LAPACK Working Note #4

Guidelines for the Design of Symnetric Eigenroutines,
SVD and Iterative Refinenent for Linear Systens

Jass land | Jrapd Gy, Sen Frraling ad [n Srasen

Mich I9R

Abstract

Tis rite surmizes the nrericd ad sdtvare isses ich anise in dsiging the TAXK
suratires fa the symetric d gapdiamtle siglar e doapsitian (V) ad itedive
refimat fa litear sytam A tle ed d exchdeter ae alist d dsign gestias fa dichwe
wad dlile feedck franthe wer commity



Chapter 1

Guidelines for the Symmetric

Eigenroutines in LAPACK

1.1 Introduction

"his dater dsassess nreicd ad sdtvae dsign isswes ansirg in the syetric e gratines
in TAXK Sctian 2l owsumai zes tle thee dgrithmaaldle Sctian 3 lists the aiteria

ve will e toed e tle dgrithm Sctian 4 lists the vaias captirg esirarats ad we
qtias Wachwll it the dace d dgrithm Sctias 5 to 8 de dtaled capmisas o the
thee dgrithm Sctian 9 pgises @ esytore dive fa tle oad] pdlan hly sectian
101lists dsign gestias fa vhich w wldlile feedmck frartle war carmty

1.2 Available Algorithns

o QRarlits waidias - Hre v induk it aly tle staded ediat a irdidt symetric
tridegrd QRAgnthmht vaidias sich s T 'a BKdich ae dsiged ke
© fater if 10 dgnectas ae dsired [§ p 16f]. s irdubs the posiblity d wig
IR a BKto capte dl the agndws fdlord by inase itedian to capte
sdlected agniectas. Wall cl ths dletiand rethod QRfa shat.

o Tick ad Gryer - Hs dgrithiies been drdqed by Tgrra, Srersen ad Gipen
(1. Wiill cl it I Cfa shat.

o BsetiayMtisection - Hre w irdub nt just tradtiad hsetion bsed an Sunse
qeres fdlord by imerse iterdian far the agrectas, ht impoasts beed an rdti-
section (inaadld emirarat), wigliger adr zeo fidhs (like ZHRDN rathe thn
Jut hsectian ad reathgrdizaianto gaatee athegrdity d e grsectas carespod
ing to dwtered agardues. Apddye o sich a cok b leen dsdqed by Sy o
ad Rilippe a Tlirds [10. Wall cdl it BMa shat.

1.3 nparison Giteria

o Aaray (irdulrgspedd cses, lile dagrd dairae)



o Sstihility to Qerfudyfbw
o Sread
o Saae

1.4 Options/Environnents
o Gigrd diaduse o tridegm
o Srid @ prdld dgrithm

o Wchagnduws, agmecdtas dsired
— Smmagndes aly
— Al agndwes aly
— Sradgndes ad asoded & grectas
— Al agrsdues ar e girectas

1.5 Accuracy Tradeoffs Anong (R, D&C B/M

Te aaracy adhedle dpad an ietler tle intid ditais tridagrd o dyse, ad anspad

paaties d tle mrix Te wd prtuktian theay sas tht d]l agndes ae dtanmed

by the dta to wthin dsdite acoracy f (n)e - |4} n =di n{A) ad f (n) arnakst fudtion
n, poidd eech caprat o the intid dtais komto tht dsdute aarasy In dher wrds,

sl absol ut e prtultdtias intle dta case stdl absol ut e patutdias intle agrsdws. Al
thee dgrithsm can capte the agrdes to ths aaray Wes saethrg spead 1s kom

dat the da o 1ae cn e sad Tae ae & lest twspad cses vere the agndus

can e deternmed rre accrady; becase astragy prtutdian theaems tre: srdl rel ateve
pertutaias intle dtacase sl rel at i ve prtuldias intle a gysd es.

o If Ais tridagrd wthOdagid, addl tle dais komto wthnrdaiw aaray n, dl
tle agndes ae dterned to wthnrd dive acaracy 2nm. Hs is eqindet to the SD
d ahdagrd rarix (Se TRXKWking Nee #[13 ad[].)

o If Ais tridagrd anl dagrdly dvirat (dfied bdow, ad dl tle dtais kom to
wthnrdaive aaray 7, dl tle agndwes ae dtanmed to wthnrd dive aaray o &
et apradiradynn / (1), vere v resues tle dagrdl dairece s fdlos: Sppse
A I dagid atries a 1, - - -n, anl dagrd atries b 1, - nep T~y =2mx
la; - a; 41) 712 Nte thet ths dfiitian pits gakd retrices Wich are 1t dagrdly
criat inthe roe tradtiad sase. (Se [9 13.)

