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ntroducti on

The usual QR al gor i thmf or �ndi ng the ei genval ues of a Hessenberg ma-
tr i x i s based on vector- vector operat i ons , e. g. addi ng a mul t i pl e of one
rowto another , or one col umn to another . The computed ei genval ues are
de
ated one by one f or real ei genval ues , or pai r by pai r f or compl ex conj u-
gate ei genval ues . The opportuni t i es f or paral l el i smi n such an al gor i thmare
l i mi ted.

There are several papers propos i ng paral l el i mpl ementat i ons of the QR
al gor i thm, e. g. [ Bol ey' 86, Stewart ' 87, Van de Gei j n' 87 and Davi s et al' 87] .
Al l these i mpl ementat i ons perf ormvector- vector operat i ons i n thei r i nner-
most l oops.

Our approach i s moti vated by the avai l abi l i ty of the Level 2 and Level
3 BLAS (Basi c Li near Al gebra Subrout i nes) f or perf ormi ng matr i x- vector

1
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and matr i x-matr i x operat i ons e ci ent l y on hi gh perf ormance machi nes [ see
Dongarra et al' 86, 87] . Matr i x- vector operat i ons i ncl ude matr i x- vector mul t i -
pl i cat i on, rank- 1 matr i x update, and sol vi ng tr i angul ar systems of equat i ons ;
matr i x-matr i x operat i ons i ncl ude matr i x-matr i x mul t i pl i cat i on, rank- k ma-
tr i x update, and sol vi ng tr i angul ar systems wi th many ri ght hand s i des .

The vector- vector operat i ons (Level 1 BLAS) on whi ch the usual QR
al gor i thmi s based can general l y not be i mpl emented as e ci ent l y as the
l arger granul ar i ty matr i x- vector and matr i x-matr i x operat i ons . Thi s i ne -
ci ency i s usual l y a resul t of poor memory hi erarchy ut i l i zat i on. Thi s l eads
us to attempt to restructure the usual QRal gor i thmto have matr i x- vector
and matr i x-matr i x operat i on i ns i de the i nner l oops. Even i f more 
oat i ng
poi nt operat i ons are i ntroduced by restructur i ng, the more e ci ent i nner
l oops may provi de a f aster overal l al gor i thm.

I n thi s paper , we wi l l descr i be such a restructured QRal gor i thm. Bri e
y,
i nstead of a s i ngl e or doubl e shi f t provi di ng a 1 by 1 or 2 by 2 \bul ge" whi ch
i s \chased" one col umn at a t i me as i n the usual QRal gor i thm, we wi l l use
k s i mul taneous shi f ts , resul t i ng i n a k by k bul ge whi ch i s then chased p

col umns at a t i me. p and k are archi tecture dependent parameters , whi ch
can be tuned to opt i mi ze perf ormance. We choose the k shi f ts to be the
ei genval ues of the bottomri ght k by k pri nci pal sub-matr i x.

We have perf ormed prel i mi nary numeri cal tests of the al gor i thmon the
CONVEXC- 1 and CYBER205. Usi ng strai ghtf orward Level 2 and Level 3
BLAS i mpl ementat i ons , our al gor i thmperf orms better then the vector i zed
usual QRal gor i thm(hqr f romthe EI SPACKl i brary [ Smi th' 76] ) . When we
use opt i mi zed BLAS f or these archi tectures and pol i sh our codes , we expect
to get even better perf ormance.

For s i mpl i ci ty, i t i s assumed that the reader i s f ami l i ar wi th the sequent i al
QRal gor i thm(see [ Stewart' 73] ) . The f ol l owi ng i s an out l i ne of the al gor i thm.
Let A n�n , the expl i ci t l y shi f ted QR al gor i thmproduces a sequence
A0; A1; : : : ; of s i mi l ar matr i ces as f ol l ows:

A0 =A
f or k =1; 2; : : :

Ak�1 � sk�1 I = k�1 k�1 ;
Ak = k�1 k�1 +s k�1I ;

The scal ars sk�1 are cal l ed or i gi n shi f ts .k�1 i s orthogonal and k�1

i s upper tr i angul ar . For accel erat i ng convergence and avoi di ng compl ex
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ar i thmeti c f or real matr i ces , the i mpl i ci t doubl e shi f t QRal gor i thmi s used,
resul t i ng i n 2 by 2 bul ge chas i ng i n each QRsweep, see [ Franci s ' 61, 62, Stew-
art ' 73] .

