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Abstract

The usual QR algorithm for finding the eigenvalues of a Hessenberg
matrix H is based on vector-vector operations, e.g. adding a multi-
ple of one row to another. The opportunities for parallelism in such
an algorithm are limited. In this report, we describe a reorganization
of the QR algorithm to permit either matrix-vector or matrix-matrix
operations to be performed, both of which yield more efficient imple-
mentations on vector and parallel machines. The idea 1s to chase a k
by k bulge rather than a 1 by 1 or 2 by 2 bulge as in the standard QR
algorithm. We report our preliminary numerical experiments on the

CONVEX C-1 and CYBER 205 vector machines.

1 Introduction

The usual QR al gorithmfor finding the eigenval ues of a Hessenberg na-
trix H is based on vector-vector operations, e.g. adding a multiple of one
rowto another, or one columm to another. The conputed eigenval ues are
deflated one by one for real eigenvalues, or pair by pair for conpl ex conju-
gate ei genval ues. The opportunities for parallelismin such an al gorithmare
limted.

There are several papers proposing parallel inplenmentations of the QR
algorithm e.g. [Boley’ 86, Stewart’87, Van de Ceijn’87 and Davis e d’87].
Al these inplenentations performvector-vector operations in their inner-
nost 1 oops.

Qur approach is motivated by the availability of the Level 2 and Level
3 BLAS (Basic Linear Al gebra Subroutines) for performng matrix-vector
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and matrix- natri x operations effici ently on hi gh perfornance nachi nes [see
Ibngarra et d’ 86,87] . Mtrix- vector operations include natrix-vector nul ti-
plication, rank- 1 matrixupdate, and sol vi ng tri angul ar systens of equations;
matrix-natrix operations include matrix-natrix nultiplication, rank-k ma-
trix update, and sol ving triangul ar systens wi th nany ri ght hand si des.

The vector-vector operations (Level 1 BLAS) on which the usual QR
al gorithmis based can generally not be inplenented as efficiently as the
larger granul arity matrix- vector and natrix-natrix operations. This ineffi-
ciency is usually a result of poor nenory hierarchy utilization. This leads
us to attenpt to restructure the usual QRal gorithmto have matri x- vector
and natrix- mattix operation inside the inner loops. Evenif nore floating
point operations are introduced by restructuring, the nore eflici ent inner
l oops nay provi de a faster overall al gorithm

Inthis paper, we will describe sucharestructured QRal gori thm Briefly,
instead of asingle or double shift providing a 1 by 1 or 2 by 2 “bul ge” whi ch
is “chased” one col umm at a tine as in the usual QRalgorithm we will use
k siml taneous shifts, resulting in a k by k£ bulge which is then chased p
columms at a time. p and k are architecture dependent paraneters, which
can be tuned to optimze performance. W choose the k shifts to be the
eigenval ues of the bottomright & by k& principal sub-natrix.

W have perforned prelimnary nunerical tests of the al gorithmon the
VX G 1 and CYBER 205. (king strai ghtforward Level 2 and Level 3
BLAS i npl enentations, our al gorithmperforns better then the vectorized
usual QRalgorithm(hgrfromthe FISPACKLibrary [Smth’76] ). Wen we
use optim zed BLAS for these archi tectures and polish our codes, we expect
to get even better perfornance.

For sinplicity, itis assunedthat the reader is famliar withthe sequential
QRal gorithn{see [ Stewart’ 73] ). The followingis anoutline of the al gorithm
let A€ R™"  the explicitly shifted QR al gorithmproduces a sequence

Ag, A, ..., of simlar matrices as follows:
Ag =A
for k =1, 2, ...

Ap1 — sp—1d =Q p—1 Rj—1;
Ap =R -1 Qp—1 +5 111 ;

The scalars g1 are called origin shiftg.;@s orthogonal and R4
is upper triangular. Ior accelerating convergence and avoiding conplex
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arithnetic for real natrices, the inplicit double shift QRal gorithmis used,
resul tingin 2 by 2 bul ge chasingineach QRsweep, see [ Francis’ 61,62, Stew
art’73].

