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1 Introduction

Wreviewthe theory of condi tionnunbers for the nonsymetric ei genprobl em and descri be

al gorithns for estinating them W provide a nanual for the LAPACKsubrouti nes STRSNA

and STRSEN, whi ch conpute these condi tion nunbers for natrices in Schur canoni cal form

W assune the reader is famliar with the basic theory of the nonsymetric eigenprobl em
eigenval ues, right and left eigenvectors, multiple eigenval ues and right and left invariant
subspaces.

The condi tion nunber of a problemneasures the sensitivity of the solution to smll
changes in the input. W call the problemill-conditionedif its condition nunber is large,
and ill-posed if its condition nunber is infinite. W nay use condition nunbers to bound
errors in conputed sol uti ons of nunerical problens.

Willustrate this withasinple exanple. It is well known that the condition nunber for
sol ving a systemof 1inear equations is k( AN ||| ||, where || - || is any matrix operator
norm(we will be nore specific about norns later). Suppose that linear systemAz =bis
sol ved vi a Ghussian elimnation with partial pivoting, or sone other stable scheme. Let
be the conputed sol ution. Then one nmay bound the error by:

le—a_
&l

where ma chep s is the machine precision. 'The size of the constant inplicit in the O(- )
notation depends on the size of the matrix, pivot growth, etc.

(bndi tion nunbers may be expensive to conpute exactly. For exanple, conputing
kE(A) for even the sinplest matrix norns is three tines as expensive as solving Az =bin
the first place. Therefore, one usually uses an inexpensive estimate in place of the exact
E(A). Ior exanple, a method for estimating k(A) is included in LINPACK which costs
just O(A) extra beyond the O(#) cost of sol ving Az =b. The price one pays for using an
estinate is occasional (but hopefully rare) nmisestinates of k(A). Years of experience wth
the LINPACK estinator attest toits reliability, although exanples do exist where it can
underestinmate k( A) badly.

The codes we discuss for the nonsymetric ei genproblemwll also use such condition
estimators. Fere, the savings will be even greater than for 1inear equationsol ving) an O(n
estinator using O(n ) workspace in place of an@(exact sol ution usi ng O{nworkspace
in sone cases.

Qur condition estinmators will conpute two quantities, the reciprocal of a condition
nunber for an eigenvalue (or cluster of eigenvalues), and the reciprocal of a condition
nunber for an eigenvector (or invariant subspace). W conpute reciprocals of condition
nunbers to avoi d overflow; an infini te or overfloved condition nunber is indicated by a
zero reciprocal . By conbining these tvwo values in sinple al gebraic formilas, a great deal
of detailed information about the ei genprobl emcan be obtained. This report will describe
both these basic condi ti on nunbers and these forml as.

Quar condi tion nunbers will neasure the changes in the ei genval ues, right eigenvectors,
neans of clusters of eigenval ues, and ri ght i nvari ant subspaces of a matrix A when a pertur-
bation £ is added toit; our bounds will be functions (usually multiples) of || F| . This may
be used to estinate the error in sol uti ons conputed by LAPACKroutines because they are

O(ma chep s ) - k(A)



backuard stable, i.e. they conpute the exact ei gendeconposition of a matrix A +F where
A is the input matrix, and || E|| =O(ma chep s )|| A||. W neasure changes in eigenvectors
and invariant subspaces by their change in angle; we discuss the angle between subspaces
innore detail insectionb. QOur condition nunbers yiel d both asynptotic bounds, which are
accurate only when the norm|| F|| is small, and gl obal bounds, which work for all || F|| up to
a certain upper bound, whose size depends on the probl emand nay be large or small. W
showhowto obtain these upper bounds on || || as well.

Willustrate the reason for providing such a variety of bounds with an exanple. Let
A, be 11 by 11 of the followi ng form

0 1 0

)

Pere, bl ank entries are al so zero. Thus,i sa bl ock di agonal natrix with a 10 by 10 bl ock

at the upper left and a 1 by 1 block at the 1 over right. Wen i =0, the upper left blockis

a 10 by 10 Jordan bl ock wi th a single mil tiple eigenval ue at 0 and a single ri ght ei genvector
v=[1, 0, .,.0]. Such amatrixis called defective. For small nonzero n the eigenval ues
becone distinct nunbers all with absol ute val ub, 7and ei genvectors whi ch have rotated

away fromv by about 7 ! radians. Wen n =109 n' =. 1, a mich larger change. In

this case we call the eigenvalue at 0 and its associated eigenvector ill-posed, because their
sensitivityis not proportional to the normof the perturbation n, but a root of 7.

The practical solution to this problemis to consider this matrix as having a cluster
of 10 eigenval ues near zero with a single invariant subspace which is spanned by all their
eigenvectors, as well as a single eigenval ue near .5 withits eigenvector. The nean of this
cluster of 10 eigenval ues will be michless sensitive tosnall perturbations than the individ-
ual eigenvalues (infact it will beindependent of ninthis exanple). For small enough || £,
our asynptotic error bounds will showthat the nean of the cluster of 10 ei genval ues near
0 of A +FEis bounded by || £|| (see Bound 4 bel ow);i.e. the neanis very well-conditioned.
Simlarly, the eigenval ue near .5 can also only change by || £|| for snall enough || £|| (Bound
2). 'The i nvari ant subspaces will also be muchless sensitive thanthe individual eigenvectors.
In this exanple, the right i nvariant subspace bel onging to the cluster of 10 ei genval ues near
01is spanned by the first 10 col unms of the 11 by 11 identity natrix i ndependent of #; nore
general ly our bounds will say that for small || F|| the right invariant subspace can rotate
by at nost 2731|| £|| radians (Bound 6). The eigenvector bel onging to the eigenvalue .51is
equally insensitive in this exanple.

This illustrates our asynptotic error bounds, validfor suffeientl ysnall || F]|. Incontrast,
our global bounds give bounds valid for all || £|| up to an upper bound which we also
estimate. The matrix 4 illustrates the source of these upper bounds on || £|| . Suppose we
mke 7 =2 ~10~ . 001; then one of the eigenvalues originally at 0 nowequals .5, the sane
as the eigenvalue in the lower right corner. Thus, we can no longer say that this matrix
has a cluster of eigenval ues near 0 and one near .5, and so we can no l onger tal k about the
sensitivity of the nean of the cluster. W can also no longer identify a uni que ei genvector



associated wi th an ei genval ue near . 5; the ei genvectors have becone ill-posed. Indeed, with
addi tional arbitrarilysnall perturbations the two ei genvectors for the ei genval ues at .5 can
be made to rotate arbitrarily within a tvwo di nensional subspace, or one of themcan even

di sappear. Thus, only if we bound || F|| to be sone value less thaf 2an we hope to

have error bounds. For this exanple, the upper bound conputed by our software will be
approximately 2. T0 (Bound 1). For || F|| < 2 18, our upper bound on the change in

the nean of the eigenval ue cluster will be 2|| E|| (Bound 5), and our bound on hownuch the

right invariant subspace canrotate will be afe3i| £ /(1—5462| £|| )) radi ans (Bound

7), both close to the asynptotic bounds.

In this exanple, it is easy to identify the clusters by inspectpon #fi sAis not
al ways the case in practice, when the user is confronted with a natrix whose eigenval ues
forma cloud rather than well separated clusters. Unfortunately, there is as yet noreliable,
automated procedure for clustering eigenval ues; see)[ 88 for discussion. Qur software
nerel y provi des the tools for eval nating a particul ar clustering. Agood cluster will have a
mich less sensitive nean and invariant subspace than any subcluster, and nust be nade
part of a muchlarger (or trivial ) cluster before it becones significantly less sensitive. The
10 zero eigenval ues ofgAatisfy this criterion.