Tere ae dultless dther cmes e the dgasdes (ad d givedtas) ae dterrived rae
aarady by the dta thn the wdl dsdute bard f(n)e - |4} A lag & an dgrithnd
tarites the dgmdies wth a sl copratvse rdadive bdvad ara (e aptes tle
et dgrsdws d A48 A with|§ A il <nlA ;) tenif thee is ardaive patuksian theaenss
aoe (i.e sl rddive dags intle dta case sl rddive dags in the dgndus), tle
agrdws wll ke capted aarady



151  Origm Bta Hdapd

o QR TIf the tridagyd hs O dagrd | it caldbe dapedirtoahidagrd SDadtle S\D
QRised to gt the dgmndies to hghrd aive acaracy, ht ths waldle gite incasenernt
to deck far. Wk is udry to edte QRad its vaiats (B to see if they cn
captea gdws aarddyfa dagrdlydamat trid agrds; thsis areseachqestian
(ve ke 1o gdidbavas to vt camergare aitaimtose), sowe stuldit cort QR
fa ths pdlem Asg QRdes it garatee sl cappnatwse bakwad arar.

o 1%C- It gpeas dffilt to gaatee hgh rdaive aaray in ay sititian frartle zero
fidr in & C

o BM BMs diitdytle lest d the thee d grithmfa accuacy It cndvas grateea

tiny caqrrertvise v ative hckvard errar incbpardat o the dita (radd ooer fadefy,
adsowll capte the agnd s & aarady = they dsare.

152 Origrd Balame

Ules sawthirgspadd is komawnt the dia, dl thi canle sadis thes the resd tirg trid agrd

is eatlysirila toardrixwihinasrdl dsdite dstare f (n)e ||4]| S the aigrd dta A. Tis
o (roatifiid) das o ries is kon vee the agrdes ae dtaried by tle dia to
better thn dsdue acway Fadae, exchd QB 1k Cad BMis tle sam podie arar
paaties: gmateed dsdite acaracy

153 B/MNud Muaic Aitheic

BMis hsed on wirg a Sunseqere to cart tle nibr o dgmdws n(z) les thnz fa

ayz . Ineat aithetic, n(z) is arodtaic step furtian wthuit inreses & the d gasdes.

If tle aithetic is radtaic (eg o > b irfies f1 (a 4¢) > f1 (b 4e), ete.), adif tle imer lopd
tle Sunseqene is irgasted carectly then the capted e d n(z ) is dsorodtaic. If

w cald assumn (2 ) wre radtaic, ths rigt sirdify the log e in an irgemtationd BV

w bt yeb kowif this is irprtat. If it des tun at to ke a wdfu sirfdifyirg ssuptiay

shald ve we it, advan tle war in the darataial’

1.6 Over/Underflow Susceptibility Tradeoffs Aneng (R,
D&C B/M

Hre ve dd wth tridagrd dta aly sine tle reddtian to tridagrd fams tle saafa dl

three dgrithm Quurkrfbwis anissie becase vaias researders leve reported udbrfbw
pdamwthtle HIAIcatires recartly Biefl; sime the curat cods sqme adsasties

ate the intid dta they ae sseptibe to oerirdbrfbwden the dia lies atsick [A 172 N7
a saeties [A 13 A/3] (ke A is the udbrfbwthreshdd and A is the oerfbwthestdd). Tt
apeas theb ths can be addd & the wst o a fewrre mdtigies imick the imer lap (to

add pecapting dl the b 2), ad dagrg tle shft captdian Te gd wald e to rde
oerintrfbwirpssile @ caprdle to randff far intid dta mh dear to the fdl rag

[A, A]; sansdetyrags & the tp ad httarare acoptatle, bt o castat fration(i.e 1df)

d tle eqoet rage caldle edubd Tealy tle shft shold reer oerfbvades the lagst

agndie d A itdf is doe to A, adit shald mer udsfborudes tle srlest agnde
Aisdeetoa les thm A.

e QR Te shft daldimeed to ke dampd to aad sqaing ad sastires ahirg the
dta Teine lapd stadedirdiat QRreeds tole eamed It apeas e can dage



tle imer lap d PR (sqaee ot free QR to e it setisfactaily rchst vith respect
to oerfudhfby ht & tle ot d ramating a squerat. Is ths aceale? Adher
qhianis to scde tle dta bsed an tle rachre dpadat castats A ad A befae runig
tle starhrd dgrithm Is it axcetale to d swch a rachire deperchrt scding?

o I8C Te seetilility to oer fadafbwd ths dgrithnis it kom

o BMIf w addpesquairg the dfagrds b i (adso atlae nitigyto the imer lap),
tle stadad hisetion d grithean ke rack very rchst. If ve are wilirg to test and scde
in tle imelap bsed 0 A ad A (radire dypedyt), it can be mak iradad is ths
& Ulaturdy tle fater vasian d the cocb vhich wes ZHRINto fid 7 d tle
dtarrimat d the shifted retrixis edtrady sasitive to oerArkfby ad wdd . te
rdidle wilot scing imsic tle imer lap & 1s due to capte the dtarmt in the
TMRAKratire SHD. Is thae an dtarrtive to fidig zas o the dtarimat (eg
firdigzares o the last pivet) hichwad ddiniete the reed fa scling? @ is scdingimsick
the imer lagp accgtade?

1.7 Speed Tradeoffs Anong (R, D&Cand B/M

Waly dsass tridagrd da tere, sine tle reddtian to tridagid famis tle saafa dl

thee If tle aigrd dtais dase, tle timfa redetion to tridagrd famay cerddntle

dffrerves between d grithm we dsass Iow "hs is mtiadaly lildyif agsdwes aly ae

dsired sine tle wt o this is O(n 2) vimes tle redetian asts O(n 3). Hre tle iputat
amraratd festires ad gtias ae

o Svid @ padld dgrithm
o Wchagnduws, agmecdtas dsired
— Smmagndes aly
— Al agrduws aly
— Sradgndes ad asoded & grectas
— Al agrsdues ar e girectas
17.1  Smd Agmthm
Some ei genval ues only
e QR csistat adatae cn e tdend ths cse
o 1XC N asistat adatae can ke tdend ths e

o BMTisis tle rlodd dace, a lest if asml enphfratiand’ the spetrunis disired
HXBeas if B7% a fevr I the d g wes ave disired 18e BMBact thresld d betveen
BMad QRwl te rachire dyperdhat.

