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Abstract

The aim of this project is to implement the basic factorization rou-
tines for solving linear systems of equations and least squares problems
from LAPACK-—namely, the blocked versions of LU with partial pivot-
ing, QR, and Cholesky on a distributed-memory machine. We discuss
our implementation of each of the algorithms and the results we ob-
tained using varying orders of matrices and blocksizes.

1 Background

As part of the LAPACKp#t o jweclkalvie devel opedalarge body of mat h-
ematical software for solvinglinear algebraproblems onshared- m
allel processors. The goal of LAPACKis todesignandimplement a p
linear algebralibrary onhigh-performance computers. The method
the design has been to construct matrix-matrix algorithms and to
software that encapsul ates the computationall yintensive partsii
Level 3 BLAS.[®his methodology results inahighoperation-to-men
reference count and t hus offers the possibility of high performanc
machines.

*This work was supported by the National Science Foundation Science and Technology
Center Cooperative Agreement No. CCR-8809615.



Hs mper dsaibes aneffit torese the sdtwre dnd ged far stared
renry tachives in the setting o dstribted renry madirves. A such
it represarts aneftrt to qicdy estalish anrericd livear dgedralibrary
on ressae s 1 i ves by egddting the existing bse d sdtware.

2 Strategy

Smee dita roeat on rost Hghvperfamae ardi tectures is sloweamn
paved tofbati repritt perfarrance, Hockd g this bese heen chri ved ard
imeated fa mrix captdias. Agriths tht cmider a mrix

# addledion d sdydrics, vere eaxch sharixis agapd durs,
reqire little dita mverart. Inths pper, we repat aar aterqts to
we afredwdh Hoding strategy franthe IR Eaties fa 1]

arl (desky fataization an the Trtel 1 E30800 Iyperade.

Sree the Intd i I¥MDis adstrihted rary ardi tecture ad siree
ve vish to rivitive dta crmmictian, ve dose the right-lading Hak
darithafa ar imgeaataiond T Q ad Cdesky; & irderated
in IAXKs ratites SEE S ard ST respectine i
TFe rigt-ladirg versias o the dgrithm rvirve commiction ad
dstribite the crptation and webting aros the dta. TFese Hak d-
arithmdy feaily an lewd 3 B ratines.

Wassua thet ar merices ae waptaped aros the proeessas by
s, vere each pad is amber  adus o the mirix spedfed by
the Haddize. Sree camicatian is wry eqpasie, w niinee it by
ammicditg aly are pr itedian Hs gproch  conmi cating
fewer tives wth lager ressapes is diegper than cammi cating rre fre-
qeily ht wth sler ressags. I e ifardion dat the ast
d commication versis aaptatian see Irign [4 |. ‘Bfuther sirgify
adriritive canmi caionvd um ve e agray cak adritg sdema
auidrediad rirgas ar caredian topd gy far the lyperade. TFering
talaeyis dsenbecase it hest sird ates the pogesdi and’ the dgrithm
ad cheresses the camication vdua Fe gray o ading tagtler
wth the ring topdqey riviriwes the traffi dstace hetwen rodbs, and
dirirates the ittersection o ressages.

Intle fdlodngsedias, wegdneachd theimeataias wedfar
) @ ad ddesky; o vl o lowwe arivedat ar pyeited ayrach
Wiken edte ar tirirg resdts ad sprdfy an gtitd Hadsize far
eachd the dgrithm



3 Intel iPSC/860

Te Ttd iBRD is an Tt 180 processa-hsed Iyprade with 18

rabs ataded to a 886 ot proessa. Fach 180 ok s an 818

cate, 8 MBd man reray ad rdtife aithetic wits Wich parit

nitife gqeratias pr gde [4 . Te carat dock speed is 4 M, ad
exchrak bes atheaeticd peak prrfarmance rate d ) MAB far sirde
pedsian ad 4 MW fa- dhble peddan Fe gerdian systemm

the roks sypprts asyrchraos comi catian, rente T/ Ofrantle Tost,

ad nititaskitg (rmication is syprted by dred-caredt tating

radles aneach ok, hese drect-caredt i es tdiese the rak QU

d rating oerlead and greatly redee the prdty o niti hop ressaes.