The QR i terat i on has two i mportant propert i es : Let us �rst i ntroduce
some addi t i onal notat i on. Let

~
k�1 = 0 1 � � �k�1

and
~
k�1 = k�1 k�2 � � �0:

Then f romthe f act Ak = T
k�1Ak�1 k�1 , i t f ol l ows that

Ak = ~T
k�1A0

~
k�1

or s i nce~k�1 i s orthogonal

Ak � sk�1 I = ~T
k�1 (A� sk�1I )~k�1 :

Denote
(k) =(A� s 0I )(A� s1I ) � � �(A� sk�1I ) :

Our QR al gor i thm, whi ch we cal l block multishift QR, depends on the
f ol l owi ng two wel l - known f acts about QRi terat i on:

act 1: ~
k�1

~
k�1 = (k), see [ Stewart ' 73] .

act : Let A be an unreduced upper Hessenberg matr i x, and suppose
that i t i s transf ormed by an orthogonal matr i x i ntoTA , whi ch i s al so
an unreduced upper Hessenberg matr i x. Then i f the �rst col umn of i s

gi ven by w1 =
1

k�(k)1 k
�
(k)
1 , where �(k)1 i s the �rst col umn of (k), the resul t i ng

matr i x i s i dent i cal to the kth matr i x generated by shi f ted QRi terat i on, i . e.
Ak = TA , see [ Franci s ' 61] .

Fact 1 reveal s the connect i on between the QR i terat i on and the power
method appl i ed to (k). Fact 2 i s a restatement of a theoremf rom[ Fran-
i cs ' 61] i n more modern termi nol ogy. I t i s usual l y cal l ed the \ i mpl i ci t Q"
theoremas presented i n [ Stewart ' 73, Gol ub and Van Loan' 83, Pai ge' 87] .
Taken together , they show that i f we can compute j ust the �rst col umn

�
(k)
1 of (k), Ak can be computed di rect l y f romA0 by �ndi ng an orthogo-

nal such that TA i s upper Hessenberg and the �rst col umn of i s

proport i onal to �
(k)
1 .

The rest of thi s paper i s organi zed as f ol l ows. I n sect i on 2, we descr i be
the i mpl i ci t mul t i shi f t QR al gor i thm. Then, i n sect i ons 3 to 6, more de-
tai l s about the i mpl ementat i on of the al gor i thm, such as the choi ce of the
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shi f ts , determi ni ng the �rst col umn of the(k), k by k bul ge chas i ng and the
convergence cr i ter i on are presented. Prel i mi nary numeri cal tests of the al go-
r i thmon the CONVEXC- 1 and CYBER205 vector machi nes are reported
i n sect i on 7. Fi nal l y, we di scuss f uture work.

T e ml i ci t ul ti s i f t RAl gori t m

The usual expl i ci t or i mpl i ci t QR al gor i thmuses 1 or 2 shi f ts to compute
A1 or A2 f romA0 =A. I f we assume k shi f ts i

k
i=1 are avai l abl e, we wi l l

showthat the f ol l owi ng al gor i thmcomputes Ak di rect l y f romA0.

1. Fi nd the �rst col umn �
(k)
1 of (k), where

(k) =(A 0 � 1I )(A0 � 2I ) � � �(A0 � kI ) :

2. Determi ne a Househol der transf ormati on P1 =I � u1u
T
1 such that

P1�
(k)
1 =�e 1:

where e1 i s the �rst col umn of the i dent i ty matr i x I .

3. Premul t i pl y and postmul t i pl y A by P1

P1A0P1 =B:

4. Reduce B to upper Hessenberg f orm

Pn�1 � � �P2BP 2 � � �Pn�1 = ~PT
n�1A0

~Pn�1 =B 1:

where ~Pn�1 =P 1P2 � � �Pn�1 , and f or i 1, Pi i s a Househol der matr i x
chosen to zero out rows i +1 through mi n( i +k; n) of col umn i � 1.

We wi l l show that B1 =A k . To see thi s , note that �
(k)
1 i s a vector

wi th the l ast n � k � 1 el ements zero, s i nce A0 � iI i s a set of upper

Hessenberg matr i ces . Then Househol der matr i x P1 transf orms �
(k)
1 to �e1.