All eigenval ues only
o QR Rdally fastest, espddly wth the Pibariar.
o I8 C Yowst, lecase it his to capte dgisectas = wl.

o BMYomr thn QR ht 1t dear if oot is mre thmafata f 2 a les (wll ke radire



Some ei genval ues and associ ated ei genvectors

Hre it seam had to rak the dgrithm becase 1t dya stragy an et fratian d tle
spectrums dsired the best dace wil be rachire dypendat.

o QR Te dgrithheaptes dl the 6 grsdes ad then tses inerse iteratian wth d tirete
shfts fa the dsiredagmectas. s rigt e fast dpdrgantle fractiond’ the spectrun
dhsited

o 1 C Rdally fastest if lag eoph fration f 6 gapsirs dsired
o BMEstest if sl anghfrationd dgrpars dsired (e inerse iteratian s reathog
adizdianfa dgivetas).
All eigenval ues and ei genvectors
o QR Soar festest.
o [N C Istest.
o BMYowst (lerd tosay lownahslowr then fastest).

17.2 Prdld Agrithm

Some ei genval ues only
e QR csistat adatae cn e tdend ths cse
o 1XC N asistat adatae can ke tdend ths e
o BMTis is tle wilod d ddcee, & lest if asdl angh fration d the spectrumis
dhsited
All eigenval ues only
e QR Hrdtomdldize o adatae oer serid e
o 1 C Somst, ecase it hs to capte d grrectas  wl.
o BMEstest.

Some ei genval ues and associ ated ei genvectors
Hre it scarm led to rak tle dgriths tecase it dyaak stragy vt fraction d tle
spectrunis disired

o QR Yomst.

o 1% C Estest if lag eoph frationd dgypars dsired

o BMEstest if sl anghfrationd dgrpars dsired (e inerse iteratian s reathog
adizdianfa dgivetas).



All eigenval ues and ei genvectors

e QR Howst.
o I8:C Rrlns fastest (testing reeckd).
o BMPrhas fastest (testing reecd).

1.8 Storage Tradeoffs Aneng (R, D&C and B/M
Hre the irprtat emraratd fedires ad gtias ae
o grd [Xalase a Hdagd
o Wchagnduws, agmecdtas dsired
— Smmagndes aly
— Al agrduws aly
— Sradgndes ad asoded & grectas
— Al agrsdues ar e girectas
Tefdlomgaadwmaae tatdiv, atdalddag: s the iraatdiadtals ae aled
at.

18.1 OngmH IXalase
Some ei genval ues only

Al dgrithmwe n 240(n)

All eigenval ues only
Al dgrithmwe n 240(n)

Some ei genval ues and associ ated ei genvectors
Tet the nrker & agapirs ke k.
e QRn ? thknHom adr (dgndwes dae fdlowd by dtirde shifts fa acord diay).

o &C 1, ZHlom adr the is o sains fa k dgms ay Te cdffiat 15 is
dfalt to dtan 21s esier.

o BMn  ? tkn-Hom ady.

All eigenval ues and ei genvectors
e QRn ?Hom adr.
o C1l mn ZHom adr. Akfae the cdfiat 15is Imdtodtan 2is emier.
e BM%:  ZHowm adr (L = 2 if paded).



18.2 Origrd BaRdamd
Some eigenvalues onl y

O(n) fa dl.

All eigenval ues only
O(n) fa dl.

Some ei genval ues and associ ated ei genvect ors
o QR kn-Homr adr (d] dgmsdws, thn inerse iteratiay).
o I%Cn ?How adr (wsaing fa k dgnetas aly).
o BMkn-Homr adr.

All eigenval ues and ei genvectors

nZHomr adr fa dl.

1.9 Recommendations for Easy-To- Use Driver

Wigse the fdlomng udslyirg hlesqly fa the dsignd essy to we divars: pkthe st
aarde ratite & lag s tle ppfamre a staae prdtyis it to lag Inths e, if tle
aigm dtais tridagrd, v wald dvas e BM Te lagst parfarace prety is den
captirgdl dgrdws addgmedas wig tle srid dgrithmandit is byt dear vether

the padtyis mre @ less thmafata f 2 If the aigrd dais dase, ad alyagndes ae
dsired e agin e BMad e the thee is esatidly o parfarare puty bease tle
wit d tle redetiontotridagrd fanfO(n 3)) oerdelmitle cst o fidrg the d gndwes dae
(O(n?)). Wnedgnedas ae dsired & wl, the ast o tle redrtion is wlagr oarvd g
ad ae is tayted to e rtever dgrithms fastest, hecase tle redetian to tridagrd fam
dstrgs Witewr podle acray adatae BMied @ is ths agrat to nahlile tle

ae whch sas “capting tle sire d lag agrats aarady is wpatat ecase lag
agrats ae pdaly ireat, so ay e fa tle site is god aogi” In dher wads, slodd

e dvas we the et acrde tridagrd agaratire even thogh the redotian to trid agrd
fanpdaly dstrgs the rddive aaray d tiny a gadwes?

