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Abstract

Block algorithms are becoming increasingly popular in matrix computa-
tions. Since their basic unit of data is a submatrix rather than a scalar they
have a higher level of granularity than point algorithms, and this makes them
well-suited to high-performance computers. The numerical stability of the block
algorithms in the new linear algebra program library LAPACK is investigated
here. It is shown that these algorithms have backward error analyses in which
the backward error bounds are commensurate with the error bounds for the un-
derlying level 3 BLAS (BLAS3). One implication is that the block algorithms
are as stable as the corresponding point algorithms when conventional BLLAS3
are used. A second implication is that the use of BLAS3 based on fast matrix
multiplication techniques affects the stability only insofar as it increases the
constant terms in the normwise backward error bounds. For linear equation
solvers employing LU factorization it is shown that fixed precision iterative re-
finement helps to mitigate the effect of the larger error constants. The analysis

is illustrated with the aid of numerical examples.
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1 Introduction

A blak dgaithm n matri x computations is one that is definedinterms of o
onsubmatrices rather than matrixelements. Suchalgorithms are w
hi gh-performance computers because their data locality propert
usage of memory hierdrchlitfslChdl] .

When a blockal gorithmis codedinFortran, advantage can be tak
Basic Linear Al gebra Subprograms ( BLAS3). The BLAS3 are aset of
tives for various types of matrixmultiplication, together withs
systemwith multipleright- i@ndiet desufiltlabl y coded block al gori
the bul k of the computationis carriedout bycalls tothe BLAS3.

The BLAS3 specificafiotmispul hte the input, output and call sequ
each routine, but allowfreedomof i mplementation, subject to th
the routines be numericallystable. This freedomincludes not on
toorder matrix multiplication, but the use of al gorithms algebr
the conventional ones. Of chief interest here are algorithms ¢t
favourable operation count (for suitable di mensions) throughth
mul tiplication technique. W will refer to such BLAS3 i mpl emer
BLAS3”.

One set of fast BLAS3 is prdpodlhdrieni[tl8s shown howasymptoti
speedups can be producedinall the BLAS3 routines by the use of St
for matrix mul tipl] canhiornh [f300r ms t he product of two nxnmatrice
O 11%27) operationf £120807). Aset of fast BLAS3 could also be buil
W nograd’s matrixmul tiplicdt(ivmn mhthhasdaBdperatiorrount of O n
with di fferent constants thanthe conventional technique) or one ¢
alower exponent than Strassen’s method (although the practical
methods has yet to be demohgtrlat ¢l 23se of complex matrices all
possibilities can be combined with the teJcchwhiaoh enablbeedha [21



podat o tw arfdextrices to he faradwing aly thee red mtrixmitigi-
ctias. Serd reseades ae eprirating wth the we d fast B3 in lirear
aqation sdvars. In atiaddar, ve ratian the vk d Biley lee ad Sran [3 ],
wo e Srassals rethod far the rtr xmitigicaias aisirginthe TAXKL U
fataiztion rative SERY

@ prpse in ths wk is to inestigte the maia stahlity  Hod d-
grithm tht apdoy fat B3 Wrestrid ar dtation mady to the Hak
dgrithmedin [AXK4 , 9]. kraboksizd 1, the dgrithmin [AXK
ae dessicd part dgrithm tht ae wl-kom to e nmaiclly stle, tht is,
exchaptedaswr is the ead asver to a partuhed pddemviere the ramat
the parturtatian is beurkd by the proddt o the uit rantff a rodst castart
cperd g an the dresias, ad the ramd tle dta (6 be predse, this state
rat is tre rdlo the prsihility d alage goth fatar in Gssian dimation
wth patid pwting ad a weder diitind stdility fa mtriximesion)
Hoksizes > 1, wth cnatiad BA3 it is grerdly acgted tht tle saa
staility resdts ae Wid dthogh w ae it avae d ay dtaled pods (in the
e d Hak LU fataiztian ae cn age thet the sam aithetic gqratias
ae ariedat & fa r =1, dldt ina dffrat adr). Fe gestion d @atiala
itterest lere is tle bt i tle stahlity d wirg fost B3 denr > 1 Wl
sowtht, far dl BA3 irdaatatias o irteest, hadvad emar bords ldd
far the Hakd grithmtlet ae conasuate wth tle errar o far the BAS
thesdes. hs is dealy the best e cald epet to poe

Aar o fa flting part aithetic w tde

Fle £y¥ zl4a)xy (145), laf, [ 8] <u,
flieg) = (@ay)ido) [0 <u, = [,
were v is the uit rardft Wreed to rdle samasuptias duat the stahlity
d the B TFe B3 priritives ind e thee types o mtrixmdtigictiar a
grard podt A B, aaos podd A T A, andtle podet o atriaglar mirisxoith
afdl mrx It is stbet to asuatht dl these padds sdisfy tle fdloang
grad adtiar if A € R mn B eR™P ad (s the capted agraimian to
C' =AB, tlem