Wh this rewratitg hadare, the roks can be treded a5 if they vae

dredly carected [4 ]. Te cmiction tire fa a ressae is a lirear
fudtiond the size d the ressae. 'his, the tita T to tramrit a ressae
d'legh NV is T =48 * N, viere o represearts afred statipoertead ad

3 is the tramissi an tim pr bite. Iar ressaes o lergth 100 tes ar less,
a=Hmcroseconds. lbwer, falagr resags, o =1Hmcroseconds.
In bith cses, B =04 meroseconds. Fe resm far this dfrece in
statp aost 1s thet ressages o 100 bites ar less trad by tateagisition
prabad , veress |ager ressaes reqite atype d tard steling befae the
Tessae can te sart.

4 LU FEactorization

Te rigt-laking Hock d gri th( SEI) captes agopd dera
tary trasfarsias to zro at a nrter o «dus & each step (this
regires an uHoded [Ufataizatian) ad wes these trasfartias to
e the remining tralitg sdyerix  SEIR cls three ratites:
SER, the uboded Wfadaization fa- qratias wth a Bok od-
ury SIEM tle tiagla sdw wth rdtige righi-lad sids; and
SENItle mrixmrix mdtigy Titidly w codd a stragifavad
wersion o SEREWth the cmmiction o the fatored Hock adun
(e ) and the pds dter the cdl to SFIR2

Te parbaxk far this dgrithmwald e tle fdloing (dere n is
the nuber f cdws intle rrix b is the Hadsize, nprocs is tle tad
nrter d passsas dladed ad proc is the integr dwe wed to leep
track & vich poessar is arretly dirg tle fataing ad shiping



chta):

proc =)
0% =L n, nb
if (proc =nyid) ten
dl sget f2
serd ivts and factared pard. to dler processas
dse
recdve s and factared pard. framprasssar proc
erd f
iy pwt interdags to paes
cl strsmia the tiapla sdwe o pads
cl sgermmto urhte the rerdiritg paes
proc =nod(proc H, nprocs)
1))

Isapdrtrat with the eeatian tines led 8 to adye ar irge
mtation in rae dtdl wth the ldp o RraGyh [6 |. Rreighis
a prdld peganing tod tht gaticdly dspas the eeation d a
d st hted rerry program It didrs the trace iffaratian thet it reeds
frara cmmictianlibrary cdled BAL[5 ]. BQis wed thaghot ar
irdeataias hecase d its patdility ad its simgifeation o my
Iypercue corak.  RraGch aafired ar bief tht there vae in
lerert ide vits in tle dgrithm Te starstepd ide wits candealy ke
seenin Fg 1

Te Gt dat in Kg 1 stos ven exch praessar is bsy a ide
Te dik gay dar digifes ide tira fa- a gven poessar, ad the light
gy ada sigds bey tim lile the Gtt dat, the Bom dagan
inHg lillwstrates hsyfide tites o the poessas; lower, it dsostos
the cammi cati an prttern between the rocsssars. e warticd lires stow
the atid commiction pths, ad tle loizatd lives repesat ven
a poosssar is hsy Ay dsoatinity in a hoizatd lire imdctes an
ide vt a thet prosssar. Hs ide wit cn then ke idutifed an the
arresprd g section f the Gitt dart. In the cse o Fg 1, these ide
wits acar vien dl d the processas are wating far ae processa—hich
Wl eatdly cdl SR ad commi cate its infaratiarfist to d
SIEVEd SHWo d] o its s far the crrat cl.

Alstter strategyis tocammi cate as sanas posiHe wingapined
qprech Sedfdly istead d cdling SEVEd S far dl o its



Hagre 1| Pra@aghisdizaion o stragt-favad IWfactaiztion

mds, tle posssar simgly upktes the ret prd to ke fataed, fatas
thet pad, ships tle iffamtion to the dler poossas, ad fiisles the
wte o the rest o its pads for the peios SR cdl. Wedl this
straegyp i pel i ned updating.