Af ter P1 pre- and post-mul t i pl i es A0 , i t i s easy to see that B i s an upper
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Hessenberg matr i x wi th a k by k bul ge, e. g. f or n =9; k =3

B
B
B
B
B
B
B
B
B
B
B
B
B
B

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � �

� � � �

� � �

� �

C
C
C
C
C
C
C
C
C
C
C
C
C
C

: (1)

Then a sequence of Househol der transf ormati ons Pi are used to reduce B
to upper Hessenberg f orm. Af ter each appl i cat i on Pi( � )Pi, the k by k bul ge
moves one step down the subdi agonal ; thi s i s cal l ed \chas i ng". I t i s easy to
see that

~Pn�1 e1 =P 1e1:

Si nce P1 i s determi ned by the �rst col umn of (k), we knowthat B1 =A k

by Fact 2.
The above al gor i thmde�nes a s i ngl e QR sweep. Then we take Ak as

A0 to start another sweep. Nowwe wi l l cons i der how to choose k shi f ts
s i mul taneous l y, howto e ci ent l y compute the �rst col umn of(k), and how
to chase the k by k bul ge of B. Al l of these probl ems wi l l be di scussed i n
detai l i n the f ol l owi ng sect i ons .

ul ti s i f t c emes

Howto choose k shi f ts i
k
i=1 i n a QRsweep i s one of the bas i c probl ems of

the al gor i thm. The moti vat i on of us i ng mul t i shi f ts rather than 1 or 2 shi f ts
i s to de
ate a smal l submatr i x, presumabl y about k by k . The prospect i ve
shi f t i ng schemes are as f ol l ows:

S1. k ei genval ues of the k � k trai l i ng pr i nci pl e submatr i x.
S2. The k di agonal el ements of the k � k trai l i ng pr i nci pl e submatr i x.
S3. 1 = 2 =: : : = k =a n;n .
S4. 1 = 2 = : : : = k =the ei genval ue of the k � k trai l i ng pr i nci pl e

matr i x that i s nearest to an;n .
S5. Compute k +1 ei genval ues of the bottomk +1 by k +1 matr i x, and

pi ck k of themcl osest to the l ast set of k shi f ts , see [ Kahan' 88] .
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The scheme S1 i s a general i zat i on of the doubl e shi f t QR scheme. The
schemes S2 and S3 can be regarded as the general i zed Rayl ei gh shi f ts . The
scheme S4 general i zes Wi l ki nson' s shi f t . Al l the schemes were numeri cal l y
tested us i ng MATLAB. The test resul ts el i mi nated the schemes S2 and S3 as
noncompet i t i ve. The schemes S1 and S4 are compet i t i ve f or smal l matr i ces ,
but f or l arge matr i ces (e. g. , l arger than 100), the scheme S1 i s more e ci ent .

Kahan cl ai ms the scheme S5 rai ses the order of convergence, and makes
cycl i ng much l ess l i kel y. But our prel i mi nary tests f or scheme S5 have not
shown much bene�t over scheme S1. More anal ys i s i s necessary f or thi s
scheme.

I n pract i ce, we wi l l al ways take k even to avoi d compl ex ar i thmeti c and
s i mpl i f y the l ogi c. I t i s wel l - known that to �nd al l ei genval ues of a k � k

real matr i x us i ng standard QR, about 8k3 
ops are necessary, see [ Gol ub
and Van Loan' 83] .

etermi ni ng t e Fi rst Col umn of (k

We recal l that (k) i s de�ned as

(k) =(A� 1I )(A� 2I ) � � �(A� kI ) :

or
(k) =(A� kI )(A� k�1I ) � � �(A� 1I ) ;

s i nce the (A� iI ) commute. I t i s easy to see that(k) i s a l ower banded
matr i x, wi th l ower bandwi dth k +1 because A i s upper Hessenberg. A

tr i vi al way to compute the �rst col umn �
(k)
1 = (k)e1 i s to use matr i x-

vector mul t i pl i cat i ons di rect l y to f ormthe �rst col umn of(k); thi s takes
1
6
k3 +O(k 2) 
ops, i f we assume that al l shi f ts are real . But thi s woul d be

rather suscept i bl e to over
owand under
ow. Thus, af ter eachmul t i pl i cat i on
by (A� iI ) , we must rescal e the resul t i ng vectors to have approxi matel y
uni t norm, s i nce we onl y need the di rect i on of the �nal vector , no essent i al
i nf ormati on i s l ost .