There is a very large literature on perturbation theory for the eigenproblem See
[3 8 9 11 15 16 22 24 25 27 28 for various theoretical bounds. Chan, Feldnan
and Parlett[}6 provi ded a Fortran routine to conpute the condi ti on nunber of sinple eigen-
value in conjunction with FISPACK routines ORTHES and HQR, but it does not provide
any i nfornation about condi tioning for ei genvectors and subspaces. Ruhe[dgested us-
ing the (ol ub- Reinsch SVDal gori thmto cal cul ate the condi ti on nunber for eigenvectors,
but this requires Ofnflops per eigenval ue-eigenvector pair, whichis too expensive. Van
Loan| 26] devel oped an effei ent al gori thmfor estinating condi tion nunbers of all ei genval ue-
ei genvector pairs of a Hessenberg matrix. It only costé)(ops per eigenpair, assun ng
that the eigenval ues are known.

W have devel oped newal gori thns, whi ch assune the natrix has been reduced to Schur
canoni cal form(real or conplex). Reduction to Schur canonical formis done by LAPACK
subroutines SGEHRD and SHSEQR in the real case, and CGEHRD and CHSEQR in the conpl ex
case. Since this reduction is done via orthogonal (or unitary) simlarities, the condition
nunbers are identical to those of the original matrix. As we will see, starting with the
mattix in Schur formsinplifies nany of the al gorithns and lets us use existing condition
estination software for (quasi)triangul ar matrices § 149 .

The rest of this report is organized as follows. Section 2 discusses spectral projectors and
the separation of matrices, quantities on whichlater bounds are based. Section 3 discusses
the upper bound on || £|r for our global error bounds. Section 4 discusses asynptotic and
global bounds for eigenval ues and neans of clusters of eigenvalues. In section 5, we first
define the angl e bet ween t wo subspaces, the quantity bounded by our error bounds. Second,
we present asynptotic and gl obal perturbation bounds for both right ei genvectors and ri ght
invariant subspaces. Third, we discuss (block)diagonalizing a matrix by a simlarity. The
results insections 2 through 5 are stated wi thout proof; references to proofsintheliterature
are gi ven. Atabul ar sunmmary of all bounds is givenin section 6. Sections 7 and 8 descri be
the usage of the LAPACKroutines STRSNA and STRSEN for esti nating the desired condition
nunbers (actually their reciprocals). STRSNA conputes the reciprocal condition nunbers



of user-specified eigenval ues and/or eigenvectors of the input matrix. STRSEN conputes
the reciprocal condition nunbers of the nean and/or invariant subspace of a single user-
speci fied cl uster of eigenval ues. Two exanpl es are provi ded to showhowto use these codes.

Oatlines of the al gorithns are also gi ven.

The first two appendi ces describe details of the sol ution of the Syl vester natrix equation
and swappi ng di agonal blocks of a quasitriangul ar matrix. The third appendix lists the
nanes and basic functions of LAPACK routines needed for the nonsymetric ei genval ue
probl em

W end with sone notation we will need later. Capital letters are used to denote
matrices, the corresponding lowercase letter with the subscript ¢ j referring to the (¢, j)
conponent (e.g., gis the (¢ , j) conponent of A). Asubmatrix of amatrix Ais witten as
A;;. Mectors are al so denoted by lowercase letters and will be clearly indicated in the text.
Lovercase (feek letters will denote scal ars.

|| 4, || 2nd ||zl denote the one-norm the Fuclidean norm and the infini ty-norm
respectively, of the n-vector z:

— . |2 - .
lell=3 led. 2l (;:1:|wz| ) el el

| TH, ||y || Tl || T#|denote the matrix norns:

| T 2
|4

I T il =nex > il HEH:su;g

. 1/2
1Tl =nax > [t], [ TelE (Z |tij|2) :
J 6,541

Note that || |} and || ||p are invariant with respect to unitary transfornation.

Wwill throughout let xdenote || £}, and ¢ denote || E|f, the norns of our pertur-
bation matrix.

The condi tion nunber of T is x(7T ) =|| 4| [I"!||2. Asubspace spanned by the col umms
of matrix A is denoted as R(A) (the range of matrix A). A(A) denotes the set of all
eigenval ues of matrix A. A @ B denotes the Kronecker product of two matrices: A Q@ B =
(@;B).

The Schur matrix (or Schur fornm) of a real matrix is an orthogonally simlar upper
quasi-triangul ar natrix whose 2 by 2 di agonal blocks (if any exist) are of the form

(2 7)

Such a bl ock has conpl ex conjugate ei genval ues a & p wheresu—(37 . The Schur formof
aconplex matrixis aunitarily simlar upper triangul ar natrix.

2 Spectral Projectors and the Separation of Two Matrices

T expl ain the bounds in later sections, we need to introduce two quantities, the spectral
projector P 2217, and the separation of tuo nutrices A and B,(skp B) []22



Suppose our cluster contains m > 1 ei genval ues, counting mul tiplicities. Assune the n
by n matrix A is in Schur canonical form

| An A
af ] @

where the ei genval ues of the m by m matri xydare exactl y those in which we areinterested.
In practice, if the eigenval ues on the di agonal of A are in the wrong order, they are sorted
to put the desired ones in the upper left corner as shown by using the subroutine STREXC
in Appendix B

W define the spectral projector, or sinply projector P belonging to the eigenval ues of

Anas
I, R
pe[h 0] o

where R satisfies the systemof linear equations
AllR — RA22 =A 12 (2 3)

Fquation (2.3) is called a Syl vester equation. @ ven the Schur canonical form(2.1), we
sol ve the Syl vester (2.3) for R using subroutine STRSYL in Appendix A

P has several inportant properties. Frst, the space spanned byits col unms is the sane
as the right invariant subspace of A belonging 0 becond, the space spanned by its
rows is the sane as the left invari ant subspace of A bel ongi ngitoTHus, P describes the
spaces spanned by both the 1eft and right eigenvectors bel ongi ngit.o Hird, its norm
| Plk =(1+]| R||3)/? plays aninportant role in our error bounds, as we will see.

In practice, we do not use || #£flor m > 1 since this is expensive to conpute, but rather
the cheaper overestinate

I Pl = (L +] R (2. 4)

The separation sepAyr, 42) of the matrices 4 and Agz is defined as the snallest
singul ar val ue of the linear mapin (2.3) which takes X1§& A X Agg, i.e.

| A1 X — X Aol
I Xl

This formul ation lets us estinate seqing the condition estinator SLACON [1HR 19,
whi ch estinates the normof a linear operator || Eiven the ability to conpute 7'z and
TTy quickly for arbitrary # and y. Inour case, nul tiplying an arbitrary vector by 7' neans
sol ving the Syl vester equation (2.3) with an arbitrary right hand side, and mul tipl yi ng by
TT neans sol ving the sane equation with 4 replaced by A, and A,y replaced by 4,.
Sol vi ng ei ther equation costs at nost @) wperations, or as fewas )nif m < n.

Another formul ation whichin principle permts an exact eval uation ¢fsep 42) is

sep(AH, 42) II)I(I?% (2 5)

sep( A1, 42) =0 min(Lem © A11 — AQTQ @ I) (2. 6)

where O, is the snallest singul ar value. This nethod is generally inpractical, however,
because the natrix whose snullest singul ar val ue we need is m(n — m) dinensional, which



can be as large as #/4. 'Thus we would require as much as O(1) extra workspace and
O(n%) operations, mich nore than the estinati on nethod of the last paragraph.

sep( A11, 42) neasures the “separation” of the spectrumofi4nd Agz inthe following
sense. It is zeroif and onl yqiifard Ass have a conmon ei genval ue, and snall if thereis
a small perturbation of either one that makes themhave a cormon ei genval ue. Lf and
Agg are both nornal matrices, then séplyy, 4) is just the nini mumdistance between an
eigenval ue of A and an ei genval ue of gb.