The (Riteration has tvwo inportant properties: lLet us first introduce
sone addi tional notation. lLet

Qr-1 =Q 0Q1+ Qi

and

Ri 1 =R 1 Ria- - Ro.
Then fromthe fact A4 =@ E_l A 1Qir_1, it follows that

Ap = Q-1 A0Qp
or sinceQy_q is orthogonal
Ak — Sk_ll I@E_I(A— Sk—llﬁk—l .

Denote
i =(A—sol)(A—sl) - (A—spl).

Qur (R algorithm which we call Wak mitishift (B depends on the
folloving two well-known facts about (Riteration:

Fact 1: Q)1 Ryp_q =11 (®, see [Stewart’73].

Fact 2: Iet Abe an unreduced upper Hessenberg natrix, and suppose
that it is transforned by anorthogonal natrix W i nt b MW, whichis also
an unreduced upper Hessenberg matrix. Then if the first colum of W is

gi ven by wy = H}T)Hﬂk)’ where 7r§k) is the first col umm of T, the resul ting
T

matrixis identical tothe kth nmatrix generated by shifted QRiteration, i.e.
A =W TAW, see [Francis’61].

Fact 1 reveals the connection betvween the (Riteration and the pover
nethod applied to IfH. Fact 21is a restatenent of a theoremfrom|Fan-
ics’61] in nore nodern termnology. It is usually called the “inplicit
theoremas presented in [Stewart’73, Colub and Van loan’83, Paige’87].
Taken together, they showthat if we can conpute just the first col um
7r£k) of (M, A, can be conputed directly fromd by findi ng an orthogo-
nal W such that WX AW is upper Hessenberg and the first col umm of W is
proportional to%ﬁ).

The rest of this paper is organized as follows. In section 2, we describe
the inplicit miltishift QRalgorithm Then, in sections 3 to 6, nore de-
tails about the inplenentation of the al gorithm such as the choice of the
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shifts, determning the first col unm of th& Ik by k bul ge chasing and the
convergence criterion are presented. Prelim nary nunerical tests of the al go-
rithmon the CONVEX G 1 and CYBER 205 vector nachi nes are reported

insection 7. Fnally, we discuss future vwork.

2 The Inplicit Multishift QRA gorithm

The usual explicit or inplicit QRalgorithmuses 1 or 2 shifts to conpute
Ay or Ay fromAg =A If we assune k shifts {gF, are available, we will
showthat the foll owing al gori thmconputesAli rectly fromegl

1. Hnd the first col um 771(k) of T, where
D =(Ao =l ) (4= pzl) - {Ao— il ).
2. Determne a Hbusehol der transformati on =1 — ululT such that
P17r£k) =ceq.

where ey is the first col umm of the identity matrix I.

3. Premul tiply and postmul tiply A by £

PLAgP =D

4. Reduce Bto upper Hessenberg form
P,y -PBPy- <P,y =P, APy =B1.

where P, =P P;- -P, 1, andfor ¢+ > 1, ;Fs a Househol der matrix
chosen to zero out rows ¢ +1 through m @i +k, n) of colum ¢ — 1.

W will showthat By = A;. o see this, note thatyg?)ris a vector
with the last n — k — 1 elenents zero, sincey fAu; 1} is a set of upper

Hessenberg matrices. Then Househol der matri xR ransforns ék) to oe.
Ater K pre- and post-multipliesg Ait is easy to see that Bis an upper
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Hessenberg matrix with a k by k bulge, e.g. for n =9, k =3

[} X X X X
[} |X X X X
[X X X X X
X X X X X
X X X X X X
XX X X X X X
XX X X X X X X

XX XX X X X X X
XX XX X X X X X
~~
—
~—

Then a sequence of Househol der transformations; Bre used to reduce B
to upper Hessenberg form After each applicatiof-P)” the k& by k& bul ge
noves one step down the subdi agonal ; this is called “chasing”. It is easy to
see that
Pn—l €1 IP1€1.

Since K is determined by the first col umm of (FP, we knowthat By =A
by Fact 2.

