X1, ... ,X;),E) be a mono-

mially filtered local ring, where G(Ry) is supposed Noetherian. Assume F' is a full monomial
filtration refining Fr, .

Abusing notation we consider Gp(Ry) = L[X1, ... ,X,] as a subring of Ry. Let
I} := inp(Iy)Ry be the ideal generated by all initial forms of the elements ig € Iy. The
following implication is true:

NinFRO (Ip) (< —1)=0= NinFRO (Ip)(< —-1) =0.

Proof. Apply the Lemma below to R := Gr(Rp). O



4.5 Lemma. Let G be an ordered abelian group and H C G a semigroup, which generates
G and is isomorphic to N as an ordered set. Consider an H-filtered Noetherian ring R and
an ideal I C R. Assume Gy, (R) is Noetherian, too. Then the normal module Ny carries a
filtration given by FY :={f € N; |Vk e H: f(INFf) C Z,H_g«(F]l% +1/I)}.

There is a graded injective homomorphism of degree zero

G(N1) — Ning, (- (13)

Moreover, if R = @,y R(k) is an N-graded ring, I = @, .y I(k) a homogeneous ideal and
the filtration Fr is compatible with the graded structure

Ff =@ Fik), Fi(k) = Ffn R(k),
keN

then the N-graded structure on R induces Z-graded structures on Gp,(R), inp,(I), G(Ny),
and NiDFR(I)7 respectively, such that (13) is also graded of degree zero with respect to these
additional graded structures. In particular, if

and Fg as well as the filtration induced by Fr on R/I are separated, then Ni(< —1) = 0.
Proof. This is a generalized version of [6, Lemma (4.7)]. Define a G-filtration on R by
F} .= Zg,evajg, F},. Then the construction of (13) and the proof of injectivity carry over
immediately when using the successor of some element d in G is replaced by the consideration
of a sum indexed by all elements strictly succeeding d. NinFR( n(< —=1) = 0 immediately
implies G(N;(< —1)) = 0. In order to deduce Ny(< —1) = 0 we need every non-zero element
g € Ny admits a non-zero initial form.

As R and G, (R) are Noetherian, there exists a finite standard base (r1, ... ,7s) gener-
ating I (and not containing 0). The orders of its elements will be denoted dy, ... ,ds € H.
Since H is a system of generators for G there exists one a € G such that a — d; € H for
every i. Thus the filtration on Ny lives on —a + H only, which is isomorphic to N as an
ordered set. As R/I is separated, 0 # g € Ny admits a well-defined order in —a + H and a
non-zero initial form. O

4.6 Remark. In the special case of a weight filtration with rational weights (q1, ... ,qr),
which is in fact the most interesting one for applications, there is another proof for Proposi-
tion 4.4, which is more geometric in nature and therefore may be more enlightening. Consider
the following weighted version of the deformation to the normal cone (cf. [3, Ch. 5]).

Let In = (f1, ..., (fs) We choose an 1nte%er M such that all M¢q; become natural num-
bers. Define Iy := (fl)‘)7 cee % ), where £, (X1, ..., X,) = fi(0AMa Xy, ... AMaer X)),
We obtain an algebraic family

X =Spec L[\, Xy, ... ,X,]/T — A' = Spec L[\,

whose fibers are isomorphic to Spec Ry /I, if A = 0 and to Spec Ry /I otherwise. Going over
to the associated graded objects defines a family of weighted affine cones over A!. Then the
semicontinuity argument from [6, Proposition (4.5)] carries over immediately.

4.7 Example. Let By = Ry/Iy, where Ry = L[[X,Y, Z]] and Iy = (X2, XY,Y? Z3+ X Z),
and let E be the filtrating family for the (X, Y, Z3)-adic filtration. Then (B, (X,Y,Z), E)
admits only tangentially flat deformations. In particular, for every deformation f: A — B
of By one has e(B) > 3e(A) and H};, > H}.

Proof. We deal with the weight ﬁltratlon defined by (1,1, 3) So consider the refining full



monomial filtration described in Example 4.3. By Proposition 2.9 it is sufficient to show
I = (X2, XY,Y? Z3), ie. that (X2, XY,Y? Z3 + XZ) is a standard base for Iy. Consider
the table below.

| generators of Iy |s [ XP[XY[Y?[Z°+X2) |
generators of the syzygy module | r' [[ ¥ [ =X
r

(except trivial syzygies) 2 Y | =X

Tab. 10

We get <rls> = <r? s> =0 andsee s is a standard base for Iy [6, Lemma (4.3)].
O

4.8 Example. Let By = Ry/Iy, where Ry = L[[X,Y, Z]] and
In=(X*+YZ2 XY, Y2 +YZ? XZ% 73+ Y Z?),

and let E be the filtrating family for the (X, Y, Z?)-adic filtration. Then (By, (X,Y,Z), E)
admits only tangentially flat deformations. In particular, for every deformation f: A — B
of By one has e(B) > 4e(A) and H} > H},.