1.10 Questions for the Commnity
"Hs secian sumaizes tle qestias rased inpevias sectias.

1 Is ar pgoed thlegly fa tle dsign f ewytowe divas gquaride we the st
aarde ratite & lag & the pafarare pdtyis les thm afata & 27

2 Suidweinaprae psiHy madire dpeht scling to ad doer indrfby especidly
intle emytowe ad?

3 Suld w asua thet atthetic 1s radaic if the turs at to ke casenat 1n tle
mtisectian cod?

4 B tle st & sqme rot daremed sffiatly capred to dvisian thet 1t is 10 lagr
recessary to hese a sqmre rat free QRdgrithnfa the sde o speed?



5 InBMis tlere mdtermtive tofidrg the zaes d the dterrimat vichis less suscetiHe
to oer furrfb?



Chapter 2

Guidelines for the SVD Routines
in LAPACK

2.1 Introduction

"his rite dsasses nraicd ad sdtvae dsignisses aisirgintle simgla e dapsitian
agratires in XK My d tle issues ae sinla to tle aes aisig in tle syretric
agipdlan Sctiar 2 Mowsumaizes tle thee dgrithm aaldle  Scion 3 dsasses
tle aiteria v wll we to edwe the dgrithm  Sctian 4 dsasses tle vaias capting
enirarats ad wer gtias wich wll it the dace & dgrithm Sctias 5 to 8 e
daled cammisas o tle thee dgrithm  Sdian 9 pgoes @ esytowre dive fa tle
oad]l pdlem Rrdly sectian 10 lists dsign qestias far vichve waldlile feedeck frandle

e canmty

2.2 Available Algorithns

e QRadits vaidias - Hre w rdfer to tle vdiand” QRdsassed in [ K Whkirg
Nte [ 13, wichis arewd grithngaatedtofidal the sigla vdws d ahdagrd
rarixtofl wrkirgpredsianindyarhit  ther mgituds. Hs induds the pssihility
d fist fidig the sipglar s ad then wirg imerse itadian to fid sdeded siigla
vectas. Wedl ths dgrithiQRfa shat.

o Inick ad (dyer - Tis dgrithns sirtlar to tle Toppara/Sresengen dgrithm
fa tle syretric tridagrd agypddem Tt bes been dnd qed by Jessip and Srasen
[1]. Wedl it 1 Cfa shat.

o BeectioyMtisection- Tis dgrithmis sirilar to the dgrithida the syretric trid ag>
i dgpdenibd qed by Sreh, Toad Bilipe [10. Tt wes the fact the the hid agrd
sirgla e pdlarean e asarted irto a synenic trid agrd & gypdemth zeo
dagrd.



2.3 nparison Giteria
o Anray
o Sceptilility to Ger/irthrfbw
o Sead
o S

2.4 Options/Environnents
o Gigm dtadme o idagm
o Srid @ prdld dgrithm
o Wahsinglar vlus, siglar vectars dsired

— Smasigla dwes aly
— Al sirgla s aly
— Siasingla s ad ascdded (It ada rigt) siglar wctas

— Al siiglar s ad (It adia ridt) sigla wedas (dapsitial a fata-
izdial, s in TINAK

2.5 Accuracy Tradeoffs Aneng (R, D&C B/M

Te aaray ahiedle dpad o dether tle intid dtais hdagd o dse Te wd

prtulaian theay sas tht dl simglar s ae dtenmed by the dta to wthin dsdite

aaray f(n)e - |4} n =di m(A) ad f (n) arabst fudtion d n, poidd ech caprat

the intid dta is kom to that dsdite acaracy In dher wads, srdl absol ut e paturttias

in tle dda case sl absol ut e prtultatias in tle siigla Wws. Al thee dgrithm can

capte the siigla vdws to ths aaracy If the dtais hdagrd, rae cn be die becase a

stragy prtulstian theaamis tne: sl rel at 2 ve patuldias intle dta case sl rel at i ve

prtutaias in tle simgla Wws. A fa tle sigla vectas, the wd prtutation bod is

d tle famf (n)e / ab solute - gap, dee absol ut egap is the dsdue dffrare ni n|o i 0 x|/
Letween the carespadig sirglar e s g na ; adl its reaest Eighy (scded by the rerix

mnsi g 1), ayd the dgrithmcan capte the sirgla vetas to ths acaracy fravdase

a hdagid dta Wntle dtais hdagrd, tle sirplar vectas apear tohe dterrired rae

aarady w agectue tle the petutaion bond ray be irpoed to f (n)e /rel at i ve - gap,
dee rel at i vegap is the iddiwe dstare mi n|o i =0 41/ 07 etwen tle carespodrg siglar

diesi gna ; adits waest mghr. It qpeas tle vaiat  QRdsassed b ovean atan ths

aaray (v lme anatlire d apof; see seion 0 TR Kwrkirg e ). Fr eayle

if a3ty 3 mnxles sipla dws 1, 2- 10 —100 10 —100 " t}en the casertiad SDcaptes the

sirglar vectas aarespadig totle srler twsimla s wthrd dive peasianantle ady

e 1019, ie pddlyme T mwwdgrithmloeer, apeas to apte therdl to pedsian

¢. I fuler dsasiansee [13.