C =AB &, & <c alm, n, pul[Al]|B] 40t (M



wee ¢ 1 (m, n, p) ddes aastat dpdigam, n oadp . ke the mix
ramis cofed by
X)) =
Nte thet far ths mamith A ad B drasiaed s doe, ||AB|| <n ||A||||B]| is
the hest swchireqality
Weso sssun thet the capted sditian to the triaplar sten T' X =B,
el € R ™" adB € R "7, sdisfes

TX =B 48, 1B <c o(m, pu|TIN] 400 *) 2
I casatiod B3 irgeataias cdtias (1) ad(2) lddwthe im, n, p)=
n? adc o(m, p)=m(m-H).
la the fat BA3 pgwsed in [18 |, hsed an Sressaris 1ethod (1) ad (2)

Kdwthe 1 ade 5 rahr apicted futtias d the drasias m, n, p adtle
theddn o tht dtamss the led o reeusion Intle spdd cse m =n = =
28 ng =2 !, tle costarts redre to [18 ]

aln, . ng ()= nd4m o)~

ng

2
Mologiz o | B b
no) Gty

ean, n)= ( na+ —ng— —n.

(adtion (1) dso ldds ven the mitigictionis dre by Wigads retlod
wthscding a, intle aee d capexrarias, hytle rthodd [21 | catiredwith
ay rethod far red ratrixmdtigiction thet setisfes (1) (see the emar adsis in
6] a2 )
Nte thet ta anatiad nmitigictio w hee tle fdlorg apratwse
wsiond (1):
C =AB 44X, | C| <nulA||B| 4002). 3

Slaly fa tle sistitition dgrithmfa sdvirg triaglar systers ve hae
TX =B 8, | B <(m4Hu|T|| X| 40 ?). (4)

Wetress thet these bords ave mah straggr then (1) ad (2. I eagle if
D =da (d;)wthd ; > 0fadl: , tlensadigAB — AD- D 1B leaes C' adtle
yper budin (3) udagd adsdiigAB — DA - BD cses tle bud d (3)
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toscde inthe saavay s C'; (1) dbes 11t shave these fasardle scing proparties.
I futher rerads an the d frerces betwen (1) ad (3) see [ 18 |. Aaseqere d
(3) ad (4) is thet far saaHakdgrithmit is pesiHe to dfanstrager hdvad
arar resuts thmtle wl ramiseass (pertys fa catandases d mtrixaly);
fa eapes se [8 | ad[19 ]. Tese stragr resdts ae wlly it wWid fa ay o
the fast B3 dsassed doe
Te Hodk dgrithm in [AXKhredk irto tw man dasses:  thoe hised an
LU fataizdian ad thoe indvrgathogrd trasfardias. Inthe ret satian
w gea ara adwis d Hok LU fataiztian Wslowthet iterdtive refie
rat infied pedsianis laefud far dl B3 irdemtatias ad part at the
istdhlityd apatialar fand LU fataizion wth Hok tiaplar fatas. W
dso egan fowto imestigte the stailityd a Hokd grithmiathat dingaful
ara adysis. Insetion 3 e asidy the we d apegted lisdd dr trasta-
mtias, Wid fantle hsis d a aiey d Hok dgriths ind virg athogrd
trasfaratias. Sracadudg reals ae gweninsatian 4

2 LU Factorization

21 Ema Amysis

Inths setion e eamre in dtal the stdilityd Hak LU fataiztion Intidly
v assum tht 1o pting is wed ad tht tle fataiztion swceed; owwe
dsass the aition d pting

(asidr a Hokidemtaiond the ater poddt tamd LU fadaiztian

(16, pol, [17 , plol. Te dgrithmy e dsaited thagh the ptitiaing

[An A12] _ [Ln 0 ] []r 0] [Un Uml cR "

Agr Az Ly 1,,]10 B 0 I 7

were A qqisr xr . Qestepd tle Hokdgrithwasists d fataig A 11 =L 11U11,
sdvirg tle mitige rigt-lad sick triaplar systerm L Ui =A padl U =
Ay fa U g ad L o1 respdidy ad fammg B =A 22 — L 21Uqo; ths procedre is
thenregreted an B. Fe Hok gerdtias diirg U 12, Loy ad B aeled 3BS

qeraias.