The above al gorithmdefines a single QRsweep. Then we take 4 as
Ap to start another sweep. Nowwe will consider howto choose k shifts
simil taneously, howto effici ently conpute the first col um dfIland how
to chase the k£ by k bulge of B. Al of these problens will be discussed in

detail in the followi ng sections.

3 Multishift Schemnas

Howto choose k shifts {45, ina Rsweepis one of the basic problens of
the al gori thm The noti vation of using mul tishifts rather than 1 or 2 shifts
is to deflate a snall submatrix, presumably about k& by k. The prospective
shifting schenes are as follows:

S1. k eigenval ues of the k x k trailing principle submatrix.

S52. The k di agonal elenents of the k x k trailing principle submatrix.

S3. th=po=. .. =l =gy

S4. 1y =p 2 =... =i =the eigenvalue of the £ x k trailing principle
natrix that is nearest to,g.

Sh. Conpute k 41 ei genval ues of the bottomk +1 by k£ +1 matrix, and
pick k of themclosest to the last set of k shifts, see [ Kahan’88].
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The schene S1is a generalization of the double shift (Rschene. The
schemes S2 and S3 can be regarded as the generalized Rayleigh shifts. The
scheme S4 generalizes Wlkinson’s shift. Al the schenes were nunerically
tested usi ng MMILAB. The test resul ts elimnated the schenes 52 and S3 as
nonconpetiti ve. The schenes S1 and S4 are conpetitive for small nmatrices,
but for large matrices (e.g., larger than 100), the schene S1is nore efficient.

Kahan cl ains the schene S5 raises the order of convergence, and nakes
cycling mich less likely. Bat our prelimnary tests for schene S5 have not
shown mich benefit over schene S1. Mre analysis is necessary for this
schene.

In practice, we will al ways take £ even to avoi d conpl ex arithnetic and
sinplify the logic. It is well-known that to find all eigenvalues of a k X k
real nmatrix using standard QR about Skflops are necessary, see [ Col ub

and Van Loan’ 83] .

4 Deternmning the First Glum of II ¥
W recall that 1% is defined as
I =(A= oI )(A= ol ) -+ (A= il ).

or

I =(A=p o) (A= pa D) - (A=),

since the (A— gl ) commte. It is easy to see that(Alis a lower banded
matrix, with lower bandwidth & +1 because Ais upper Hessenberg. A
trivial way to compute the first colurmy%) =11 (Me; is to use matrix-
vector multiplications directly to formthe first col umi®f This takes

k3 +O0(k ?) flops, if we assune that all shifts are real. But this would be
rather suscepti bl e to overflowand underflow. Thus, after eachmul tiplication
by (A— p;1), we must rescale the resul ting vectors to have approxi mtely
uni t norm since we only need the direction of the final vector, no essential
informationis lost.

5 Block £ by & Bul ge Chasing

JFromsection 2, we see that chasing the £ by & bulge is the core of the
algorithm F course, instead of using (vens rotations to chase 1 by 1
or 2 by 2 bulges as in the usual (R algorithm we can use Househol der
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transformations to chase a k by k bul ge col umm by col unim. Wwill see that
this leads to an algorithmwi th natrix-vector (Level 2 BLAS) operations
in the inner loop. But since our purpose in developing the mil tishift QR
al gorithmis to nake the conputation richin natrix-natrix operations, we
can do bl ock chasing. The ideais to partition the natrix by col urms into
n/p blocks:

B=( By, By, . .,.B,,)

where each B; has roughly p columms, and then chase the bul ge bl ock by
block, p colums at a tine. At each block, we aggregate the Househol der
transformtions and appl y themin a bl ocked fashi on.