l ock ul ge C asi ng

>Fromsect i on 2, we see that chas i ng the k by k bul ge i s the core of the
al gor i thm. Of course, i nstead of us i ng Gi vens rotat i ons to chase 1 by 1
or 2 by 2 bul ges as i n the usual QR al gor i thm, we can use Househol der
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transf ormati ons to chase a k by k bul ge col umn by col umn. We wi l l see that
thi s l eads to an al gor i thmwi th matr i x- vector (Level 2 BLAS) operat i ons
i n the i nner l oop. But s i nce our purpose i n devel opi ng the mul t i shi f t QR
al gor i thmi s to make the computat i on r i ch i n matr i x-matr i x operat i ons , we
can do bl ock chas i ng. The i dea i s to part i t i on the matr i x by col umns i nto
n=p bl ocks :

B=( �B1; �B2; . . .; �Bn=p)

where each �Bi has roughl y p col umns, and then chase the bul ge bl ock by
bl ock, p col umns at a t i me. At each bl ock, we aggregate the Househol der
transf ormati ons and appl y themi n a bl ocked f ashi on.

The process wi th p =1 can be descr i bed as f ol l ows: At the i th step, the
bul ge has been chased to i th col umn. e. g. f or n =9, at the 3th step, the
matr i x i s of the f orm

B
B
B
B
B
B
B
B
B
B
B
B
B
B

� � � � � � � � �

� � � � � � � � �

� � � � � � � �

� � � � � � �

� � � � � � �

� � � � � � �

� � � � � � �

� � �

� �

C
C
C
C
C
C
C
C
C
C
C
C
C
C

:

>Fromthe i th col umn of the reduced matr i xBi, we can construct the House-
hol der transf ormati onPi =I �u iu

T
i , (k ui k = 2) to \chase" the bul ge f rom

the i th col umn to the ( i +1)- st col umn. Appl yi ng Pi to the matr i x Bi can
be expressed as a rank- 2 update (Level 2 BLAS):

Bi+1 = PiBiPi =(I � uiu
T
i )Bi(I � uiu

T
i )

= Bi � uiv
T
i � wiu

T
i

where

yi = BT
i ui;

zi = Biui;

vi = yi � (zTi ui)ui;

wi = zi
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I n the process , B i s repeat l y modi �ed. At each stage, the matr i x i s
updated by a rank- 2 matr i x, and onl y k +2 rows and k +2 col umns of the
matr i x are changed. To achi eve better memory ut i l i zat i on, we can aggregate
a sequence of transf ormati ons , say p of them, so that the matr i x i s updated
by a rank 2p matr i x, and so (p +k +1) rows and (p +k +1) col umns of the
matr i x wi l l be updated s i mul taneous l y. Thi s works as f ol l ows: Let us start
f romB1 =B f or s i mpl i ci ty. I nstead of expl i ci t l y updat i ng the matr i x wi th
a rank two change, we onl y f ormthe second col umn of B2, sayb̂2, i . e.

b̂2 : =b2 � v
(2)
1 u1 � u

(2)
1 w1;

where v
(2)
1 , u

(2)
1 are the second el ements of the vector v1 and u1. From b̂2

we can compute u 2, and construct y2 and z2 as f ol l ows:

y2 = (B1 � u1v
T
1 � w1u

T
1 )u2;

z2 = (B1 � u1v
T
1 � w1u

T
1 )u2:

We then expl i ci t l y f ormB3 as f ol l ows:

B3 = B1 � u1v
T
1 � w1u

T
1 � u2v

T
2 � w2u

T
2

= B1 � (u1; u2)(v1; v2)
T
� (w1; w2)(u1; u2)

T

= B1 � U2V
T
2 � 2U

T
2 :

We can cont i nue the process and i n general �nd f or a rank- 2p updat i ng:

Bp+1 =B 1 � UpV
T
p � pU

T
p :

e. g. start i ng f romthe matr i x i n (1) wi th p =2, af ter the �rst bl ock updat i ng
the matr i x l ooks l i ke

B
B
B
B
B
B
B
B
B
B
B
B
B
B

� � � � � � � � �

� � � � � � � � �

� � � � � � � �

� � � � � � �

� � � � � � �

� � � � � � �

� � � � � � �

� � �

� �

C
C
C
C
C
C
C
C
C
C
C
C
C
C

:

These cons i derat i ons may be summed up i n the f ol l owi ng al gor i thm,

where the j th col umn of a matr i x Xk i s denoted by xj or X
(j)
k , a submatr i x
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composed of the ith to j th col umns of matr i x Xk i s denoted by X
(i:j)
k , and

x
( i: j)
k denotes a sub- vector composed by the i th to j th components of vector

xk.