Wil asuathet the Hokled LU fataiztionis die insiwcha vay tht
the apted LU fatas f A 11 €ER7X sdisfy

LU =A 11 44 1, 1Ml <e st L1040 2) )

Wdantht udy these assuptias, tagther wth (1) ad(2), the LU fatas
d A eR ™" aptedwsirgaHaksizer sdisly

LO=A4M, A <u( 6. r)AI40 0o, BTN 400 2. (@

wered (n, r)add (n, r)aewstats dppdigan adr . Tepad is esatidly
iddie krn =, (6) ldd wth

o, r)=0 00, mp= @
invewd (5. ide the fist Hok stege o the fataiztion e asupfias
iy thet
Liyln = Ap4M o, [ Mol <eolr, n = Wgu || Unall 400 %), (®
LnlUn = Ay 4M 21, [ Ao Scafr, no—r )@ilHHﬁnH 40(u %) (9
Bdtan B =A 30 —L 5 Uy wefist apte C' = Loy Uy, didirirg
C = Ly Uy 4, |&] <e s —=r, vy 0 —rDull| U] 40w ?),
ad then sutfrect franA 2o, diaitirg
B=A 35— CHF, 1F) <u (A2 4 ClDAO@ 2) (10)
It tdlow thet

~

B = A22_z21(712 B,
18] < (Al H LalllTizll 4e 100 =, v, 0 —E)|[|Tr2]l) 4O @ 2). (1)

Te remndr d tle dgrithmuasists d the aptaiand the LU fataiztion
d B, adlyar irddive ssupio (6) the apted LU fatas sdisfy

ZQQUZQ = B—I_A B?
IABI| < 8 (n —r, r B (0 —r, v ]l Uasll 40 (u ?). (12

6



@iring (11) axl (12), al bord g | B|| wirg (10), ve dtain

z21(712 + Ezzﬁzz =A M o
124 ool u ([146 (0 —r, v |l Hlde 10y o —r no—r )46 (n —r I ll| U
(=, v Jaalll|Unal) 40 2). (13

ledtirg tegtler (3, (9, (9) ad (13) w e

LU =A 4, (1)
vhere bouk an || A ;|| ae gvenin the eqatias jut ratiaed Tese louds
fa the Hods & A can le wedered dligtly ad eqressed togther in the e
swant fam
1M <w (6 @y r)IAIH (o, BT 4O ) (1)
ere

by, r¥ 14 (n —r, r),
On, r¥ m {c(r), ofr, n—r) 14, n—r, n—r)4n—r, r)¥#¥n —r, r)}

Gig (7) it fdlostht 6 (n, r )<n/r.
Fese reaurerces stowthet the hwsic erar castats inassuytias (1), (2) ad
() catire alltivdy & vast. hs, tle ladkad era adysis fa the LU fac
taiztianis cnasuae wth the arar adsis far tle rtiadar irjemtation
d the B/S3 efoad in tle Hok fataiztion  In the ase o the aavatiad
B/} e dian a grediztion d the dessicd Whinsan resdt far » =1, wth
0 (n, r)=0m).
Atlogh the dwe adysis is prased intamnd tle Hok ater poddt fam
d LU fataiztiay tle saaresdt ldd fa aler 4 j &7 Hokfam (wthsligtly
dffrat wstats), fa eayle the gy a sdt fam
If e imaprae patid pwtingintle doe fataiztion tlentwd the Hok
sty ae adesed L 11 ad L oy ae diared by wirg @ssian dimetion wth
mtid piting (G to caapte tle fedaiztion

A L
P l H] = l 11] Uiy (16)
Ay Ly

7



s eechmanstepd the dgrithrindes tw ratler thn thee, B3 gera

tias. If the dbias adaqe d (5) ldd fa (16) then (14) (wth A redacedly P A)

ard (1) rendid wthrima dags inthe reaareces far 6 (n, ) add (n, r ).
Tere is o dfliity in etadip the adysis to e sdtiond Ax =b wirg

the aapted LU fataiztian  Indarg the wd erar adysis fa sdstitition

(see [I7 , sec.31], far eaple) ve fid tht (A +2M) T =b , with
M) <u (6 (s r AN HO (s ) BHLNNTN) 4O 2). (1)
Ier a lirear sytensith mitige rigt-tadsids, AX =B wth X, B € R nxp
Ieth sustitution stages ae B3 getias. Wig (2) it is stradtfavad to
stowtlet, the captad X satisfis

IAX =B <{ [ezte, p Yot )8 (o JRINON (oo JANK w40 %) (9

Watiatht tleera adssis gveninths saticnadyis inastragtfavad
wayto Hok L U fadaizatian far Tadkd etrices, Hodkfadaiztiond syetric
inHite retrices [17 , p16, adHok (desky fataiztiond (hadkd) syt
ric pritie dfite rerices [21 ].