The process with p =1 can be described as follows: At the ¢ thstep, the
bul ge has been chased to ¢th colum. e.g. for n =9, at the 3th step, the
matrixis of the form

X
X

X X X

[} X |[X X X X X
[X [X X X X X X
[X X X X X X X
XX X X X X X
XX X X X X X X

XX X X X X X X X
XX X X X X X X X

JHomthe 7 th col umm of the reduced matrix B we can construct the House-
hol der transformation; =1 —u;ul, (|| 4| =v2) to “chase” the bul ge from
the ¢th columm to the (¢ +1)-st col urm. Applying % the matrix B can
be expressed as a rank-2 update (Level 2 BLAS):

Biy = PB;iP;=(I —uul)B(I —yu})

T T
B —wv; — wiu;

where
T
Y = BZ Uy,
z = Bu;,
T
vi =y — (5w,
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In the process, Bis repeatly nodified. A each stage, the matrix is
updated by a rank-2 matrix, and only k& +2 rows and k£ +2 col unms of the
natrix are changed. T achieve better nenory utilization, we can aggregate
a sequence of transfornations, say p of them so that the mtrixis updated
by a rank 2p matrix, and so (p +k +1) rows and (p +k +1) col unms of the
matrix will be updated simul taneously. This works as follows: Let us start
fromBy =Bfor sinplicity. Instead of explicitly updating the natrix with
a rank tvo change, we only formthe second col umm of B, sayby, 1.e.

(2) (2)

by 1 =by — vy Uy —uywy,

where v£2), L&z) are the second el enents of the vector and uy. From by
we can conpute u 9, and construct gyand z9 as follows:

v2 = (B — UlvlT - w1U1T)Uz,
z = (B — ulvlT — wluT)uz.
W then explicitly formfBas follows:

Bs = By - ulvlT - wlulT - uzva - wguzT

= Bi—(w, w)(u, ) — (w1, w)(wu, v
= B — U,V,f — WU,

T

W can continue the process and in general find for a rank-2p updating:
Bpp1 =B 1= UV} =W, U}

e.g. startingfromthe mtrixin (1) withp =2, after the first bl ock updati ng
the matrix looks 1ike

X X X X X X X X X
X X X X X X X X X
X X X X X X X X
X X X X X X X
X X X X X X X
X X X X X X X
X X X X X X X

X X X

X X

These considerations nay be summed up in the follow ng algorithm
where the jth colum of amatrix Xis denoted by 7 or X,gj), a submatrix
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conposed of the ¢thto jth columms of natrix Xis denoted by )ém), and
ac;j:])denotes a sub- vector conposed by the 2 th to jth conponents of vector
Tk

Algorithm 1( Bige (sing). let Abe an upper Hessenberg matrix
with a k by k£ bul ge. This al gori thmchases the bul ge to reduce Ato upper
Hessenberg form In particular, toreduce afull real general natrixto upper

Hessenberg form choose k =n — 2. p is the block size.
N =(n—-2)/p; Nis the nunber of the blocks.

forl =1, .., N; outer loop.
s =(l —1)p+1; s is the first col umm index in each bl ock.
forj =s, ..., s+p—1; 1inner loop.
¢ =s tmod (j — 1, p) +1;
kq =q +k - 1;
BT A Ot
conpute i such that (I —ujil)b; =o jes;
letu; =(0, ...,u), 0, ...";0phere; occupies the gth

to kgth conponents of wu;.
s:7—1 s:7—1 s:7—1 s:7—1
Y; :(B _ Ul( J )Vl( J F _ Wl( J )Ul( J F)Tu],;
s:7—1 s:7—1 s:7—1 s:7—1
5 =(B- IUI(T] )Vl( =1F Wl( J )Ul( J F)uj;
v =Y - 5(%‘ ;) uj;
wj =2 ; — 3 (yluj)u;

U@ —y
V[(]) =vj;
Wl(]) =w ;

end of 7 loop
B=B-U V;' =W, U/;
end of [ loop

Note that by choosing k£ =n — 2, the above al gori thmreduces a dense
natrix to upper Hessenberg form Thus, QR iteration and reduction to
Hessenberg formcan be thought of as special cases of the same general
al gorithm

Thus restructuri ng QRto chase a k by k bul ge p col unms at atine lets us
use level 3 BLASin the innernost 1oop of the al gori thm The aggregation
i dea was proposedin [ Dbngarra et d.” 87], whi ch showed howto reduce a full
natrix to upper Hessenberg form
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(bunting the floati ng- poi nt operations reveals that if we chase the £ by
k bul ge one col umm at a tine (p =1), one sweep costs 2Fdlops. &k sweeps
of the usual single shift QRor k/2 sweeps of the usual double shift QRal-
gorithmal so cost approxi mately 2Blops. In aggregating transfornations
to performthe bl ock chasing, additional workis required to foamdyz;.
The addi tional work anounts to:

(k44 p) +O(n).