Proof. Here we deal with the weight filtration defined by (1,1, %) So consider the refining
full monomial filtration from Example 4.3. We aim at showing that the system of generators
given for Iy is a standard base. Note the monomials written first in the sums above always
precede the other summand (Z comes after X and V). We get the following table.

[generators of I Is [ X2(+Y 2| XYY (+Y Z?)| X Z? | Z3(+Y Z°)[[< 17, s > ]
generators of the rl Y -X Y22?
syzygy module
(except trivial syzygies)|r? Z? -X Yy Z4
s Y —X - XY Z?
r A -Y 0
r° Z —X —XYZ*

The error terms occurring can be expressed by linear combinations in s such that
ordr(hl) + ordp(s;) succeeds (in (Z3, <)) the syzygy order of ri.

[ generators of Iy | s [ X?(+YZ?) [ XY [Y?(+YZ?) | XZ? [ Z3(+Y Z?) [ <ri,s > ]

coefficients h! Z%. ﬁ -YZ. ﬁ Y?227?
72 77 YZ- L "
h3 -Y —-XY 7?2
h* 0
n —Y —Xyz? Tab. 12
By Example 3.7 the proof is complete. O

4.9 Example. Let By = Ry/Iy, where Ry = L[[X,Y, Z]] and
In=(X*+ XY +YZ XY’ +YZ XZ+YZ Y3 +YZY?*Z,Z?),

and let E be the filtrating family for the (X2 XY, Y?2 Z)-adic filtration. Then (B, (XY, Z),E)
admits only tangentially flat deformations. In particular, for every deformation f: A — B
of By one has ¢(B) > 3e(A) and H, > 3H}.

Proof. We have to consider the weight filtration defined by (%, %, 1) and the corresponding



full monomial filtration F'. In order to show we have already a standard base for Iy one
obtains the table below.

generators of Iy |s X3 XY?| XZ | Y3 [Y?Z] 72 <ri,s>
(+X2Y+Y 2)|(+Y 2)|(+Y 2)|(+Y 2)

generators of thelr! Y? —-X? X?Y3-X?YZ
syzygy module +Y3Z
(except trivial  [r? iy X? —YZ?
syzygies)

r3 Z -Y? —Y3Z4YZ?

re Y -X - XYZ+Y?Z

r’ Z -X Y Z?

70 & -X Y3Z

7 Z -X Y Z?

r8 Z |-Y Y Z?

r RS 0 Tab. 13
The error terms are expressed by linear combinations of s as follows.
generators of Ip|s X3 XY? ] XZ Y3 [Y2Z| Z? <rl,s>

(+X2Y+Y ) |(+Y 2)|(+Y 2)|(+Y Z)
coefficients Rl XY | XY Y X?Y3-X?YZ
+Y3Z

h? -Y -Y Z?

h3 Y| Y| -Y3Z+YZ?

h* -Y 2 -XYZ+Y?*Z

h® Y Y 72

b Y Y3Z

h7 Y Y Z?

h® Y YZ?

n 0 Tab. 14
We are reduced to the situation of Example 3.9. O

4.10 Proposition. Let (By,yo) be a local ring with a system of generators for its mazimal
ideal ng. There exists some integer d with the following property: Let d' > d and E be the
filtrating family for the ng/-adic filtration. Then (Bo,yo, F) admits only tangentially flat
deformations.

Proof. Write down the canonical factorization By = L[[X1, ... ,X,]]/lo. There is one full
monomial filtration being a refinement for all filtrations in question. We obtain an ideal I}
generated by monomials and apply the Lemma below. ([l

4.11 Lemma. Let By = Ro/ly, where Ry = L[[X1, ... ,X,]] and Iy is generated by
monomials of degrees at most d, and let E be the filtrating family for the (X1, ... ,X,)%-
adic filtration. Then Ng(pg,) (< —1) = 0. In particular, (By, (X1, ... ,X;),E) admits only
tangentially flat deformations.

Proof. In order to get a standard base to the given set of generators for Iy we have to add
all their multiples of degrees up to d. So we find a system of generators for in(Iy) C G(Ryp)
consisting of homogeneous elements in degrees 0 and 1 only. Consequently, the normal
module N¢(p,) has non-zero elements in degrees > —1 only. O

4.12 Question. For some monomially filtered local ring By consider the set of all points
(g1, --- ,qr) € R‘_f_ such that By admits only tangentially flat deformations with respect to



the filtrating family for the weight filtration defined by (g1, ... ,¢.). This set is non-empty.
What is its geometric nature?

4.13 Corollary. Let By be some d-dimensional local ring containing a field. Then there
exists some € > 0 such that every deformation F : A — B of By satisfies Hy, > 5Hf‘+1.
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