22 Ttadive Rdimat

Te [AXKratires far sdvirg lirer eqetias sypat fied peasion iterative

rdfierat, [10 |, tht is, itetive rdieat in Widh 10 efra pedsian is wed in
caldirg the residds.  Te adlts d ths poes ean ke egdared in tem

d the capmatiise idaive ldvad erar w (y ) d an qprainte sddion y  to

Ax =b . Rs qatityis dfied by

Sly) = i e (AN = +h. M| < |A], |A] <e b},
- | b —Ay;|
= ™ TAy ] Aa]) ®

e the latter eqelityis poedin[% |. Asrll defaw (y ) indiesthet i is the
ditimd asygterinhidhexchdeat d A adbd s udrgre asdl dative
prtultiarnatialar, zrodemts ae it prrtuted  Ibeser, ingrerd, dl

tht cn ke garateed far tle 7 frar(lPis thet the rammse rd dtive hadoard



ara ) () =0(u ), e

n(y)= mm {e iH(A’lﬁﬁ)y =0 +A A o <e[[Alle,  [[A o <e [|b o}
r
= ATy T 40 T @
Jed [ | slowdtht & lagas A is it till-cdtioed adtle capets
d tlevada | A| | 2| &b ay too mhinmgituk thenw (y ) =0 (u ) far the
eta y  dtared franP wth ae step o fied pedsian iterdtive refremat.
Jed’s resilt, together wthiuther adlysis in[1 |, poids tle theaeticd fardtian
far the idwand fred pedsian iterdive refrerat in TAXK
In TAXK terative refrerat, is termated if

L w <u,
2 w st doesadlyafata o @ lest 2 frantle pedas iteation ar
3 fieiterdias lee ven prfaral

Tese aiteria bese leen doen to be rchist intle face d dffrat BSiriae

tatias ad rahire aithetic.

Jed’s resilt is alicle alyienanatiad BiS3ae wed Binestigte
the eftt  wirg fast B3 we cnrdle we o wakin[23 | thet coars fied pre
dsiaiterative refrerat wth an arh travy livear eqetiansder. Ier ar prposes,
tleresdts in[28 | reireaboud d thefan] b —A z| <u G| fa tle gwnsder,
were 7 1s a raregtive mtnx I Hok LU fataizdion wth patid prdting
w lme

|0 =& <|A[|z],

viere ||| is b in (17). Wassua tht tle residd fa tle redfreat

step is aapted in the casatiad vy va imer podds a saqy geratias,
& in [AXK Sre w hwe aly a amse lord oo M e cant ey

a dret grediztion in [23 | & Jed’s resdt (to b so ve wald reed to lese
| M| <u G| A| wth||G]| hordd irdgedatlyd A). Weer, v cninde the
veeler Teaen21in [23 | todtan
|6 =4 <(n (| Alg] Hb | HO© ), (21



were  j is the aapted vedar dtared dter ae step o fred pedsion iterdtive
refferat. Rs resdt les twranfestues. Hist, it is asypidic, ad the secad
adyr tempreats s cdwng fraf2l) ad (19) thet w ( y) <(n Ru . Iee,
if thecaprats d | A| | gl 46 | bt aytomhinmgitubit islildyth ths
ireqelity wil te satisfed (if t, extra refreat stepy mayldpto adiee a sl
w ). Tesecadpirt is tht M dwes 1 apear intle fist ady temaf (20)441s
Hdnin the secad adr temtere it nitigies a vedar wthdeats O (u ).
hs reas thet the refierat step tend to sypress ay imstahlity ranfestedin
M.

[AXEA so syprts iterdive refremt far lirear systemwthrdtideriglt-
hadsids, AX =B wee X, B €R "*P - Inths ase it is agrgpide to asidr
wether astdl] caporertvse rd ati ve badsarderrar is adieedfar eachind vidd
stemAx ; =b ;, ¢ =Lp. If anatiad B ae wed ta the aaptation d
X ad fa tle rdieat poes thn 9ed’s resdt is gylicdle to each system
Az, = .