STRSNA conputes 1/|| P|k (whichis al ways < 1, avoi di ng the possibility of overflow) and
sepfor user-selected individual eigenvalues (j.ies 14by 1). STRSEN conputes 1/|| P||
and sep for a single user-specified cluster with m > 1 ei genval ues.

3 AnUpper Boud on ||E|| r for Global Fror Bouxs

W discuss the upper bound on || F|f which linmts the applicability of our global bounds
inthe next twosections. As statedin the introduction, this upper bound occurs because if

|| £l is large enough that the eigenval ue being considered (or one of the eigenval ues in the
cluster being considered) noves and coal esces wi th another ei genval ue (outside the cluster),
then we can no longer uni quely identify the cluster for which we want bounds. Thus, in
this section we present lover bounds on the snallest f#f #4{th that A +£ has a nul tiple
eigenval ue (or a multiple eigenval ue invol ving at least one eigenval ue within the original
cluster and one outside).

Bound 1: [22 , Theoremd. 14] Let A, P and sdpdyy, 4) be defined as in (2.1), (2.2) and

(2.5). Then as long as

SGP(AH, 42)
4- | A

the ei genval ues inthe cluster bel ongi ngi aidl renuin disjoint fromthe ei genval ues out -

side the cluster. Inparticul ar, the global error bounds of sections 4 and 5 wll be guarant eed

valid only for I satisfying (3.7). We nuy replaces||blj||| P|| as defined in (2.4) to get

a slightly smaller upper bound.

I Bl < (3. 7)

Bound 1 can be quite conservative, greatly underestimating the snallest perturbation
needed to nake eigenval ues coalesce. However, it is nearly exact in sone cases (e.g. for
2 by 2 matrices and normal matrices), and a good estinate in nany others; see [B for
di scussi on.

/]| P|f (or 1/]| PYif m =1) and seff 411, 4) are conputed by STRSNA and STRSEN as
described in section 2.

4 (Onditioning of Hgenval ues

In this section, we reviewhowto neasure the sensitivity of both sinple eigenval ues and
clusters of eigenval ues.



4.1 Conditioning of Simple Eigenvalues

Let A be asinple eigenval ue of the n by n matrix A, with unit right eigenvector z and unit
left eigenvector y. Inother words Az =Xbd gAyT, and || 24|=| y|]2 =1. Let P be
the spectral projector for A;one may wite P =(4)/@ - = ). Note that ||.PH1/|y T2 |,
the secant of the angle between z and y.

Let E be a perturbation of A, and e|| Fl|2. let X be the perturbed eigenval ue of
A+E.

Bound 2: [27 , p. 68]
[N = Al < eaf| Plh +0(€3)

The O(€2) termindicates this is an asynptotic bound, applicable only for suffeiently
snmall 6. This bound is attainable, in the sense that femflciently small, there exists
an E such that |X — \| =e]| Plh+O0(€3).

There is also a gl obal version of this bound:

Bound 3: [3 | Suppose A has all sinple eigenval ugs Det F, be the corresponding spectral
projectors. Then any ei genval ue’of A +F nust lie in one of the disks

A A=A < nel B2}

There is nolimt on the size ofia Bound 3. Note that the sizes of the disks are just
n tines larger thanin Bound 1, where aust be snall. Bound 3 is an stronger version of
what is often called the Bauer- H ke Theorem al t hough Bauer and H ke proved this stronger
version as well. In the weaker Bauer- H ke Theorem all of the disks have the sane radi us,
approxi matel y equal to the largest radius pmxe| £||; in Bound 3. Note that Bound 3
is only useful when all the radi||74; are of nodest size, since if one or nore disks is
so large that it intersects all the other disks, thereis little information about 1ocations of
indi vi dual eigenval ues; we only knowthey lie in the union of all the disks.
The subroutine STRSNA can conpute 1/|| Pl for a user-specified subset of the ei genval ues
of A.

4.2 Conditioning of Clustered Eigenvalues

It is easiest tothink of A in Schur form(2.1), with the eigenval pedbeifnglthe cluster

of interest. Wareinterestedin bounding the perturbati onin the average of the ei genval ues
of the cluster, which nay be wittendm/m, the trace of 4 divided by m. ILet E be

a perturbation of A, ande=|| F|]2. let A =tr Ay1/m be the nean of the unperturbed
eigenval ues, and’ be the nean of the perturbed ei genval ues.

Bund 4: [15 , sec. 11.2.2)
A= N < e Plh+0(€3)



We nuy substitute || Plbf equation (2.4) for || Blfo get a slightly weaker bound.

The O(€%) indicates this is an asynptotic bound, applicable only for suffciently snall
€. This bound is nearly attainable, in the sense that, fsorffei ently small, there exists
an E such that N — M| < || Plhea/m +0(€2). Wen m =1, it is of course identical to the
bound in the previous subsection.

Our gl obal bound on [\ — X| will only be valid for ||F4htisfying Bound 1 of section
2:

Bound 5: [22 , page 748] Suppose || Fif| satisfies Bound 1. Then
A= N[ < 26| Pl

Thus, the global bound is just twice as large as the asynptotic bound. Again ue nuy sub-
stitute || PRf equation (2.4) for || Plto get a slightly weaker bound.

STRSNA conputes 1/|| P|p for a user-specified set of individual eigenval ues. STRSEN can
conpute 1/|| P|/ for a single user-specified cluster of m > 1 eigenval ues.

4.3 Stability

Wien the eigenval ues of a full matrix A have been found fromits conputed Schur fodm

the conputed 5 will be those appropriate th These s can differ substantially fromthe

true s . Indeed, when A is defectidvesill usually not be, and hence zero s will becone
nonzeros. ‘The reverse situation coul d occur though this is nuchless probable. Since some
of thes may not even be the correct order of nmagnitude, it mght be felt that our heavy
reliance on themis unjustified. Since our al gorithns for conputing the Schur formand s (A)
are backward stable, s (A) is the correct value for a matrix A +F very close to the original
mtrix A. This justifies their use. The sane conments apply to the conputation and use

of sepdescribed in the next section.

5 Onditioning of Hght Hgenvectors and Hght Invariant
Subspaces

In this section, we review howto neasure the sensitivity of eigenvectors and invariant
subspaces. W begin by defini ng of the angle between two subspaces, and then use it to
descri be the conditioni ng of eigenvectors and i nvari ant subspaces.

5.1 Angles Between Subspaces

Let 6(x, y) denote the acute angle between two nonzero n-vectors z and y. W nay write
cosf(z, y) =fayl/(|| 4|l ylk). Wwishtogeneralize this tothe (nmxi mm) angle between
two m > 1 di nensional subspaces, which ve denote X and Y. (he way to define this angle
is as
Omax(X, V)= max mnin 6Oz, y) (= mx mn 6z, y)) (5. 8)
redX ye)y yey x €X
x #0  y #0 y#0  x #0

10



A nore conputational definition of f.x(A, V) is the following. Suppose X is spanned
by the col utms of the n by m orthonornmal matrix X, and similarly ) is spanned by the
col umns of the n by m orthonormal matrix Y. Then

Omax (X, V) =arccosmin( YT X) (5. 9)

Qur bounds of the next two sections will bound,dx( X, A where X is an unperturbed
invariant subspace, and ‘Ai's a perturbed invariant subspace.
W may al so define the nini mimangl e between A and Y as

Omin(X, V)= mn mn 6(z, y) (= mn nin 6z, y))
reX ye)y yey z X
x #0  y #0 y#0 a #0
Thi s nmay be reexpressed conputationally as

Omin( X, V) =arccosmax( YTX)

The norns of the spectral projectors |pRhtroduced in section 2 have a sinple inter-
pretation in terns of angles between subspaces. let P be the spectral projector for the
eigenval ue cluster with right i nvari ant subspace R and left invari ant subspace Lbelet R
the conplenentary right invariant subspace (the subspace for the other eigenval ues) and
L. be the conpl enentary left invariant subspace. Then

| Plb = csclnin(R, B =cscbmin(L, O
| Plb = sechnpax(R, L) =sebmax( R, £)
In other vwords, as || Bllgrows and the cluster becones nore ill-conditioned, the nnimm

angl e between conpl enentary right (or conplenentary left) subspaces shrinks. Aso, the
naxi mumangl e bet wveen correspondi ng left and rigth i nvari ant subspaces grows.