2.8 Storage Tradeoffs Anong (R, D&C and B/M

Hre the irprtat emraratd fedires ad gtias ae

o g [xalase a Bdagd
o Wchaimla s, sirglar vectas dsived

— Smasigla dwes aly
— Al sirgla s aly
— Srasigla s ad asoaded sipglar ectas
— Al sirgla s ad sirglar wectas
Indl caes the adysis is sinlar to tle e d the sywnc tnd agrd agrpdemexat

tht separdte staage 1s reedd far rigt ad 16t trasfardias ad sipla wedas. hHs is a
tataive cadwa thet gt dage & the dtals  tle njantdia ae wledat.

2.9 Recommendations for Easy-To- Use Driver

Te uthlyirg thlegly is to pdk tle st acrde ratire & lag & tle pafame o
staae pHty is b to lag. I the dgrithyis seid ad dl o et singlae Wus (ad
prsily ectas) ae reechd e QRIf sirglar vectas ae dsired e the roe aasenative (adl
saete slowr) staprg aiteia dsassed insetion 10 TR Kwrkig e £ I the
dgrithns said adalyafewsirgla s (ad pssily vedas) ae reedd 1we BMIF tle
dgrithms prald, we BMTis shold cative ready hidest speed ad acaracy indl coses.

2.10 Questions for the Community

Te qestias patirat to the NDae essatidly the samas fa the symwinc agrpdand
the last ceyter:

1 Is ar pgoed thlegly fa tle dsign f ewytowe divas gquaride we the st
aarde ratite & lag & the pafarare pdtyis les thm afata & 27

2 Suidweinaprae psiHy madire dpeht scling to ad doer indrfby especidly
intle emytowe ad?

3 Juld w asua tlet aithetic is adaic if tht tus at to ke cosenet in the
nltisection cod?

4 InBMis thee andterrdive tofid g the zre d tle dderrimat vhichis les sisetite
to oer furrfb?



Chapter 3

Guidelines for Iterative
Refinement and Condition
Estimation in LAPACK

3.1 Background

Tere ae twgrerd tedn qes fa captirgara ok fa sduias o lirea systerm Te fist
is bwed an capting tle bdvard ara w, estirtingtle cadtionniter <, ad ndtigying
thentogt anara hardw -« . Fe secad tedn qe 1s bsed aniterdi ve refrerat wthetarhd
pedsian (wly dable predsia) residel cdaldias, ad eaining tle arergie rae

311 Bingss bead @ bdkvad erar ad cad tian estirtian

Tis wthodis the ot fsibe d the twg ad dsailed insaadtal in[]. Watlire the ida
lee. Ghenan quaarde sditian ™ z totle lirex sptemAzr =b | wsek the backward error, i.e
thesizew d the srllest 6 A adé b suchthet

(A46 A) z =b 6.

‘bfidw, v reed to spafy mmmifa 6 A adé b ; w wll dpad anths doce d am Kre w
Wl le & flale & pesile, ad dose a dffrat scdig fa exhatryd 6 A adé b = fdlos:
It E e amegtive rnx ad f a moregtive wta. Ten tle amd 6 A ad 6 b wth
respect to B and f s dated |[8 4, 66 )] E, ¢ addfied & tle srellest w suhthet

04 WE i; ad [64] Lf fadl 0, j

I eage, if £ il oo adf i FP| oo, thnthis carespad esatidlyto the wd mmise

a Whkna ldvad ara. If w dose £ i; =lA i ad f ; =[b 4], thn ths carespub to
a conponentuise relalive backunrd error dsassed in [456. Hs hdwad ara miars tle
spasity strictue & A adb | simeif A ;=0 6 A ;;m5t eqi zerq adsinlalyfa 6 b ;. ‘hsit

1s asignfratly nre strirgat badsmd ara ressre thn the momse ae.



It tums at the 1t asts Juwt tw et xectia mtigies to capte w:

Az b ;
i (Bl )

(lere | " x| dades tle wctar o dsdute atries  © z; silaly |A| dude the rarix d asdute
atries & A). s it is qite dep to capte w fa @ abitray badead ara;, réing it
sutdle atle fa ara etimtiaia & astqprg aiteia fa itedive reiaet.
Te ressan the capatvse rd dive backvard arar is irteresting is the fdlowg thearemd
Jed [3:
Theorem: Tt A is it twill-cadtiaed adif the capats d tle wda 4] - |2| &t ay
too ah in ragituk, then ae step  iteratie refierat, greatees thit tle caponatvse
rdative lkmd ara 1s antle ady o radhre peasian s 1s trie eenif the residds ae
captedinsitge pedasian
Nte tht ths thaemiddes the cmatiad visdmthe it is b wrth dirg iterdive
refimat uless tle residds ae captedtohder thmsitgde peasian Fe assutianaat
the caments d | A] - || iy le idaedif bth A adb ae sparse, soinpractice ve nst sacrifie
tle smsity strutwe d 66 by ccosiad Ly pamitting f i tole lagr thn |b i|. Wheer inpratice
w cn dvas greatee tht & A his the saaspasity stntue & A; see [ fa dtals. s, it
1s qite wathhile to b asirge step d iterdive refremt wthsirge pedsian residds.
(dresprdiy to the ldewrdara w Wichdpds on P and f s a cadtiannrler vhich
dsodprd o F ad f. Sypoe Av = ad (A48 A)(z 46 ) = +6 b . Wilie the cadtian
niker  the stemAz =b wthrespect to F and f a8