Sppe tet fest BUS3 ave 1sad incapting X. Hist, wvll dddnalomd
d tlefam b, —A 7| <uGlz;| fa edhi . It is reesay to d ths inan irdredt
vy » fdlos. Wide fist tht (18) irpies

[AZ; =b illee <Mpiu|[Alko[|Z]|oc 4O *), v =kp,

IZINT |

M= el p ) Wi e

o~

X
N
17|

H6(n, rn,

(Fon(2) it fdlovs thet
(AN )3 =b s, [Milloe <Mpiu|[Alh 4O (u ?). (2

Idre e lae | b AT <M ], wh||A]] o udd s in (2). Ininding
Teaen21d [23 | wereadto spdfylontle residds B =B —A X ae aaptead

ad towtle arretias far the refremt ae apted Wwll ssuntht the

residdls are capted wing anatiad B If fast B/ ae ved e candd

10



10 hetter than to ddan a normuwise hord far each b : —A y; tht 1s pgutiad to
the fast B/ arar castat, ¢ 1 (ths is i suprising sirceit is agrerd pindfe
far iterative tednges thet the stahility a acaracy is linted by the qality d tle
capted resi dals).
If ve e fat B3 far the sustititias an the carectian step then far each
apted caretion v hee a resdt adogs to (2). Teaen21 o [ | then
stos thet (21) ldds far b ;ad g, ht tle ptatidly ey lage p ; termand its
arcge fa the rdfrerat stepy ae presart intle sead ady ternaf (21), raking
the resdt d linted paticd wde If the sstititias ae due wirg cosatias

B/S3 then (21) ldds far b ;ad gy wthp ; dae pesat intle sead ady team
lerce ve vald eqect a sl w ( y;) s lagas o ; is 1t too lage Hrly we e
thet if Al tle sustititias in the cptaion d X adintle rdieat poes
are cre wth asertiadl B3 thenve canset 1 ; = lintle dwe adysis, ad

ve wll dtan the saacaptedresdts & if the refreat s cariedat aneach
stemA e ; =b ; indpadatly
@ oerd] ardwais tht fied pedsianiterdtive refrerat can be herefiid
fa Pwthfast BA3 intw s, ssuirg tht residds are captedwsing
anatiad B&3 Hrst, it mvleadto a caprertwse rd dive ledsarderar
adr u , dtlogh the thadicd Tadingis wder thn den anatiad B3
ae wad S tle et wil, in ay ase, tad to cutarat ay ‘ild
instahlity’ irdeed by the ptatidly faster goth d aras inthe fest BA3
Wpeat san nmicd resdts far illistraion O egerimats e por-
faredin MIA fa dichu ~2 2x10 ~16, Wadwd Az =b by Hakater
podet LU fataiztion wth patia ptirg, wing hth anatiad B3 ad
afat B} tle later wes anatiad triapla sdves ad des ratrix nd-
tigiction by Srasais rethod wth n o =1 (rearsion dwm to the scda led).
Iterdtive refierat vs aglied wth the anagre test w <u .
Wee dtaled resdts far thee mtrices taen framtle test dledion [D
e (n) is a syneric pitive dfiite ratix astruted frantle deats o
Rscd’s triage triw (n, o) is ypr triagla wth Is a the dagrd ad eery
atry in tle yper triage eqd to o ; ad ipfat (n, 1) is the symdric pritive
dHiite mtrixwth(z , j)atryl/ (¢ 4 ). Inexhcese b s doenraduty wth
deats frantle vifandstiihtionan [0, 1. "Hes 13 stowthe capmrertvise

il



rdativeladsardearras w fa theiterdes, wthtle mmserd dtive ledsardaras
n inpaatheses; the dunleadig (Gn” dades anatiad B Waso
gt the o i s A A A adad ()[4 ]| ALY,
Inthese thee spradlydomeade dl then dies far the aigra apted
sditimae les thnu , bt thew dies far the fest B3 ae sustatidlylagr
thnfa the anatiad B3 Nte lowi terative refremat redues thew  wdies
bowu inae stepinthe fist thee eapges. Me typa, less etrembdmiar
is illwstrated in "Be 4, vhere rand (n ) is a radnrerix wth demats frartle
uifan{( 1 dstrihtion
Te retrices inthe fist thee eales eachhwe raregtive deats  wdly
ayitg ritub Tese ratrices vare tried becase it is kom thet Sresser's
rethod can provi e por 1 i ve acaracy wenfarming the pod ot o suchretri ces
infbeting prt aithetic[18 |. Ttisirterestirgtorecal the resdt thet the capted
sditimto Ax =b dtared by (BPin fteting part aitheticis imaiat
rova aun scdirg by poas d tle mtire bse, & lag & the sam pat

saqerceis doen |7 , p181). Hs inaiae poprty dies it Fdd ven Srassar’s
rethod is wed in the BA3HHs dsandtion povids saa futher imigt irto
the fist thee eardes.