5.2 Conditioning of Right Eigenvectors and Right Invariant Subspaces

W assune A is in Schur canoni cal form(2.1), with the eigenval uesipfbef ng the cluster
whose 1ight invariant subspace R we are interestedin. lLet F be a perturbation of A, and
er =|| E||F. Let R be the perturbed right invariant subspace of A +FE.

Bound 6: [8 , Lema 7. 8]

2¢p

Omax ’ = 4 AN
(R Q < SGP(Alh 42)

+0(ef)

The O(€%) indicates that this is an asynptotic bound, applicable only for suffeiently
snall . It is nearly attainable for sufftiently spall ¢

Bound 7: [8 , Lemma 7.8] Suppose || E|F satisfies Bound 1. Then

2¢p
Ormax( R, < arctan( )
( 73 sep(AH, 42) — 4H PHGF

11



|| Plb nay be replaced by || Pllof equation (2.4) to obtain a slightly weaker bound.

Bounds 6 and 7 inply that sepis the reciprocal of the condition nunber for eigen-
vectors and i nvari ant subspaces. Routines STRSNA and STRSEN conpute sfgr indi vi dual
eigenvectors and a gi ven i nvari ant subspace, respectively.

5.3 (Block)diagonalizing a Matrix with a Similarity
(xcasionally one wishes to find a matrix V which di agonalizes APAV =A, where Ais

a di agonal natrix with the eigenval ues on the di agonal . This nay be useful for conputing
functions of matrices. Ior exanple, to exponentiate a matrix one nmay use the identity
exp(A) =Vexp(A)V"! =Vdi ag(e, ., .e»)V~'. The accuracy of such an al gori thm
depends on the condi tion nunber x(V) of V. The col unms of V must be eigenvectors of A,
but their norns are arbitrary; we would like to choose these norns tomnimze x(V). The
next bound gi ves a nearly optimal choice of the norns of the col urms of V', and bounds the

resul ting (V).

Bound 8: [7 | Suppose A has distinct eigenval ugsuXh corresponding right eigenvectors
v;, uhere we assune || 4|l =1, and projectors F. Let V =[vy, ., .» be the nutriz of
these eigenvectors. Let' [ ayvy, . ., .qv,] be anot her nutriz uhere the;care arbitrary
nonzero scal ars. Then

ms | Bl < (V)

A so
ms || Blla < (V) < - i B,

In other words choosing the colunms of V to have norm1 nearly minimzes k(V) over all
nut ri ces whose col unms are ei genvect ors.

Avariationon di agonal i zationis bl ock- di agonal i zation, where we ask onl yt Halt’ ¥
B be block di agonal , where the di agonal blocks df B have specified ei genval ues (which
are all disjoint subsets of the eigenval ues of A). Suppbsd dtatedinrows and col unms
j through k& of B. Then col umms j through k£ of V mmst span the right invariant subspace
of A corresponding to the eigenvalues of B. ledefdte these col ums of V. Just as we
coul d choose the normof each col unm of V when we wanted to di agonalize A, here we have
the freedomto choose Yto be any basis of the right invariant subspace we like. Again, we
woul d 1ike to choose the basis which mnimzes x(V). The next bound says howto do this.

Bound 9: [7 ] Let the set M(A) of eigenval ues of A be uritten as a disjoint upiSmndp b
sets of eigenval ues.Slet n; be t he nunber of eigenval ues in,Scounting nultiplicities. Let
P; be the projector corresponding te¢, Sand R; the corresponding right i nvariant subspace.
Let V; be any mutriz whose n colwms forman orthonornul basis of R and write V =
[V, . ..M. Then VYAV =B is block diagonal uhere diagonal block lhs ei genval ues
Si. Let V! be an arbitrary nutriz whose;ncol wims forma basis of B and urite V =
[V, ... 0. V7YAV' =B’ is also block diagonal uhere diagonal bl dgkhdd eigenval ues
S;. Then

ms | Bl < (V)

12



A so
ms || Blla < (V) <b- ms] B,

Inother words choosing t he col wims of; Whi ch spanR; to be ort honornul nearly ninini zes
k(V) over all bl ock-diagonalizingsinilarities which reduce A to diagonal blocks withthe sane
et genval ues in each bl ock.

6 Sumary: Perturbation Table

For convenience, the bounds presented in the preceding sections are summarized in the
following table. The notationis as follows. W assune the matrix A is in Schur canoni cal
form(2.1). P denotes the spectral projector associated with with eigenval ue{s) of A
defined in (2.2). sepill be shorthand for sefy1, 4), definedin (2.5). Awill denote the
unperturbed ei genval ue if;dis 1 by 1, andif 4is largeA will denote the unperturbed
nean of its eigenval ues. and X will denote the perturbed val ues of X andrespectively,

for A 4+F. R denotes the unperturbed right invariant subspace correspondi ng;toadd

R’ denotes its perturbed counterpart of A +F. 6 will dengtg(fR, 7, the angul ar
perturbation of the right invariant subspace as defined in (5.8) or (5.8)l1 denote

|| Elk and ez will denote || K| norns of the perturbation . Inthe table, each asynptotic
bound has a +0(€?) termwhichis not written. Superscripts in parentheses on each bound
indi cate which Bound in the body of text they are. 'The superscripindicates that the
bound applies only ifre< sep/(4|| Pl) (Bound 1).

Asynptotic Bounds d obal Bounds
Sinple eigenval ue | [A — N| < ]| P[P A= N| < nel| PL®
F genval ue Quster |A— N| < e P A= M| < 26 PHZT(S)
: 2e (6) 2e T(7)
Invariant subspace 0 < ﬁ 0 < arctan(sepﬁﬂ%%)

In addi tion, Bound 8 says that the nearly best condi tioned matrix V such thatAW
is diagonal has as its col umms the ei genvectors of A all with normequal to 1. The condition
nunber x( V) of this V satisfies mff Flls < «(V) > n - nax]| F||2, where E is the
projector correspondi ng to ei genval ye A

Bound 9 describes a nearly best conditioned natrix V such that'MV =B is block
di agonal , such that the b di agonal blocks of B have specified eigenvalues. This nearly
best V nay be witten V =[V, . V] where V is any orthonornal basis of the right
invariant subspace of A corresponding to the eigenvalues in the 7 -th di agonal block of B.

13



Fstimating the one-normof || &[]y can been done by calling SLACON via a reverse com
muni cation interface. This neans one nust provide the solution vectors & and y of the
quasi-triangul ar systens:

Kz =z, fy ==
where z is determ ned by SLACON. This is the function of the subrouti ne SLAQTR. Note that
Kis aconplexnatrixif Ais a conplex eigenvalue, but it is of the form

K=C+: D
where the real part C' is areal upper quasi-triangul ar natrix, and the i nagi nary part is

Hence vwe can easily sol ve the conpl ex systens

(C+i D)(p +iq)=(e+i f), (CHegB) h) =(e+i f)

h
vectors of SLACON. W also use the fact that for any conplex matrix C' +2 D,

jiu(g }?)ulsucw Dﬂsu(g ‘D)ul.