e e/l _ A B el 4
A b)= linsp -
N (V33 [l
6b -9

W JHK

Srre tle tre sdtionz 1s wdly ukom ve nst qpaame ths cad tianite sadow

@ vy 1s to sustitite tle capted sduian ~ x fa . Fe dle wyis towe s vhch
s the cadtionnrder. Iy the mmise bdwarderar, ths yidds the wd cadtion

ner & =] o - A 7|, adfa the cmmetyise daive bdvad ara, ths yidd k=

[[|A =] - |Al|| o Hther vay an gpradme ara hodis dtared by mtigying the backvard

ara w lytle cadtionniber

Bolke _
lfe Il co
Te adatae d wig ||| A 1Al oo o the rae cavatiad ||4]] o+ A 7Y oo is the it is
lagy, adsaeties nchadler, espeadlyif A is bdyronscaed (rte thet || A 14 ) o

is inbpaht  the rosscdingd 4). In dher wrds, ae step  iterdtive refiamt, tend to
cared poor rowscding [§. Tadae, tle ara etime £ - w 1y be nohsdler wig tle
capetase rd die badwrd ara ad cadtionner dter ae step o iterdi e refieat,
then wing the romase hkmrd errae ad cad tion e [1].

"Ble wd, 1t 1s recessay to be dle to estirde the cadtion nrber degdy It tus at

to e ireqmE e to gt rdidle estirdes d e Fl4 b)faayE adf, sedmaetitaa in
[2] fa estirntirg the aerono idiityrand a mrix B ghen tle dility to qiddy fam
Bxr a B Tz fa aywda z; wn B =A 1 adtle fatas € A ae aaldle ths is imked

irepasie. Teidais & fdlos:

1A ~HE 2] )] o =4 "o ko
dee g =F|° 2|+ nle apted dthasinde mrixeda mdtigy Srilaly
NATH A oo SlIA 7A€ o FIIA 7H 9 o

4



dere e is the dunveda d dl aes adg = Ale e le capted wth asirge mtrixedar

nitigy Inayewat, w reed to ke dle toestirate ||| A g | vEre g is anmegtie wda.
Wean b ths wirg tle estirbar in[23 & fdlow: Tt G =diag (g 1, - -n)g Tng =Ge ad

AT g lke FllA M- Gelleo A T Glloo HllA T'A oo A 716 o
hs, towe [23 w red tole de tordtigy by A ~1G (addits traspse) Wichis esysiie G

is degrd adw ke tle Wfatas & A

31.2 "Binqus basad o Itadive Rdirmmat with Kktadkd Preasian
Rsidds
his 1s a stathd tednqe spested by Wk If tle residds ae capted to dalle
pmeasiay theneachstep d 1terative refierat shod direresse the acaracy o the captedsditian
lyafata & apaimdye - [J4]]- |4 U} Tettigz ¢ dude the sddiandter ¢ stes d iteratine
refierat, ths irgies | t— 2 Y/ (e || ) shodd ke anestirae o |JA]]- | |4 ~Y} adthe dter x g
stop dagrg it s cnergd to the carect sdtian Ufatusdy; ths is b dvags rdidle
Lecase iteraive refremt cangyear tocararge eentloghtle sditianis caetd ywagif A
isaffiatlyill-cadtiaed Asq the estirted [JA]]: ||A ~|myte toohigha toolow Trked in
[ Whirson recarend agarst wing ths rethod wthot an indperdst cad tion estiretar.
Nrethdess, iterative refterat wth etenbd pedsian residds is an imprtat tednqe far
irpoirg the accrayy o a capted sdian

3.2 Design Issues for Iterative Refinenent and Condition

Estinmationin LAPAK
321  Hilibdia
Acarm tedriqge to inpoe the cadtiaing d” A is tosce its ros arf/ a cduis by pe-
atfa pstrdtigying A by rasingla degrd rerics. Srge sidd scding (i.e. refadig A
by DA a@ AD vith D dagydl ad rosirglar) to ree the to8 (@ «dus) & A hee eqdl
ranean ke stomto redee the cadtionnrder (wthrespect to the 2romito ithn afata:
d n /2 o the rinm oer dl dagrd D I A is symetric psitive dffite, symetric scling
DAD to rde the dagrds d A dl eqd redres tle cadtion niber to wthn a fata  n
d . It is it & wdl urhistood lowto & twesidd scding D 1ADo; ingrerd curet,
dgrithm dtent to rde the row ad dus & D 1AD 5 e realy eqd s 1% swch

cock arratly exsts in INXK stold ae ke adbd” Mte thet ae step I itardie refremt
wthsitge peasian residds tek to atadicdly rosscde inarealy qtird vay