Algorithm 1(Bulge Chasing) . Let A be an upper Hessenberg matr i x
wi th a k by k bul ge. Thi s al gor i thmchases the bul ge to reduce A to upper
Hessenberg f orm. I n part i cul ar , to reduce a f ul l real general matr i x to upper
Hessenberg f orm, choose k =n� 2. p i s the bl ock s i ze.

N =(n� 2)=p ; N i s the number of the bl ocks .
f or l =1; : : ; N; outer l oop.

s =( l � 1)p +1; s i s the �rst col umn i ndex i n each bl ock.
f or j =s ; : : : ; s +p � 1; i nner l oop.

q =s +mod (j � 1; p) +1;
kq =q +k � 1;

bj : =b
(q: kq)
j �

Pj�1
i=s (v

( i)
j u

(q: kq)
i +u ( i)

j w
(q: kq)
i ) ;

compute ûj such that (I �ûj û
T
j )bj =� je1;

l et uj =(0; : : : ; 0; ^uj; 0; : : : ; 0)T; where ûj occupi es the q th
to kq th components of uj .

yj =(B � U
(s: j�1)
l V

(s: j�1)T

l �
(s: j�1)
l U

(s: j�1)T

l )Tuj ;

zj =(B� U
(s: j�1)
l V

(s: j�1)T

l �
(s: j�1)
l U

(s: j�1)T

l )uj ;
vj =y j �

1
2
(zTj uj)uj ;

wj =z j �
1
2
(yTj uj)uj ;

U
(j)
l =u j ;

V
(j)
l =v j ;
(j)
l =w j ;

end of j l oop
B=B� U lV

T
l � lU

T
l ;

end of l l oop

Note that by choos i ng k =n � 2, the above al gor i thmreduces a dense
matr i x to upper Hessenberg f orm. Thus, QR i terat i on and reduct i on to
Hessenberg f ormcan be thought of as speci al cases of the same general
al gor i thm.

Thus restructur i ng QRto chase a k by k bul ge p col umns at a t i me l ets us
use Level 3 BLAS i n the i nnermost l oop of the al gor i thm. The aggregat i on
i dea was proposed i n [ Dongarra et al.' 87] , whi ch showed howto reduce a f ul l
matr i x to upper Hessenberg f orm.
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Counti ng the 
oat i ng- poi nt operat i ons reveal s that i f we chase the k by
k bul ge one col umn at a t i me (p =1), one sweep costs 2kn2 
ops. k sweeps
of the usual s i ngl e shi f t QRor k=2 sweeps of the usual doubl e shi f t QRal -
gor i thmal so cost approxi matel y 2kn2 
ops. I n aggregat i ng transf ormati ons
to perf ormthe bl ock chas i ng, addi t i onal work i s requi red to f ormyj and zj .
The addi t i onal work amounts to:

(k +
1

2
p)n2 +O(n) :

Note that we use matr i x- vector operat i ons (Level BLAS 2) i n the j l oop f or
computi ng yj and zj , and matr i x-matr i x operat i ons (Level 3 BLAS) f or the
l l oop updat i ng. Thus, the newal gor i thmmust have an execut i on rate at
l east 3

2
+ p

4k
t i mes as great as the standard al gor i thmi n order to have a

speed up (assumi ng approxi matel y equal convergence rates) .

6 Convergence Cri teri on

We recal l that i n the standard QRal gor i thm, the convergence test �rst l ooks
f or a negl i gi bl e subdi agonal el ement to set to zero and de
ate a submatr i x
(cal l ed de
at i on techni que I ) , and then l ooks f or two smal l consecut i ve sub-
di agonal el ements whose product i s negl i gi bl e (cal l ed de
at i on techni que I I ) .
The QRi terat i on then works on the smal l er submatr i ces . The approxi mate
ei genval ues are computed one by one f or real ei genval ues , or pai r by pai r f or
compl ex conj ugate ei genval ues .