The cost of the algorithmdepends on the location of the selected eigenval ues al ong the
di agonal of the input matrix. Swapping adjacent diagonal blocks costs O(n ), so noving
an eigenval ue at diagonal position k to the upper left costs O(kn ) operations. Since it
requires about O(%) to sol ve a quasi-triangul ar system estinating the condition nunber
of an eigenvector costs (H)noperations once the eigenvalue is in the upper left corner.
Therefore the total cost is @fper eigenvector condition nunber.

The vari abl e SEP(*) contains the estinmated reciprocal condition nunbers of the selected
ei genvectors.

inreal arithnetic, and use 2(n — 1) length Vectors(z‘z% and y = ( g ) as the input

8 STRSEN Ktimting the (Ondition of a Quster of Hgen
val ues

In this section, we first show the usage of LAPACK subroutine STRSEN for estinating
the reciprocal condition nunber of a specified miltiple (or clustered) eigenval ue and its
correspondi ng i nvari ant subspace, and then outline the al gorithm
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Not modified.

T - REAL array of DIMENSION (LDT,N).
On entry, T contains an upper quasi-triangular matrix in
Schur canonical form. This means that the diagonal entries
of 2 by 2 diagonal blocks must be equal.
Not modified.

LDT - INTEGER
On entry, LDT specifies the first dimension of T as
declared in the calling (sub)program. LDT must be at
least max(1l, N).
Not modified.

RE - REAL array of DIMENSION (LDRE,MM).
On entry, RE contains the real and imaginary parts of the
selected right eigenvectors computed by STREVC or SHSEIN.
If the next selected eigenvalue is real, the next column
of RE contains its eigenvector. If the next selected
eigenvalue is complex, the next two columns of RE contain
the real and imaginary parts of its eigenvector.
Not modified.

LDRE - INTEGER
On entry, LDRE specifies the leading dimension of RE as
declared in the calling (sub)program. LDRE must be at
least max(1l, N).
Not modified.

LE - REAL array of DIMENSION (LDLE,MM).
On entry, LE contains the real and imaginary parts of the
selected left eigenvectors computed by STREVC or SHSEIN.
If the next selected eigenvalue is real, the next column
of RE contains its eigenvector. If the next selected
eigenvalue is complex, the next two columns of LE contain
the real and imaginary parts of its eigenvector.
Not modified.

LDLE - INTEGER
On entry, LDLE specifies the leading dimension of LE as
declared in the calling (sub)program. LDLE must be at
least max(1l, N).
Not modified.

S - REAL array of DIMENSION(MM).
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SEP

MM

WORK

LDWORK

ISGN

On exit, S contains the reciprocals of the condition
numbers of the selected eigenvalues. If the Jth and
(J+1)st eigenpairs are complex conjugate, then both
S(J) and S(J+1) will be set (and equal).

REAL array of DIMENSION(MM).

On exit, SEP contains the estimated reciprocals of the
condition numbers of the selected right eigenvectors.

If the Jth and (J+1)st eigenpairs are complex conjugate,
then both SEP(J) and SEP(J+1) will be set (and equal).

INTEGER

On entry, MM should be set to an upper bound for the
length of arrays S(*) and SEP(*) required to store the
reciprocal condition numbers to be estimated. Note that
for a complex conjugate eigenpair, we need two locations
for S and SEP. This means S(J), SEP(J), RE(J), and LE(J)
correspond to the same eigenvalue for all J.

Not modified.

INTEGER
On exit, M is the size of arrays S(*) and SEP(*) actually
used to store condition numbers.

REAL array of DIMENSION(LDWORK,N)
Workspace.

INTEGER

On entry, LDWORK specifies the leading dimension of WORK
as declared in the calling (sub)program. LDWORK must be
at least max(1, N).

Not modified.

REAL array of DIMENSION(2*(N-1)).
Workspace.

REAL array of DIMENSION(2*(N-1)).
Workspace.

REAL array of DIMENSION(N)
Workspace.

INTEGER array of DIMENSION(2%(N-1))
Workspace.
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* INFO - INTEGER

* On exit, INFO is set to

* 0 for normal return,

* -X input argument number K is illegal.

* N+1 the assigned length of S and SEP too small.
*

Double precision. The calling sequence of the doubl e precision routine DTRSNAis the
sane as that of the corresponding single precision “S” subroutine except that all the real
variabl es are doubl e precision.

Compl ex. The calling sequence of the single precision conplexis essentially the sane
as STRSNA, except that the T, RE, WORK, X, Varrays are conplex, and the i nteger array
ISMNis real.

Double precision conplex. The calling sequence of the double precision conplex
routine ZTRSNA is the sane as that of the corresponding single precision “C” subroutine
except that all the real variables are double precision and all the conplex variables are
doubl e preci sion conpl ex.

7.2 Example

The following programsegnent illustrates the use of the single precision subroutine to
estimate selected reciprocal condition nunbers of the eigenval ues and eigenvectors of a
general natrix. 'The programfirst reduces a general natrix to upper Hessenberg form

by SGEHRD, and then computes the Schur deconposition by the nmultishift QRiteration
(SHSEQR). After that the user shoul dinput the logical array SELECT to specify the eigenpairs
whose condi tion nunbers will be estinated, and STREVC is called to conpute the selected
right and left eigenvectors and conpactly store themin array RE and LE. Finally STRSNAis
called toreturn the desired reciprocal condition nunbers.

PROGRAM  TEST

INTEGER  ISGN(100)

LOGICAL  SELECT(50)

REAL A(50,50), WR(50), WI(50), RE(50,50), LE(50,50)
REAL S(50), SEP(50), RWORK(50)

REAL  B(50), X(100), V(100), WORK(50,150), U(50,150)
INTEGER N, LDA, LDRE, LDLE, LDWORK, M, I, J, MAXN, INFO
INTEGER  NBLCK1, NSHIFT, NBLCK2

REAL DUMMY

PARAMETER (LDA = 50, LDRE = 50, LDLE = 50, LDU = 50)
PARAMETER (LDWORK = 50, MAXN = 150)

Input data:
N: the order of matrix A.
A: N by N array to store the input matrix.
NBLCK1: the blocksize used in Hessenberg reduction.
NSHIFT: the number of shifts used in multishift QR algorithm.

E I T I
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NBLCK2: the blocksize used in bulge chasing in QR iteration.

READ(*,*) N
DO 10 I = 1,N
READ(*,*) (A(I,J),J = 1,N)
CONTINUE
READ(*,*) NBLCK1
READ(*,*) NSHIFT
READ(*,*) NBLCK2

Compute Schur decomposition.

CALL XENVIR(’BLOCK’,NBLCK1)

CALL SGEHRD(’H’>, N, A, LDA, DUMMY, DUMMY, WR, WORK, LDWORK,
MAXN, INFO)

CALL XENVIR(’SHIFT’, NSHIFT)

CALL XENVIR(’BLOCK’, NBLCK2)

CALL SHSEQR(’S’, N, A, LDA, DUMMY, DUMMY, WR, WI, U, LDU,
MAXN, WORK, LDWORK, MAXN, INFO)

DO 20I =1, N

WRITE(*,*) WR(I),WI(I)
CONTINUE

Input logical array SELECT to specify the eigenpairs whose
condition numbers will be estimated.