Note that we use matrix- vector operations (Level BLAS 2) in the jloop for
conputing y; and z;, and matrix-matrix operations (Level 3 BLAS) for the
[ Toop updating. Thus, the newal gorithmmst have an execution rate at
least% + 4p tines as great as the standard al gorithmin order to have a
speed up (assuning approxi natel y equal convergence rates).

6 Convergence Giterion

Wrecall that inthe standard QRal gori thm the convergence test first 1 ooks
for a negligible subdi agonal elenent to set to zero and deflate a subnatrix
(called deflati on techni que 1), and thenlooks for twosnall consecutive sub-
di agonal el enents whose product is negligible (called deflation technique IT).
The (Riteration then works on the snmaller submatrices. The approxi mate

ei genval ues are conputed one by one for real eigenval ues, or pair by pair for
conpl ex conjugate ei genval ues.

The notivationof mil tishift (Riterationis todeflate several eigenval ues
simil taneously, i.e. to find a negligible subdi agonal el enent near subdi ago-
nal n—k rather thann—1or n—2as instandard (Riteration. If a deflated
submatrix has dinension snaller than sone g (which depends on k), we
will sinply use standard QR (hgrfromEl SPACK) to conpute its eigenval -
ues. Thus the algorithmis a hybrid of the standard and bl ock mul tishift
(R al gorithns.

Fxperience with MAXILAB indicates that deflation techni que I intro-
duces extra flops and data novenent exceeding the benefit of the faster
convergence, so we have chosen not to inplenent it in our code (although
itis retainedin hg, which our code calls).
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7 Nunerical Tests

Nurerical tests of the block mul tishift QRiteration were carried out on
the CONVEX G 1 conputer at (ourant Institute, New York University

and CYBER 205 at John von Neunann National Superconputer (enter.

The CONVEX has a vector architecture with register toregister operations
and pi pelined functional units, and has a cycle tine of 100 ns whi ch resul ts
in a theoretical peak performance of 10 MLOPS for sinple operations
and 20 MFLOPS for conpound add/mul tiply operations assum ng 64- bit
arithnetic. The nenory is nanaged on a fixed-size page basis. There is a
FORIRAN vectorizing conpiler. (ONVEXrates their nachine as 1/6 of

the CRAY 1- S in speed.

The Control Dhta (brporation CYBER 205 is a vector conputer like
the (ray-1, but does not contain vector registers. Hence any data to be
processedis transferreddirectl y fromnenory to the desi gnated vector func-
tional unit and back to nenory. The cycle tine of the CYBER 205 is 20
nsec. Vector units nmay runin parallel under certain circunstances.

Al the codes of block inplenentation of reduction to upper Hessenberg
form(in short: sgehrd) and mul tishift QRiteration (in short: shseg) for
Hessenberg formare written in standard Fortran 77, with as nany natri x-
vector(Level 2 BLAS) and natrix- matrix(Level 3 BLAS) operations as pos-
sible in order to exploit the nenory hierarchy.

For the test results reported on the CONVEXin this paper we used
VHCLIB, a collection of FORIRAN callable subprograns providi ng basic
nat henati cal software includi ng the BLAS. W use the —O2 optionin the
(ONVEX FORIRAN conpi ler fe to performmnachi ne-independent 1ocal
and gl obal optim zations plus vectorization.

(h CYBER 205, we have so far programmed all the BLAS codes our-
sel ves in Fortran, and so expect future performance i nprovenents.