The moti vat i on of mul t i shi f t QRi terat i on i s to de
ate several ei genval ues
s i mul taneous l y, i . e. to �nd a negl i gi bl e subdi agonal el ement near subdi ago-
nal n�k rather than n�1 or n�2 as i n standard QRi terat i on. I f a de
ated
submatr i x has di mens i on smal l er than some n0 (whi ch depends on k) , we
wi l l s i mpl y use standard QR(hqr f romEISPACK) to compute i ts ei genval -
ues . Thus the al gor i thmi s a hybr i d of the standard and bl ock mul t i shi f t
QRal gor i thms.

Exper i ence wi th MATLAB i ndi cates that de
at i on techni que I I i ntro-
duces extra 
ops and data movement exceedi ng the bene�t of the f aster
convergence, so we have chosen not to i mpl ement i t i n our code (al though
i t i s retai ned i n hqr, whi ch our code cal l s) .



BlockMultishift QRAlgorithm 11

7 Numerical Tests

Numeri cal tests of the bl ock mul t i shi f t QR i terat i on were carr i ed out on
the CONVEX C- 1 computer at Courant I nst i tute, New York Uni vers i ty
and CYBER 205 at John von Neumann Nati onal Supercomputer Center .
The CONVEXhas a vector archi tecture wi th regi ster to regi ster operat i ons
and pi pel i ned f unct i onal uni ts , and has a cycl e t i me of 100 ns whi ch resul ts
i n a theoret i cal peak perf ormance of 10 MFLOPS f or s i mpl e operat i ons
and 20 MFLOPS f or compound add/mul t i pl y operat i ons assumi ng 64- bi t
ar i thmeti c. The memory i s managed on a �xed- s i ze page bas i s . There i s a
FORTRANvector i zi ng compi l er . CONVEXrates thei r machi ne as 1/6 of
the CRAY1- S i n speed.

The Control Data Corporat i on CYBER 205 i s a vector computer l i ke
the Cray- 1, but does not contai n vector regi sters . Hence any data to be
processed i s transf erred di rect l y f rommemory to the des i gnated vector f unc-
t i onal uni t and back to memory. The cycl e t i me of the CYBER205 i s 20
nsec. Vector uni ts may run i n paral l el under certai n ci rcumstances .

Al l the codes of bl ock i mpl ementat i on of reduct i on to upper Hessenberg
f orm(i n short : sgehrd) and mul t i shi f t QR i terat i on ( i n short : shseqr) f or
Hessenberg f ormare wri tten i n standard Fortran 77, wi th as many matr i x-
vector(Level 2 BLAS) and matr i x-matr i x(Level 3 BLAS) operat i ons as pos-
s i bl e i n order to expl oi t the memory hi erarchy.

For the test resul ts reported on the CONVEX i n thi s paper we used
VECLIB, a col l ect i on of FORTRAN- cal l abl e subprograms provi di ng bas i c
mathemati cal sof tware i ncl udi ng the BLAS. We use the �O2 opt i on i n the
CONVEXFORTRANcompi l er fc to perf ormmachi ne- i ndependent l ocal
and gl obal opt i mi zat i ons pl us vector i zat i on.

On CYBER205, we have so f ar programmed al l the BLAS codes our-
sel ves i n Fortran, and so expect f uture perf ormance i mprovements .

The parameters k , p1 and p2 denote the number of shi f ts i n each QR
sweep and bl ock s i zes f or Hessenberg reduct i on and bul ge chas i ng, (see [ Don-
garra et al.' 87] f or detai l s on the Hessenberg reduct i on al gor i thm). As stated
i n sect i on 3, the k shi f ts are chosen as the k ei genval ues of the k �k trai l i ng
pr i nci pl e submatr i x. So f or k =2 and p1 =p 2 =1, our al gor i thmcan be
regarded as the \standard" i mpl i ci t doubl e shi f t QRi terat i on.