DO 30 I = 1,N
READ (*,*) SELECT(I)
CONTINUE

Compute the selected eigenvectors

CALL STREVC(’B’, SELECT, N, A, LDA, RE, LDRE, LE, LDLE,
N, M, RWORK, INFO)

Estimate the selected condition numbers of eigenpairs

CALL STRSNA(SELECT, N, A, LDA, RE, LDRE, LE, LDLE, S, SEP,
N, M, WORK, LDWORK, X, V, B, ISGN, INFO)

Print output
DO 40 I = 1,M

WRITE(*,*) S(I),SEP(I)
CONTINUE
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STOP
END

7.3 Outline of the Algorithm

The STRSNA routine is designed to estinate the reciprocals of condition nunbers of the
sel ected ei genval ue-ei genvector pairs of a Schur canonical matrix 7T .

logi cal arrary SELECT specifies the condition nunbers to be estinated. The arrays
RE and LE are used in STREVC to conpactly store the selected right and left eigenvectors
respectively. ‘Then RE and LE are used in STRSNA to conpute the reciprocal condition
nunber for indi vi dual eigenval ues:

B |t

il 112

where r and [ are the right and left eigenvectors of T corresponding to the eigenval ue A.
Note that for conplex eigenval ues, the next two columms of RE (LE) store the real and
inmaginary parts of the right (left) eigenvectors, respectively. W see that computing the
reciprocals of condition nunber of an eigenval ue costs O(n ) operations.

Variable S(*) contains the reciprocals of condition nunbers of the selected eigenval ues.

For estinating the reci procals of condition nunbers of the associated right ei genvectors,
STRSNA first calls subrouti ne STREXC to swap the di agonal bl ocks of matrix T by orthogonal
transformation to the form

s (A)

_ | T T
QTCQT - ( 0 T22 )
where the ny by ny matrix Ty is 1 by 1 or 2 by 2 dependi ng on whether the eigenval ue is
real or conplex. If{fis a 1 by 1 block A, we have

sep(N) = mn || (AT~

llz[l2=1

If B is a2 by 2 block, then we use a uni tary rotation to triangul arize the 2 by 2 block to

get
Al
0 T3

sep(A) = nin || (A ~Tp)z }

ll=(l2=1

whence

In both cases sewan be estinated by estinating the one- normof
K=t =(1" =X\~
because of the rel ationship

1
vn —1

| B <

1
[ ]’—1 < _ ]/Ll
oy = E Tl < V=1 K
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Fstimating the one-normof || &[]y can been done by calling SLACON via a reverse com
muni cation interface. This neans one nust provide the solution vectors & and y of the
quasi-triangul ar systens:

Kz =z, fy ==
where z is determ ned by SLACON. This is the function of the subrouti ne SLAQTR. Note that
Kis aconplexnatrixif Ais a conplex eigenvalue, but it is of the form

K=C+: D
where the real part C' is areal upper quasi-triangul ar natrix, and the i nagi nary part is

Hence vwe can easily sol ve the conpl ex systens

(C+i D)(p +iq)=(e+i f), (CHegB) h) =(e+i f)

h
vectors of SLACON. W also use the fact that for any conplex matrix C' +2 D,

jiu(g }?)ulsucw Dﬂsu(g ‘D)ul.

The cost of the algorithmdepends on the location of the selected eigenval ues al ong the
di agonal of the input matrix. Swapping adjacent diagonal blocks costs O(n ), so noving
an eigenval ue at diagonal position k to the upper left costs O(kn ) operations. Since it
requires about O(%) to sol ve a quasi-triangul ar system estinating the condition nunber
of an eigenvector costs (H)noperations once the eigenvalue is in the upper left corner.
Therefore the total cost is @fper eigenvector condition nunber.

The vari abl e SEP(*) contains the estinmated reciprocal condition nunbers of the selected
ei genvectors.

inreal arithnetic, and use 2(n — 1) length Vectors(z‘z% and y = ( g ) as the input

8 STRSEN Ktimting the (Ondition of a Quster of Hgen
val ues

In this section, we first show the usage of LAPACK subroutine STRSEN for estinating
the reciprocal condition nunber of a specified miltiple (or clustered) eigenval ue and its
correspondi ng i nvari ant subspace, and then outline the al gorithm
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8.1 Usage

Single precision

CALL STRSEN(SELECT,N,T,LDT,S,SEP,WORK,LDWORK,NWORK,
$ X,V,ISGN,INFO)

. Scalar Arguments ..
INTEGER N, LDT, LDWORK, NWORK, INFO
REAL S, SEP

. Array Arguments ..

LOGICAL SELECT (%)
INTEGER ISGN(*)
REAL T(LDT,*), WORK(LDWORK,*), X(*), V(x)
* Arguments
Xk =========
SELECT - LOGICAL array if DIMENSION (N)

On entry, SELECT specifies the 1 by 1 or 2 by 2 diagonal
blocks in the eigenvalue cluster. For 2 by 2 blocks,

the first index of SELECT must be set to .TRUE. if the
block to be collected. Complex conjugate eigenvalues will
either both be inside the cluster, or both outside.

On exit, SELECT may have been altered. If the elements of
SELECT corresponding to a 2 by 2 block were each initially
set to .TRUE., the program resets the second one to .FALSE..

N - INTEGER
On entry, N specifies the order of the matrix T. N must be
at least zero.
Not modified.

T - REAL array of DIMENSION(LDT,N)
On entry, T contains an upper quasi-triangular matrix in
Schur canonical form. This means that the diagonal entries
of 2 by 2 diagonal blocks must be equal.
Not modified.

LDT - INTEGER
On entry, LDT specifies the first dimension of T as
declared in the calling (sub)program. LDT must be at
least max(1l, N).
Not modified.

¥ K K K KK K K K K K K K K K K K K K K X X X K ¥ X X
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K K K K K K K K K K K K KK K K K K K K K K K K K K K K X K K O O K X X X ¥ ¥ ¥

SEP

WORK

LDWORK

NWORK

ISGN

INFO

REAL

On exit, S 1s a lower bound on the reciprocal of the
condition number for the selected cluster of eigenvalues.
S cannot underestimate the true reciprocal condition
number by more than a factor of sqrt(N).

REAL
On exit, SEP is the estimated reciprocal of the condition
number of the corresponding invariant subspace.

REAL array of DIMENSION(LDWORK, N2)
Workspace, where N2 is the number of eigenvalues in the
cluster, counting multiplicities.

INTEGER

On entry, LDWORK specifies the first dimension of WORK as
declared in the calling (sub)program. LDWORK must be at
least max(1, N-N2).

Not modified.

INTEGER

On entry, NWORK specifies the largest possible columns of
working array U. NWORK should be larger than N2.

Not modified.

REAL array of DIMENSION(N1xN2)
Workspace
REAL array of DIMENSION(N1xN2)
Workspace
INTEGER array of DIMENSION(N1xN2)
Workspace
INTEGER
On exit, INFO is set to

0 normal return.

-K input parameter number K is illegal.
N+1 there are not enough columns for working

array WORK.

Double precision. The calling sequence of the doubl e precision routine DTRSEN is the
sane as that of the corresponding single precision “S” subroutine except that all the real
variabl es are doubl e precision.
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Compl ex. The calling sequence of the single precision conplex routine is essentially
the sane as STRSNA, except that the T, RE, WORK, X, Varrays are conpl ex. Integer array
ISGN is not needed.

Double precision conplex. The calling sequence of the double precision conplex
routine ZTRSEN is the sane as that of the corresponding single precision conplex “C” sub-
routine except that all the real variables are double precision and all the conpl ex variables
are doubl e precision conplex.

8.2 Example

The following programsegnent illustrates the use of the single precision subroutine to
estimate the reciprocal condition nunbers of a specified cluster of eigenval ues and its cor-
respondi ng invariant subspace for a general matrix. The programfirst reduces a general
natrix to upper Hessenberg formby SGEHRD, and then conputes the Schur deconposition

by the mul tishift QRal gori thm(SHSEQR). After that the user shoul d input the logical array
SELECT to specify the eigenvalues in the cluster. Then STRSEN is called to estinate the
reci procal condition nunbers.