Hel A =mscd 3
Foo(A)=3 Bx10 7, ad (A)=L Ox ©

GIM? r =L @M, r =2 Est7 r =2
3016 (26 1) LI 16 (35019 L7 U (12019
19617 3628 LT (@1

HWe2 A =triw 16 -H T
koo(A)=8 Fx10 18, ad (A)=9 Hx1

v, r =L awv, r =2 s, r =2
84617 (4 2 19) 84617 (4 2 19) 3129 (42619
L6e16 (126 1y)

Wed A =gfat (7 1)
Koo(A)=L Bx10 M ad (A)=6 Hx10 1°

v, r =L awv, r =2 s, r =2
8416 (1 5le ) 36%16 (1L2D) 20612 (34:D)
L %17 (10e) 8k 18 (31%2) 7.0 18 (2 1e21)



He4 A =rad ®
Foo(A)=6 Ox10 2, ad (A)=3 IxD 2
@, r =L @v, r =8 Iat, r =8

14816 (267 1) 2316 (4% 17) 68l 16 (10e 16)
2317 (71619 20017 (830 1)
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23 BlodeTriagnlar LU Fagaizian

Mt, wedsass tle aptadiond atneHok LU fataiztion A =L U € R nxn
were [ ad U ae Hok lomr triagla ad yper triagla respectindy  his
fataization is 1t wed in IAXIS ht it Tes attracted attetion becase o its

sutdility far pradld radires [16 , ). Asung tht A 11 € R™*" is rusiglar
e ante Ay A I 0][An A
A= [ 11 12] _ [ ] [ 11 12] LU, @
Ay A Ly 1 0 B
Wichlead to the fdloing dgrithfa campting L adU [16 , )
L X=A.
2 L21 :A 21X.

3 B =A 5 —L oA
4 (aptetleHok LU fataiztiond B, rearsivdy

Teegidt aptadiond A b =U ;' inthis dgrithean]eadto greater effiercy
apadld mhires, fa if U 5t is staved rather thn U7 11 the backsdstitution pese
d sdviig Ax =b ausists atitdyd mrixweta mtigictias.
Snee the dgrithbes b iarporate g it is itadd aly fa aqica
tias invhidhit is sdfe it to pyat in@ssian dimatian, far eafle, vere A s
degrely dumat a syneric pitive dfiite Waish to part at, lowser,
tht esen in these sititias, stdility is it garateed "B see ths it sftss to
amsidy the (2 1) Hak (rdative to the atitiaing (2)) o the residd,

(A= LU)o1 =A 21 = LA
Spuse, far sirdidty thet X =A T is dtared evactly. Fen wirg (1), e lwe
z21 =L 51 +& 21, Hd’QlH =c 1(” -r, r,r )@IHWﬁIHv

ad so

(A — zU)ﬂH A adAul <ciln =, vy o [ (An).
Tis the o far || A — LU| dyak antle ardtiond A 11, axl hytle rearsive
e d tle dgrithma the adtiond dler r X r sthatricess aising in the

15



Hed Raiersidds fa LU fataiztian

Koo(A16(-0 7)) =0(10 #)
Koo(A1s(—L 1)=0(10 )
Koo(A16(-3) =0(10  1?)

a=40T7 a=1 o=3
1316 SMe 17 0

61%17 4017 9417
3el7 1116 181
ATe 16 6115 L& 12
L1614 Yecat 4810
10 Ll 6%Re13 3%
2 L2 4311 T4% B
U 43e12 91le-10 28k @

o O = N =3

dgrithm If ayd these statrices is ill-cad tiaed then there is the pesihility
d alage residd.
bapes drustrating istdility ave readly grerated (Gsidhr the syst-
ric pritive dH1ite Mer mtrix A W) stiw (n, d¥iw (n, o) € R*" franD ],
deetriw - (n, «o)is diedinsetion 22 Wrantle Hok LU dgrithin A 16(c)
inMIB fa Hoksizs r =, 2 4 8§ 10 12 U wththee dffrat o, wirg an
watiad BS Te rdative residds || A — LU |oo /| Al]so fa the LU fataiztion
ae dspaedinHe i they dealy reved irstdility inoessitg wth the Hock size
(e tht k (A 11) iroveses wth the Hak size).
Hs imtailityd Hok L U fataiztion des b seento e wdl-kom W
spect tht in st qdictias vhere tle dgrithmles hen wed A hs heen
degrely drmmat, far if the dagrd diimace is sffiatly strag then the
imserses anauritg in the dgrithrae garateed to be o kst ram

16



2.4 Recognizirga Stable Blok Decompasitian

Iwean ae dstirpish a stdle Hodkd grithnad the kid dsassed insetian 21
frantle ustdle ae insetian 23! Hre ve presart anirfard agreach dloang
ey regitin wthat the reed far a fl erar adysis. @r aproach bes sam
sirflaiities wthtlet d Whkirsen[33 | o dsailes a gred gpradhto arlysing
uboded dgriths
Wasidy LU fataizgion wth partid pting dtlogh the saa agyoach
apies to the dler fataiztias ratiaed & the ed o setion 21 ad to QR
fataiztion Waiewtle dgrithres a seqee d capted deapmitias