Our prel i mi nary exper i ments are based on the f ol l owi ng cl asses of ma-
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tr i ces (each matr i x entry chosen i ndependent l y as f ol l ows) :

normal : standard normal di str i but i on wi th mean 0, var i ance 1
: [�1; 1] :uni f ormdi str i but i on on[�1; 1]
: [ 0; 1] : uni f ormdi str i but i on on[ 0; 1]

The s i zes of the test matr i ces range f rom100 up to 400. The t i mi ng i n
seconds f or �ndi ng al l ei genval ues and no ei genvectors of f ul l real matr i ces
by EI SPACK orthes and hqr, and sgehrd(p 1) and shseqr(k; p 2) i n 64 bi t
preci s i on on the CONVEXare l i sted i n Tabl e 1 and 2, where the EI SPACK
codes are al so opt i mi zed us i ng the �O2 compi l er opt i on. We see f romTabl e
2 that the bl ock mul t i shi f t QRal gor i thmi s about 20% to 45%f aster than
the EI SPACKcodes . We expect that shseqrwi th more caref ul codi ng woul d
be better . Evi dence f or thi s i s shown i n that the shseq r wi th opt i mal choi ces
of the parameters k , p1 and p2 i s 2 to 4 t i mes f aster than shseq r wi th k =2,
p1 =p 2 =1, whi ch shoul d be equi val ent to the \standard QR".

n matr i ces orthes sgehrd(p 1) speedup
t i mi ng t i mi ng

200 [ 0, 1] 7. 30 2. 83(12) 2. 58
200 [ - 1, 1] 6. 93 3. 03(12) 2. 29

200 normal 7. 53 2. 85(12) 2. 54

256 [ 0, 1] 14. 35 5. 90(8) 2. 43
256 normal 14. 90 5. 55(8) 2. 68

300 [ 0, 1] 22. 45 8. 87(12) 2. 53

300 [ - 1, 1] 23. 00 8. 78(12) 2. 62
300 normal 21. 95 8. 58(12) 2. 56

400 [ - 1, 1] 52. 13 19. 75(12) 2. 64
400 normal 50. 85 19. 88(12) 2. 56

Tabl e 1: Reduct i on t i mi ng on CONVEXC- 1
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n matr i ces hqr t i mi ng shseq r t i mi ng(k; p2) speedup
i ter . (sec) i ter . (sec)

200 [ 0, 1] 342 15. 65 44 13. 02(18, 6) 1. 20

200 [ - 1, 1] 372 15. 83 40 11. 90(18, 7) 1. 33
200 normal 386 17. 03 50 15. 78(18, 6) 1. 20

256 [ 0, 1] 478 30. 73 87 26. 34(12, 6) 1. 17
256 normal 481 31. 47 70 21. 45(14, 6) 1. 47

300 [ 0, 1] 559 47. 15 106 38. 53(12, 6) 1. 22

300 [ - 1, 1] 551 46. 22 100 35. 15(12, 6) 1. 31
300 normal 573 46. 67 104 36. 54(12, 6) 1. 28

400 [ - 1, 1] 702 96. 65 122 69. 68(14, 6) 1. 39
400 normal 711 97. 27 127 75. 15(14, 6) 1. 29

Tabl e 2: QRi terat i on t i mi ng on CONVEXC- 1

The t i mi ng costs on CYBER 205 i n 32- bi t ar i thmeti c of reduct i on to
upper Hessenberg f ormand QRi terat i on are l i sted i n Tabl es 3 and 4 respec-
t i vel y. The l ast col umn of the tabl es are the speedups. We beat EI SPACK
by a f actor 8- 14 i n reduct i on to Hessenberg f ormand a f actor 1. 7- 2. 6 i n QR
i terat i on.
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n matr i ces orthes shseqr(p 1) speedup
t i mi ng t i mi ng

200 [ 0, 1] 4. 81 0. 58(12) 8. 29

200 [ - 1, 1] 4. 80 0. 58(12) 8. 28
200 normal 4. 80 0. 59(12) 8. 14

256 [ 0, 1] 10. 50 1. 01(8) 10. 40
256 normal 10. 50 0. 99(8) 10. 60

300 [ 0, 1] 17. 21 1. 46(12) 11. 79

300 [ - 1, 1] 17. 19 1. 44(12) 11. 93

400 [ - 1, 1] 42. 07 2. 92(12) 14. 41
400 normal 42. 65 2. 88(12) 14. 81

Tabl e 3: Reduct i on t i mi ng on Cyber 205
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n matr i ces hqr shseqr(k; p 2) speedup
t i mi ng t i mi ng