PROGRAM  TEST

INTEGER  ISGN(50)

REAL A(50,50), WR(50), WI(50)

REAL X(100), V(100), U(50,150), WORK(50,150)
LOGICAL  SELECT(50)

INTEGER N, LDA, LDWORK, M, I, J, MAXN, INFO

INTEGER  NBLCK1, NSHIFT, NBLCK2

REAL S, SEP, DUMMY

PARAMETER (LDA = 50, LDU = 50, LDWORK = 50, MAXN = 150)

Input data:
N: the order of matrix A.
A: N by N array to store the input matrix.
NBLCK1: the blocksize used in Hessenberg reduction.
NSHIFT: the number of shifts used in the multishift QR algorithm.
NBLCK2: the blocksize used in bulge chasing in QR iteration.

E I R

READ(*,*) N
DO 10 I = 1,N
READ(*,*) (A(I,J),J = 1,N)
10 CONTINUE
READ(*,*) NBLCK1
READ(*,*) NSHIFT
READ(*,*) NBLCK2

Compute Schur decomposition.

CALL XENVIR(’BLOCK’>, NBLCK1)
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CALL SGEHRD(’H’, N, A, LDA, DUM, DUM, WR, WORK, LDWORK,
$ MAXN, INFO)

CALL XENVIR(’SHIFT’, NSHIFT)

CALL XENVIR(’BLOCK’, NBLCK2)

CALL SHSEQR(’S’, N, A, LDA, DUM, DUM, WR, WI, U, LDU,
$ MAXN, WORK, LDWORK, MAXN, INFO)

DO 20 I =1, N

WRITE(*,*) WR(I),WI(I)

20 CONTINUE

*

* Input the SELECT to specify the eigenvalues to be collected
* together, then the condition numbers of the corresponding

* invariant subspace will be estimated.

*

DO 30 I = 1,N
READ (*,*) SELECT(I)
30 CONTINUE

CALL STRSEN(SELECT, N, A, LDA, S, SEP, WORK, LDWORK,
$ ISGN, X, V, INFO)

Print output

WRITE(*,*) S,SEP
STOP
END

8.3 Outline of the Algorithm

STRSEN routine estinates the reciprocal condition nunbers of specified nul tiple (or clus-
tered) eigenval ues and their corresponding invariant subspace for a real Schur canonical
mtrix T .

Logi cal array SELECT specifies the 1 by 1 (for real eigenvalues) or 2 by 2 (for conpl ex
conjugate ei genval ues) di agonal blocks that are to be collected together to formthe desired
cluster. Note that for 2 by 2 diagonal blocks, the first index of SELECT must be set to
.TRUE. if the block to be collected. Tor real natrices, conplex conjugate eigenpairs wll
both be selected if one is selected

STRSEN first calls subroutine STREX2 to collect the sel ected di agonal bl ocks by orthogonal
transformation to the top-left corner of T" such that

ore (" 1)

where the sel ected bl ocks have been collectedjibymy matrix7i;. Then STRSEN conputes
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the projector P on the invariant subspace associated with It is known that

I —-R
P =
where R is the solution of the Syl vester equation

T11R — RT3 =T 1.

This is done by subroutine STRSYL . The programtests to avoid overflowif || R|| is very
large, returning zero as the reciprocal condition nunber.

The return val ue S of STRSEN is the lower bound (1 +|| R)~'/2 on the reciprocal of
| Plh. It cannot underestinate || /by nore than a factor of A/2.

Finally, STRSEN estinates the separation of did T,. W knowthat this can be
estimated by the one- normof

K =(1,, @T11 — T ® Inl)_lv n =p+n-

because of the rel ationship

1 - 1 L -
m“ KMy < sel( T, B) =[| K72 < /nong|l K1

This is done by calling SLACON vi a areverse commni cationinterface, providing the sol ution
vectors x and y of the equations:

Kz =z, Ky=z
where z is determned by SLACON. This neans we must sol ve the Syl vester equations:
ThwX —XTy,=Z TLY -YT), =2

This is againis done by the subroutine STRSYL.

The return val ue SEP of STRSEN is the estinated (upper bound) of (§Bp, %3).

Swappi ng adj acent di agonal blocks on the di agonal of the input matrix costs O(n), so
swappi ng ny sel ected ei genval ues to the topleft corner costs at noge¥)((rand as little
as nothingif they are al ready at the topleft corner). Once the desired eigenval ues are at the
topleft, sol ving either above Syl vester equation cosltie; @(nn3) operations. Therefore
the condi ti on nunber estinati onof acluster of ei genval ues and their correspondi nginvari ant
subspace costs at most O(%) operations, or as fewas H)nif p < ny.
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A Solution of the Syl vester Ejuation

(bnsiderable attentionin the literature has been paid to sol ving the Syl vester equation.

Anong proposed sol utions, Bartels and Stewart’s nethod[,2and Gol ub, Nash and Van

Loan’s nethod[ 17 are direct matrix factorization nethods. In this appendix, we discuss

the nethod ori ginally presented by Bartel s and Stewart, and the associ ated routine STRSYL.
The Syl vester matrix equationis of the form

op(A)X — Xog B) =s C (A 10)

where A , B and C' are real mXx m, n X n and m x n natrices respectivels.) epd
or AT is a transpose option. s is ascaling factor (< 1) whichis so chosen so that X can
be conputed w thout overflow W will also suppose that A and B are in upper quasi-
triangul ar form otherwise we shoul d conpute the Schur deconposition of A and B (by
SGEHRD and SHSEQR),

UYAU =R, VBV =S (A 11)

where R and 5 are upper quasi-triangular, and U and V are orthogonal. The reductions
(A11) lead to the system(A 10).

It is well known that (A 10) has a uni que solutionif and only if there are no comon
eigenval ues of A and B.

Let p be the nunber of 1 by 1 and 2 by 2 bl ocks al ong the di agonal of A, and let ¢ be
the nunber of the 1 by 1 and 2 by 2 bl ocks al ong the di agonal of B. Partitionthe A, B, X
and C' confornally. If 6pl) =A and op(B) =B then the ¢ jth block;Xsatisfies

AiiXij = XijBj; =s1(Cyj — ) (A 12)
where
. P J—1
Ciy= Y. AuXy =D XuBij
k=1+1 =
Note that since 4 and B;; are each 1 by 1 or 2 by 2, the sol ution of (3) can be obtai ned by
sol ving alinear systemof order at nost four. That can be sol vedeasily. (nce cal cul ated, the
sol ution % can be storedin the locations occupied hy,Gshi chis nolonger needed. The
solution matrix X can be successively sol ved col umm by col unm starting frombottomleft

corner of X, i.e., inordegr, X, 11, .., X1, Xg, . .,. Xig.
For sol ving equation (A 12), we note that if ahd/or Bj; are bal anced 2 by 2 bl ocks,

i.e., they are of the form
a 3
v o«

then a £ p are the ei genval ues where gy =2ZpkFquation (A 12) can then be expressed as
a2 by 2linear system
(H—-—w)Y =51 F

Here His annabyna real mtrix(na =1, 2), wis real or conplex, Y and F are na by 1
natrices which are real if w is real and conplex if w is conplexy hmdasl ocal scaling
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factor (< 1) whichis sochosen that Y can be conputed wi thout overflow(see SLALN2 and
SLASY2). Inparticular, i;f ahd B;; have the sane ei genval ues, sis set to 0.

Sinmlarly, if(op) =AT and op(B) =B, the ¢ jth bl ockXof the solution X can be
successivel y sol ved col utm by col umm starting fromtop-left corner of X, i.e., iporder X
X21, c e )(;)1, )(12, c e qu.