P LU 4R ;=AM 1 =0 m, 2

were ae a- nre such daapsitias dsaile asirge stepd the Hakdgrithm
P; is a pamtation retrix and Al ; Tepesats rardrg eras irtrodeed by the
fist ¢ stey d the dgrithm Iitidly P o=L o=I,Upg=A,adR (= o =
wile L, is uit loer triagla, U m 18 yper triaplar ad R m =0 Te tamR i
is irtrodeed far itetiad casenace

Te mtnas P i Liy Uy ad R ae trasfamadto P iat, Liyg, Uiy adR ;4 ya
sirge rerix qeratian, d@ther uloded (BA o BAY), a Hoded (BAD).
Fe rardrg arar irtrodeed by this ratrixqperaionis X in—XM . KFedhM

issl (| ]| =0(u || A]])) thentle dgrithris stdle
‘Billwtrate, the fist stage d the Hok IUfataiztioninsetion 21 (igaing
icting) e witten, wing (20) withi =04 @

A A
A _ 11 21
A12 A22
_ [ Ly 0] [ Uy 0'+'0 A |, [ A0
0 T | Ay A | [0 0 0 0
. [ Lll 0 17 Ull U12 ] —|— [ m 11 m 12
L0 T | Ay A | | 0O 0
. [ Lll 0 17 Ull U12 0 0 m 11 m 12
i Ly 1 1L 0 —L 91Uz 0 Aj Moy 0
. [ Lll 0 17 Ull U12 m 11 m 12 (25)
i Loy 1 11 0 B Moy A g




It is dear frantle asuptias (1) ad (2) thet each road g erar termM ;s
aboudd adr v ||Al], ad(2) dos thet ther atribtionis aditive It fdlos
thet the de promss is stale,

@ prsibe dstade to stahlity widh des ot acar in [AXIS wadd ke
amptitg at o a daapition (say A 11 =L 11U11 dwe), wirg it to capte
dler pats o the deaypsition (1 21, Ur2, ad B) ad then reapting it by saa
rthodyiddrgdfbrat rardigeras. Teeis wodidianfa ths in@ssian
dimetian bt it is camadle thet sichredidhit geratias wadd ke reedkd to
we the B (Tere ae redicht gqertias in the we o Hok athogrd
trasfartias in the red setiay bt they bt lead to this dféilty).

Idwaaid ths reaptation diae stahlity? Sppse e idataize A 1~
L, U stally dter the lest step aove, and reace I nly Ly adlU 4 by Uy, s
Wl imese M o by( Lyy—L 1)Uz adM 5y L 5 (O —U 1), adreither o these
qatities is garateed to ke srl.

3 Orthogonal Transfornations

In ths setion ve casidy Hok dgrithm hsed an athogrd  trasfarstias.
Te dgrithnd irterest irduk Q R fataiztian athgrel reddian to Mssen
lerg, tridagrd o hidagrd famtle usynetric Q R dgrithmad dgrithm
fa gredizd agrdie a sipla wWe aptaias. Te tedriges wed in
IR Kfar castruting Hodkvarsias o these d g ths ave Tesed on the agye
gtimd Misdddy trasfartias. @ ams thadae to adyse tle stdility
d thee apregtion tedriges.
@ famd agregtion is the “W repesatdion d Bsdd and ¥n len
[5]. Hs indws rgresatitg the poddt @ , =P . P._1...P d r Isdddr
trasfaretias P =l —u qul €eR™" (ulu; =) intle fam

QT — _W T}/TT7 V]/v YEIR/HXT-

Tis can le due wirg the recarrare

Wi =u 1, Y=u q, WHW i _ @ _w), YEHY 24 4.



lirgtle WrepesataianaHok () R fataiztiancanle dsd gedas fdlos.
RtitmA e R ™" (m>n) s

A:[Alv B]v AERWTv
ad amte the lsdddr QR fataiztiond A L

Ry
PTPT_l...PlAlz 0 .