200 [ 0, 1] 15. 63 9. 21(18, 6) 1. 70

200 [ - 1, 1] 17. 23 7. 25(18, 7) 2. 38
200 normal 17. 62 8. 78(18, 6) 2. 01

256 [ 0, 1] 29. 81 17. 50(12, 6) 1. 70
256 normal 34. 75 14. 28(14, 6) 2. 43

300 [ 0, 1] 45. 11 23. 94(12, 6) 1. 88

300 [ - 1, 1] 45. 26 23. 26(12, 6) 1. 94

400 [ - 1, 1] 132. 31 50. 71(14, 6) 2. 61
400 normal 127. 46 51. 53(14, 6) 2. 47

Tabl e 4: QRi terat i on t i mi ng on Cyber 205

>Fromour prel i mi nary numeri cal tests , we make the f ol l owi ng remarks.
Much anal ys i s remai ns to be done.

Remark 1: I n our test exampl es , the shseqr produces the same ei gen-
val ues as the EI SPACKcodes to at l east ten deci mal pl aces even f or very
i l l - condi t i oned ei genprobl ems. Shseqr i s , of course, backward stabl e.

Remark 2: I n tabl e 1, the parameters k and p 1 and p2 are chosen by
l ocal opt i mi zat i on. For exampl e, l et matr i x A be 128� 128 havi ng entr i es
chosen i ndependent l y f romthe uni f ormdi str i but i on on [ 0, 1] . Us i ng shseqr,
we �rst �x parameter p2 and vary k to �nd the k mi ni mi zi ng the runni ng
t i me (Fi gure 1) . Then f or thi s l ocal l y opt i mal k , we vary p2 to mi ni mi ze
the runni ng t i me (Fi gure 2) . Howto character i ze the opt i mal parameters k
and p2 i s st i l l not very cl ear . We expect these parameters to be machi ne-
dependent, dependi ng on the number of vector regi sters , cache s i ze etc.

Remark 3: By ' i ter ' , we mean the total number of QRsweeps to �nd al l
ei genval ues . I n general , i t i s seen that the more shi f ts used, the f ewer QR
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Fi gure 1: The t i mi ng cost dependi ng on k , p2 =4

Fi gure 2: The t i mi ng cost dependi ng on p2, k =14
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sweeps are necessary. The Ei spack QR rout i ne hqr takes about 2n sweeps
to �nd al l ei genval ues , but shseqr takes onl y about1

4
n sweeps. We observe

empi r i cal l y that i n shseqr, af ter several QR sweeps, a smal l subdi agonal
el ement appears near the pos i t i on n � k, i . e. a submatr i x of approxi mate
s i ze k�k i s spl i t out , so we can �nd i ts ei genval ues di rect l y by cal l i ng Ei spack
QRal gor i thm. For exampl e, f or a 300 � 300 [ - 1, 1] uni f orml y di str i buted
matr i x, us i ng shseqrwi th k = 26 and p2 =4, the number of QRsweeps and
corresponded s i ze of the de
ated submatr i x bl ocks are shown i n Tabl e 5:

i ter 31 2 1 1 5 4 4 5 4 4 3 3 4

bl ock 26 22 3 10 26 26 24 26 26 25 26 25 35

Tabl e 5

Thi s i s what we expected. More tests and anal ys i s wi l l be needed to
see whether thi s i s true i n more general cases . We st i l l need to anal yze the
asymptot i c convergence rate of the al gor i thm.

Remark 4: I f we can cons i stent l y de
ate k by k subbl ocks as suggested
i n Remark 3, thi s coul d be used to des i gn a paral l el di vi de and conquer
scheme.

Remark 5: The shseqrwi th scheme S4 (cf . Sect i on 3) took about doubl e
the t i me of shseqrwi th shi f t scheme S1.

8 Future Work

Thi s i s the �rst report of work i n progress . Future work wi l l i ncl ude opt i mi z-
i ng our shseqr codes , numeri cal tests on CRAYand Al l i ant FX/8 machi nes ,
and �ndi ng opt i mal parameters k , p1 and p2 f or di �erent s i ze matr i ces and
speci �c machi ne archi tectures . The asymptot i c convergence rate as a f unc-
t i on of the mul t i shi f t number k wi l l be di scussed i n detai l (see [ Watki ns ' 88] ) ,
The �nal vers i on of thi s code wi l l be a part of the LAPACKl i near al gebra
l i brary (see [ J. Demmel et al' 87] ) .
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