The paraneters k, p and ps denote the nunber of shifts in each (R
sweep and bl ock sizes for Hessenberg reducti on and bul ge chasing, (see [ Don-
garra e d.’87] for details onthe Hessenberg reduction al gorithm. As stated
insection3, the k shifts are chosen as the k ei genval ues of the k x k trailing
principle submatrix. So for k£ =2 and p=p o =1, our al gorithmcan be
regarded as the “standard” inplicit double shift QRiteration.

Qur prelimnary experinents are based on the following classes of na-
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trices (each matrix entry chosen independently as follows):

nornal : standard nornal distribution with nean 0, variance 1
.[—1, 1] uniformdistribution oh—1, 1]
.[0, 1] : uniformdistribution op0, 1]

The sizes of the test natrices range from100 up to 400. 'The tining in
seconds for finding all eigenval ues and no ei genvectors of full real matrices
by FEISPACK orthes and hgr, and sgehrd p 1) and shseg(k, p2) in 64 bit
precision on the CONVEXare listedin Table 1 and 2, where the FI SPACK

codes are al so optimzed using the —O2 conpiler option. Wsee fromTable

2 that the block mul tishift QRalgorithmis about 20% to 45%faster than
the FISPACKcodes. W expect that shsegrwith nore careful coding woul d

be better. Fvidence for thisis showninthat the shseqgr withoptiml choices
of the parameters k,pand pois 2to4 tines faster than shseqgr withk =2,

p1 =p o =1, which shoul d be equi val ent to the “standard CR’.

n | matrices| othes sgehrd p 1) | speedup
timng | timng

200 | [0, 1] 7.30 | 2.83(12) 2. 58
200 | [-1,1] |6.93 | 3.03(12) 2.29
200 | normal | 7.53 | 2.85(12) 2. 54

256 | [0,1] | 14.35 | 5.90(8) 2. 43
256 | normal | 14.90 | 5.55(8) 2.68
300 | [0,1] | 22.45 | 8.87(12) | 2.53

300 | [-1,1] | 23.00 | 8.78(12) 2. 62
300 | normal | 21.95 | 8.58(12) 2. 56

400 | [-1,1] 52.13 | 19.75(12) 2.64
400 | normal | 50.85 | 19.88(12) 2.56

Table 1. Reduction timning on CONVEXG 1
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n | matrices| hgr | timng| shseqr| timng(k, 9 | speedup
iter.| (sec) iter. | (sec)

200 | [0, 1] 342 | 15.65 44 13.02(18,6) 1.20
200 | [-1,1] 372 | 15.83 40 11.90(18,7) 1.33
200 | nornal 386 | 17.03 50 15.78(118,6) 1.20

256 | [0, 1] 478 1 30.73 87 26.34(12,6
256 | nornal 481 | 31.47 70 21.45(14,6

1.17
AT

e e’
—_

300 | [0,1] 559 | 47.15 | 106 | 38.53(12,6) | 1.22
300 | [-1,1] | 551 | 46.22 | 100 | 35.15(12,6) | 1.31
300 | normal | 573 | 46.67 | 104 | 36.54(12,6) | 1.28

400 | [-1,1] 702 | 96. 65 122 69. 68(14,6) 1. 39
400 | nornal 711 | 97.27 127 75.15(14,6) 1.29

Table 2. (QRiteration tining on CONVEX G 1

The timng costs on CYBER 205 in 32-bit arithnetic of reduction to
upper Hessenberg formand QRiteration are listedin Tables 3 and 4 respec-
tively. The last col urm of the tables are the speedups. W beat F SPACK
by a factor 8 14 in reduction to Hessenberg formand a factor 1.7-2.61in QR
iteration.
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n | matrices| othes shsegr(p 1) | speedup
timng | ti mng
200 | [0,1] | 4.81 | 0.58(12) | 8.29
200 | [-1,1] | 4.80 | 0.58(12) | 8.28
200 | nornal 4.80 0.59(12) | 8.14
256 | [0, 1] 10.50 | 1.01(8) 10. 40
956 | normal | 10.50 | 0.99(8) | 10.60
300 | [0, 1] 17.21 | 1.46(12) | 11.79
300 | [-1,1] 17.19 | 1.44(12) | 11.93
400 | [-1,1] 42.07 | 2.92(12) | 14.41
400 | nornal 42.65 | 2.88(12) | 14.81