Fe podct P P P = HV TYTT 1s amaed & tle P ; ae grerated ad
then B is yrbted accard rg to

B (I AW Y)B =B (VB),

wichinmdves aly B3 geratias. Te poees is omrepeeted antle last m—r

osd B.
A dtaretive famd acamdadian is pgwsed in [4 | far =2 etaddto
gred v in[13 ], adwedin[2 ] Intle aatet d atlogrd sinlaityreddian to

Ibsserderg fam tle tednige imd s eqressitg
P.P._y...PAP,...P._,P, =AU VI W .U, (%)

dee U ., V, WeR™". Wide tle readr to [13 | fa dals d lowto ddan
ths reresataion Te ley part is tht, are agin aly B3 gedias ae
indvedin capting the yte, ave U ry Ve adW . hwe leentamad
Nwwe aasidr nraida stahlity Woaaratrae an the Wtednqe, ad
cmat tht sitla adsis gylies to the dterstive rethod o agpegtion (),
& Wl @ to the nue stage dbat apdt Wrgpesataiond Shraber and

il [ B |. Hist, werde tht the astritiond the W ad Y rarices is due
in a stale rarer (irdeed it dbes 1t inndve the BAS3): Bsdd ad ¥ lem
[5] stowttet the aaptad Q= + WYT is suhtld
1Q7Q ~1 || =0(u), )
W =0, || Y| =0 e

Te cadtion (2) irdies thet
Q=+, U U=, |&|=0) ()
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tht 1s, (@ is doe to aneadly athogrd trix
Nt ve casichr the aglictiond Q. Sypze wefanC = QOB I+ WYT)B,
dtang
C=fll B+ 1 W(Y'B)).
Adyirg ths B3 hsed coptation wirg (1) ad () it is stragdtfavadto
stowthet

~

C = UBHAC LB 1K),
&) < emlel, n, n)dn, v, w)B] 40w ?), (D)

wee ¢ 4 is aastat f adr 1 Rs resdt shos tht the capted ypdte is an
eat athgrd wite d a prtultiond B, vere the rand the prtutition
is horkd intermd the amar arstats ta the B3
Inthe cee r =1 (I) redes to Whinsals resdt m the giction d a
sirge Musdd dbr trasfaretion [ , pla). Whirson wses this resdt to dtdna
hdsarderrar resd t far the agictiond aseqeced Kisdd dr trasfarstias
(R, plHe]. Whtlewed (), it is stragdtfavad to showthet Whirsais
thd d adysis an be adyted to avamadte Wiphtes.  Aterrstindy to
dtanaldsaderra resdt ta asqqeced athgrd simlaitytrasfarstias,
w cn sidy isat the boad (1) irto tle gred adyis & [B , 6l a
[BL]. It fdlos tht tle stadhd ladsad ara adysis resdts far Isdddr
trasfaratian dgriths rean did wen the Wiedriqe is wed & lag a
the aastats inthe ara bouds are redaced by g ate lirear cahiretias o
¢y term
@ oed] adwsias ae & fdlos. Hist, dgrithmtlet apgoy aggegtad
HMisdddr trasfamtias wth casatiad BA3 ae & stdle & tle aare

sprdrg part dgrithm Saod the we d fest B3 far qpying the ytes
dbds stahlity aly thagh the astats in the ladsard errar o,

4 Concluding Remarks

@ min cadsianis thet the e o ot B8 setisfyirg (1) ad (2 vith TA
P ockdgrithmis “sefe” fronmanmmicd stadsitt. Te dgrithsretan

D



thar ramse ledeard stadility bt the atl badoard eras ray imoese to
refbct ay dharessed acaracy inthe B/ Asq ay spad pgerties rddirg to
apatwse ldsard errar ay be 1ot inswtding to fest B3

Iwlae the invese in ledsard eras Wil e, an aerage, s dfblt to sayg
sircethe thaaeticd errar baud terdtole gite pesinistic (ths qpies patialaly
to the lourdfar Sresser’s retlod—see [ 18 ]). Aqatitative assessrat o the speed
varsis stahlity tracdfist avat the aard  egrriece insirg fest B3 far
the Wwes d n fa Wichwsdd spedps ae dared

Inthe imprtat agictiond sdvirg Ax = b by LU fataiztionthe we d fast
B/S3 reed cary 1o stahility ety ve bse stom thet fred peasion iterative
refferat, wth aasatiadly ampted residds cn ipoe ramise stahlity
ad can even prodee a stll capertwse rd dtive badsad e, dtlogh e
hwe it heen e to state wdfd cadtias udyr Widh suh imoeats ae
gaateed

Hrelly werdteraeapirt dsassedin|[ 13 . Worgqladrgaasatiad B3
by fest B3 inan iterative dgrithmit is imrtat to aasidy the irdictias
far the arerge tests-a-dage in the B ray recessitate a rebuirg o the
dgrithnprades.  Iddly a asagne test wll le didive aros dfbat
B/ irdaataias ad apter aithetics adso wil 1t reed tuirg, Fe
stopping aiterion wed in [AXKfar iterdtive refierat o lirear eqetias (see
setion 22) hes been dsigred vith this gdl inrind  Bpeiece vl td] vetler
the gdl Tes Teen adiead
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