322 Btadd ReasiaaRsidd A cardaian

Tere ae severd dffilties wthirapraigetadd peasiairesidd acmaiqunalibray

Te fist is thet twice wrkirg reasianis it aaldleinarahre indpatht vy @ saties

it aaldle & dl: mred peasian BS irdamtdias ae b mivasdly aaldle nor ae
quedyle atd dille capex aithetic. Scar] dfiat residd captdian wldregire a

wrk veda tostae tle residdl (inadr towe a dunaiated dgrithyy ths if hthsingde
ad die peasianresidd acom diaare tobe roadd ather dffrat sdratire raes ae
reqired @ dse hithsirge ad dale peasian wrkvectas wd dhwe tole psed ae d Which
wld le igoed T fist sduianis dffilt becase tle lintdian d 6 daater svatire
raes Aready taes rang dffilt, ad the secad sdution rdes the cdling seqee e
cagicded Hrdly & dsassed insetian L2 ths is it ardidle mthd far ara estirstian

i)



intle dsare d anindpadst cadtiestiraia. Tedae w paese it toirduk 1terative
refierat, wth eterdd predsianresidd aamddian s astaded pat  TAXI dtlogh
ve Wil indcae bowit cald e wittenintarm d dler sdratires intle libeay,

323 Esytowse Diver

Tere ae tw dias pesihlities fa an emy to we diver, ae carespodig to tle dace &
Whism a amse ldead ara, ad tle dler carespadig to capatvse rddive
ladkvardara. Bt ae wldwrk s fdlos:

1 Diterdie refrat wth a carergare aiterianswch a:
Rpeat util w i<neaw;/w;_1> .5

In dler wads, w pafamiteaive rdimat util the doad erar 1s les thmne a

1 lagr doremes by & least afata 2 Widias arths iduk dagigne toe a
saadle W (s in[1), a algamimmiteraio cont (s it stad, the nrbe o
itadias caldle & lag & the niber & hts intle fration d the fleting part fare,
dthoghths is igly ulildy).

2 Rtirde the cadtionnrber . Aty we waldrepat 1/ & to the wer, sinee the redp
rocd is zero (rather thmirfiity) fa aneadtly siglar retrix

3 (dpte the rdative ara bud £ - w adretun it to the wer. If ths wdd oerfbw(a
jut be geter thn 1), retun 1 Aso retun the frd residdl vedtar to the wer.

Teraa gestianis Wi chresue o lackardara shaldbe wed T rammse remsure 1s
st rchist inthet it is esatidly gaatesd to be sl ("GEssiandirmionrodres asml
residel”) even witlot iterdive refierat. Bt ths reas iterative refieat wald sddnte
dre, adeenif it wre the pssile baefts wald it be refbted in the cad tion niker ad
ara boud retured to tle wer (irdidatly inroed rowscding ad srdler codtionnrter, a
tiny caqrrertvise rddive bdvad errar). Aterretivdy the copratvise rd dive bacvard
ara wldrdbt thee baefts, ht if A add ae sprse thnw mymwe ke sdl, enif the
sditianis qite aarde.

Acpaise wld ke to we E = |A] (capratise rdadie ara in A) ad f
(romise arar ind ). s I wiled wll inpratice an dffilt spase pdlam (1, dtloghit
drs it dvas ge the tigtest erra bard @k sawtet upemsat fedre d ths backvrd
ara resue is the it is i rowscding indpaht.  (Acthe dteretive, e f
draiedly dypedrg an the captatiay is dsassed in[1)).

Afid pssihilityis to poick dl thee hdkard et ressires and to rdle the wer duse
ae d tlanths is pdaly too capicaed far the emsytowe diver.

Resung w dose eactly ae lakvrd ara ressue to e wsed by tle esytose diver,
ve pause tle fdlomg dling seqare fa it:

SGESVE(TRANS, N, A, LDA, AF, LDAF, IPIV, B, X, R, E, RCOND, INFO)
CHARACTER*1 TRANS

INTEGER N, LDA, LDFA, IPIV(*), INFO

REAL A(LDA,*), AF(LDFA,*), B(*), X(*), E, RCOND

ARGUMENTS
TRANS - CHARACTER*1
SPECIFIES FORM OF EQUATION TO SOLVE
IF TRANS = "N’ OR ’n’, SOLVE A*X=B

QOO

i =l

; 1s den



IF TRANS = T’ OR ’t’ OR ’C’ OR ’c’, SOLVE A’*X=B
UNCHANGED ON EXIT

N - INTEGER - NUMBER OF ROWS AND COLUMNS OF A AND AF,
NUMBER OF ROWS OF B, R AND X
N MUST BE AT LEAST O, UNCHANGED ON EXIT

A - REAL ARRAY OF DIMENSION (LDA,*)
COEFFICIENT ARRAY, UNCHANGED ON OUTPUT

LDA - INTEGER - LEADING DIMENSION OF A, UNCHANGED ON EXIT,
MUST BE AT LEAST MAX(1,N)

AF - REAL ARRAY OF DIMENSION (LDAF,*)

CONTAINS LU FACTORIZATION OF A ON EXIT
LDAF - INTEGER - LEADING DIMENSION OF AF, UNCHANGED ON EXIT
IPIV - INTEGER ARRAY OF DIMENSION (*), NEEDS TO BE
AT LEAST MAX(1,N), CONTAINS PIVOT INFORMATION FOR
LU FACTORIZATION ON EXIT