Table 3. Reduction timng on Gyber 205
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n | matrices| hy shseg(k,p 2) | speedup

timng | timng

200 | [0, 1] 15.63 | 9.21(18,6) | 1.70
200 | [-1,1] | 17.23 | 7.25(18,7) | 2.38
200 | normal | 17.62 | 8.78(18,6) | 2.01
256 | [0, 1] 29.81 | 17.50(12,6) | 1.70

256 | nornal 34.75 | 14.28(14,6) | 2.43

300 | [0, 1] 45.11 | 23.94(12,6) | 1.88
300 | [-1,1] | 45.26 | 23.26(12,6) | 1.94

400 | [-1,1] 132.31| 50.71(14,6) | 2.61
400 | nornal 127.46 | 51.53(14,6) | 2.47

Table 4. QRiteration timng on Cyber 205

JFHomour prelimnary nunerical tests, we nake the follow ng remarks.
Mich anal ysis remains to be done.

Rwk 1: In our test exanples, the shsegr produces the sane eigen-
val ues as the FISPAK codes to at least ten decinal places even for very
ill-conditioned eigenproblens. Swsepis, of course, backward stable.

Rnwk 2: In table 1, the paraneters k and p ; and p, are chosen by
local optimzation. For exanple, let matrix A be 128 x 128 having entries
chosen i ndependently fromthe uni formdistribution on [0,1]. (Bing shsap,
we first fix paraneter p, and vary k to find the £ mnimzing the running
tine (Fgure 1). Then for this locally optimal &k, we vartopm ni mze
the runni ng tine (Fgure 2). Howto characterize the optinal paraneters k
and po is still not very clear. W expect these paraneters to be nachine-
dependent, dependi ng on the nunber of vector registers, cache size etc.

Rk 3 By "iter’, we nean the total nunber of QRsweeps to find all

eigenval ues. In general, it is seen that the nore shifts used, the fewer (R
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Figure 1: The ti mng cost depending on k, p=d

Figure 2: The timng cost dependi ng ongp k£ =14
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sweeps are necessary. 'lhe Hspack QRroutine hgrtakes about 2n sweeps

to find all eigenval ues, but shsegrtakes only abo@n sveeps. W observe
enpirically that in shseg, after several (R sweeps, a snall subdiagonal

el enent appears near the position n — k, i.e. a submatrix of approxinate
size kxkissplit out, sowe canfindits ei genval ues directly bycalling H spack
R algorithm For exanple, for a 300 x 300 [ -1, 1] unifornly distributed
natrix, using shsegrwi th k = 26 and p; =4, the nunber of QRsweeps and
corresponded size of the deflated submatrix bl ocks are shown in Table 5:

iter |31 21|15 |44 5|4 ]4|3 ]34

block| 26 | 22| 3 | 10 | 26 | 26 | 24 | 26 | 26 | 25 | 26 | 25 | 35

Table 5

This is what we expected. Mre tests and anal ysis will be needed to
see whether this is true in more general cases. Wstill need to anal yze the
asynptotic convergence rate of the al gorithm

Rrwk 4: 1f we can consistently deflate & by k subblocks as suggested
in Renark 3, this could be used to design a parallel divide and conquer
schene.

Rk 5: 'The shsegrwi th schene S4 (c¢f. Section 3) took about doubl e
the tine of shsegrwith shift schene S1.

8 Future Work

This is the first report of workin progress. Future work will include optim z-
ing our shsegrcodes, nunerical tests on (RAYand Alliant FX/8 nachines,

and findi ng opti nal paraneters k, pand py for diflerent size matrices and
speci fic nachi ne archi tectures. The asynptotic convergence rate as a func-
tionof the mul tishift nunber k will be discussedindetail (see | Wtkins’88]),
The final version of this code will be a part of the LAPACKIinear al gebra
library (see [J. Demmel e d’ 87]).
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