If opA) =A and op( B) =BT, the ¢ jth bl ock;Xof the sol ution X can be successively
sol ved col umm by col umm starting frombottomright corner of X, i.e., in opdei)X ,,
coy Xigy Xogm1, - o0 Xt

If op A) =AT and op(B) =BT, the i jthblock;¥of the sol ution X can be successively
sol ved col umm by col umm starting fromtop-right corner of X, i.e., in apdedoX . ...
Xpgy Xijg=1, - o0 X

(king the above different substitution orderings enables one to work on the input na-
trices directly rather than to transpose the i nput nmatrices.

The overall nunber of flops for the above substitution solutionis

2. 5(fm +mn ?)

where ve have assuned that A and B are already in Schur form

The programnay be used toiterativel y refine of the conputed sol utiondf (A 10): let
the residual matrixf#=C — AX{+X 1B be conputed in doubl e precision and rerounded
to single precision. ke the sane programto sol ve the system AX;B = Rq. 'Then
X1 +X o vwill in general be a nore accurate approxi nation. This process may be iterated.
This iteration is anal ogous to the iterative refinenent of approxi nmate sol utions of linear
systemas described by Wl kinson[ 2%. 255]. (This is not done in STRSEN and STRSNA. )

B Swapping Diagoml Blocks

The crux of swapping a sel ected bl ock of a real Schur formto a specified position al ong the
di agonal (subroutine STREXC), or collecting selected blocks together (subroutine STREX2)
is the swapping of adjacent blocks by an orthogonal sinilarity transformation (subroutine
SLAEXC). Stewart[23devel oped an adjacent bl ock swappi ng al gori t hmusing one or two QR
steps with a pre-determmned shift toforce the ordering of the ei genval ues of the newbl ocks.
Mre recently, Ng and Parlett[]17present a nore straightforward al gori thmfor the sane
task. The presentationin this appendix is based on Ng and Parlett’s work. W discuss in
nore detail the treatnent of pathol ogical cases.

(bnsider a subnatrix of the form

Ty Tho
0 Ty

where T71 is ap by p matrix, andslis a ¢ by ¢ matrix, p, ¢ =1 or 2, and assune that

T11 and T35 have no ei genval ue i n common. Mreover, we assune that if either is a 2 by 2
matrix, it has been standardized (i.e., it has identical diagonal entries.) Now, we want to
find an orthogonal natrix ¢ which swaps 1 and Tos, i.e.,

Tll T12 T _ T22 TIZ
Q ( 0 T22 ) Q B 0 Tll
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where Ty is simlar to i =1, 2.
Since Iy and Ty have no ei genval ue in common, it follows that there exists a uni que

p X g matrix X such that
Tw T\ _ (L, -X\{Tu 0 I, X
0 Tw /| — \ 0 I 0 T J\ 0 I,
_ -X Ip T22 0 0 Iq
A 0 T )\ I, X
W see that it is easy to find an orthogonal (p +¢ ) X (p +¢ ) matrix @ such that

o)1)

withsoneinvertible ¢ X¢o,M.g., usi ng Househol der matrices to do the (Rdeconposi tion.
Let @ premul tiply and postmul tiply the original nmatrix, yielding

T Tis T -X 1, T59 O 0
@ ( Ty )Q = @ ( 1, 0 0 Tn 1,
M2 w T22 0 M2
0 M 0 Tn 0
_ M, W Tyy O MyY MW M
o 0 My 0 Ti1 0 Ml_l

MyTyy Mt T,
]VflTan1

Hence

T11 and T95 have been swapped.
The above consi derations are summed up in the following steps.

1. Solve 1 X — X799 =s T15. s is ascale factor introduced to avoi d overflow

2. Checkif the magnitude of J|| exceeds the square root of the overflowthreshold. In
this case ¥ and Ty are too close to swap, so we exit.

3. ke a Househol der matrix @ to do the QR deconposition of (X [M)and update T
by Q: QT ¢,

4. Accumil ate the orthogonal transfornations if desired.

5. To preserve the standard Schur form nake the di agonal el enents equal in each 2 by
2 bl ock using orthogonal transfornations.

6. Accunul ate the orthogonal transformations if desired.
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Several coments shoul d be nade. Frst, the solution of the matrix equatijpX F
XT55 = 5T 12 has been discussed in detail in Appendix A the routine SLASY2. Second,
there is no danger in working with X of 1arge normprovided t hXt||f] does not overflow
Mreover if |X|* does overflowthen the blocks shoul d not be swapped because a tiny
perturbation will causeiTand T3 to have at least one common eigenval ue]9 Hence in
step 2, we check the normof X, andif X satisfies

s max( |[Tu], | T22]])
| X +s

< €,

where € is the machine precision, then the two blocks are regarded as too close to swap.
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C List of LAPACK Boutines for the Nomssymmtric Eigen
problem

LAPACK min routines for the nonsymmetric ei genprobl em

SGEBAL Bal ance an input general natrix and isol ate eigenval ues whenever possible.

SGEBAK Formthe eigenvectors for a general nmatrix by back transform ng those of the cor-
respondi ng bal anced matri x determ ned by SGEBAL.

SGEHRD Reduce a general natrix to an upper Hessenberg matri x.

SHSEQR (bnpute the eigenval ues of an upper Hessenberg matrix by the miltishift QR
al gorithm and return the Schur form accuml ating the orthogonal natrixif desired.

STREVC (onpute selected right and/or left eigenvectors of a Schur matrix.

SHSEIN (onpute selected right and/or left eigenvectors of a Hessenberg natrix by inverse
iteration.

SORGC3 (verwrite a matrix containi ng Househol der vectors storedin the strictlylower part
by the orthogonal matrix they represent.

STRSNA Fstinate selected reciprocal condition nunbers of individual eigenpairs of Schur
matrix.

STRSEN Istinate selected reciprocal condition nunbers of a multiple (or cluster of ) eigen-
val ues and their correspondi ng i nvari ant subspace of a Schur nmatrix.

STRSYL Sol ve the Syl vester equation wi th coeffei ent matrices in Schur form

STREXC Swap a selected diagonal 1 by 1 or 2 by 2 block of a Schur matrix to a specified
posi tion.

STREX2 (bllect several selected diagonal 1 by 1 or 2 by 2 blocks of a Schur natrix to the
top-left or bottomright corner.

LAPACK auxiliary routines for the nonsymmtric ei genprobl em

SLAHRD Chase a k by k bul ge of an upper Hessenberg natri x one bl ock down froma speci fied
col um nunber.

SLAHQR BLAS 1 based (R routine to conpute the eigenval ues of an upper Hessenberg
nmattix, and return the Schur form accunul ating the orthogonal matrix if desired.

SLATRS Mxed subroutine of BLAS 1 and BLAS 2 to sol ve tri angul ar equations while avoi d-
ing overflow

SLAQTR Sol ving real or conplex quasi-triangular systens where the real part is quasi-
triangul ar, and the i magi nary part is of a special form
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SLALN2 Slwea2ly2lirea equticn

SLAE2 (dpte tle dgrrdes a2 by 2 masyeiric mbrix

SLAEXC Swpajacat dagrd 1y 1a 2y 2 Hods o aShr mrix
SLASY2 She tle Slwster eqation wth axffidat trics pto2 by 2

SLAEQU Igdize tle dagrd demts o a2 by 2 Hak vith an athogrd sirlaity

Other LAPACK routines, auxiliary routines, functions called by eigensystem
subroutines (except Level 1, 2 or 3 BLAS routines).

XERBLA, LSAME, R1MACH, ENVIR

SLACON, SLACPY, SLAZRO, SLARFG, SLARF, SLANHS, SLAPY2, SLAPY3
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