B - REAL ARRAY OF DIMENSION (N), CONTAINS RIGHT HAND SIDE,
UNCHANGED ON EXIT

X - REAL ARRAY OF DIMENSION (N), CONTAINS SOLUTION ON EXIT

R - REAL ARRAY OF DIMENSION (N), CONTAINS RESIDUAL A*X-B
ON EXIT

E - REAL - CONTAINS RELATIVE ERROR BOUND FOR X ON EXIT

RCOND - REAL - CONTAINS RECIPROCAL OF ESTIMATED CONDITION NUMBER
OF A ON EXIT

INFO - INTEGER -
IF INFO=0 ON EXIT, NORMAL TERMINATION
IF INFO .GT. O ON EXIT, POINTS TO FIRST ZERO PIVOT
INU

QOO0 a0

Tere 18 dso avasianfa mtige rigt lad sidks:

SGESME(TRANS, N, NRHS, A, LDA, AF, LDFA, IPIV, B, LDB,

+ X, LDX, R, LDR, E, RCOND, INFO)
c E - REAL ARRAY OF DIMENSION (NRHS), ON EXIT CONTAINS RELATIVE
c ERROR BOUND FOR EACH RIGHT HAND SIDE

wth tle etra pragas 1B IX ad IRfa tle ledig dresas B Xad B add
MiE fa the nuber o rigt hadsids (dus B X ad B.

3.2.4 User Suppied Measue of Uicatandy inthe Daa

My was kowa can estirde the acaracy w user toch tlar dais kom Insuch ces
arge rdeat ara bardthnw - £ (w is the bakad erra dtarived by the cod) waldbe

Wys er k. Juldtle esytowe diver e magrat fa w us e adrebuntle podet w
adler agrat? If sq lowtoddw us e Fe Tessred (ramiise, capoertvise rd ative, dler)?

325 Test far Sigdaity nrg Haglar Fataizaian

Wirgese tolme o test far sirglaity drirg triapla fataizgiay, cagetingthe fataiza
timeenif A hes a cagetdy zero duna row Te resdting fataizdia mystill be d we
tothe wer, eenif 1t is 1t wdd fa iterdive rfreat.

17

user K 111



3.3 Questions for the Communi ty
his setiansutaizes the dsign qestias rased in the revias sectias.

1 Suld a eqilibrdion ratire ke irlukd in tle lilkay?  Weh gtias stodd it dlow
(aesicd et a rigt, twsidd symeric)?

2 Sodditerative refierat wth dible (@ etenbd) pedsianreside cdaddionlbe 1€t to
the wa?

3 W ladward e ressire stodd be wed in the esytowe diver (ramise, capp
ratvise rddive, acapraise e tle tw wa’s ddee d ae d the three, dher)?

4 Guidtle ewytowe divar acgt a wa-sypied remire w user d the uvatartyin the
daad apte meara bardw us e K adanit rater thn tle bdomdara w d tle
dgrith If sq wth respect to Whichladward arar ressure sloldw us e 1 TEmsred’

5 Ts it qpopide it totest far sirglaity drirg e fataiztiaP
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251  Origrd Ba Bidagrd

o QRTe wiat d QRinTAXKwrkingrite £ ("irfiat zaoshft QR) enaapte
dl tle siigla s to fdl rddive pedsian Woagecture thet wth a saetet mae
camerndive staping aiteria (Wi chwal drde the dgrithsaste sloer - o
w dxit koy tle sirglar wectas can dso be capted very avarady & dsari bed aoee.

o MG It gpeas dffilt to garatee hgh rdaive acarary in ay sititian frartle zero
fidr in & C

o BMBMan dso capte dl the siglar s to gateed high rd dtive acaragy Tt
is urlea lowaarady ve can capte the sirglar wectas viainerse iteation (catarly
to wthintle casatiad era band ht peles 1 to the cajectured liger ae).

252  Origrd BtaIase

Ules sawthrgspad is komant the dta dl that cnle sadis thet the resd tirg hd agd

is eatly athygdly eqivdat to a rerix wthin a sl dsdute dstave f(n)e ||4]| S the
aigr dta A. s o (oatifiid) das  mrics is kon vere tle siigla s ae
ctarrired by the dita to tetter thn asdue acuay Tadae, exh d QR B:Cad BM

les the saapodie ata paerties: grateed dsdite acaracy

233 B /Nhd Mutaic Aitheic
hs issie is 1daticd to the ce o the synetric trid agrd agapddem

2.6 Over/Underflow Susceptibility Tradeoffs Aneng (R,
D&C B/M

hs issie is 1daticd to the ce o the synetric trid agrd agapddem

2.7 Speed Tradeoffs Aneng (R, D& Cand B/M

Waly dsass hdagrd da lere, siree tle redetian to hdagyd famis the samfa dl

thee If the aigrd dHais dase, tle timfa redrtion to hdagrd famay cerddntle

dffrerves between dgrithmw dsass Iow hs 1s mticadaly lildyif sipla Wws aly

ave dired sine the cot o this is O(n 2) veres the redtion costs O(n 3). Hee tle irptat
amraratd festires ad gtias ae

o Svid @ padld dgrithm
o Wchsirgla s, sirglar vetas dsired

— Smasigla dwes aly

— Al sirgla s aly

— Smsiigla dws ad ssodded sirglar vectas
— Al sirgla s ad sirglar wectas

Te adsis is idaticd totle e o the syeric tridagrd agyprdian