Fe paub axk far the ppdied wting approach wald Te the fd-
lodrg (ere n, nb, nprocs, ad proc ae & preiasly dfied):

proc =)

if (proc =myid) then
cl sget f2to fata mfist pad ad gt thigs stated
ship factared prd and s in warlat aray
to dher processas

erd f

0% =L n, nb



if (proc =nyid) ten
aqy uorkout arrayirto uorki n aray
dse
recdve pad and s irto uor ki n aray fran
RO proc
erd f
dl processas agdy shiped s
proc =nod(proc H, nprocs)
if (I tae pads left to mdfy) then
if (proc =myid) then
I'ntle ret processar to fatar a e so
cl strsmadsgemnaly antgfist remring pad
fatar thet pad (cdl sget f2) adslip
tle iffamtianin uor kout todl dler prosessas
erd f
dl poossas cl st rsmad sgemmath uor ki n aray
erd f
1))

It is eidat fronRraGhh (see Hg 2) thet the ide wits betven
passsas Twe owheen dinreted Ide tima acus aly ven the po
assar starts tornat o vak tht is, denit les fever paeds to updte
than the dther processas. It stod d be roted thet far illwtrative parposes
a fdlyarected tapd gy Wth a rbud adwing ws wed in Fg 1 ad
lg 2 s tgdey met gaticdly drastrates the d frare tveen
the twd grithm

4.1 Testing and Resul ts

Te tirgs thet ve repat ae far the fataiztion aly ey d it
irdub the tiratolcad the ok programar tod stri hite the wap raped
reriX to the poessas. Wse aly 61 ad I8 ks far ar ting.
Qr meries rage fronadr JD to adr A0 for 64 rods ad fran
adr 30 to ady 80 fa Brods, wth Hodsizes I 110 16
Ufatuatdy sead imdeataion dtdls an tle Iitd 1E0RD0
lirit prfame Gy ae led 3 B ratire, I ws adldle
inid) ssally lagee. Tae vae, ower, thee led 1 B ra
tires cockd ini &0 asserbly | appeespdfrd Ly SAY HA, ada
striceae vasiond” 0L Wilerefae inaprae cdls to these tatines



Fare 2 PreGiyhvisdiztion d pipdired Ifactaiztion

veea prile Wdso we aly dunmja atbessing ad strids
d ae derewer prile Srde pedsianis wedinar indaatdias.

Wiard these Hodsizes to te sffiat to sabuate the dsited nm
ber of rods thet we vere wing gven the itpeartation  SX PYad
Wtk ve ted ad dso stowstanation & it aceas. Fg 3is a
gahd the M@rairg fa [Ufataization Te gaph stos a pesk
imdvidd paesa prfame d 1316 MOS fa 61 poessas ana
rarix d adr T ad a peak rate o 1137 MAS fa- an ads 0
e X an 128 progessars.

4.2 Optinal Blocksize

Te gtird Bodsize is—a epteda-fuction f the nrber o po
cesas, tle diiecy d the ftitepint qeatias, ad the ady d the

7



Block LU Factorization
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Hgre 3 Pplined [Uketari zation Red ts far 64 and 18 rods

rrix  Sme SHWEs the diat qeation in the prdld patian
d the dgrithmits pafarace gedly iffleces ar timg resdts. Ine
terestitdy in eadritg ar test resdts, ve dsered a rape d gfid
Bodsizes catered arord aBodsize o 8wtharadw o 4 Hs rage d
Hadsizes dealy ilizes cade st effctidy in the STWtatire

Sdler Hadsizes padre better 1aad B ad g an the rods ad ths
chresse tle amnt o ide wits betwen the poossas.  Iweser, this
cresse in ide tim is a the epase d an inresse in canmicaian
oerbead and a cheresse in the fhatirg pirt parfarace d the indvidd
rabs.  lapr Hodsizes, antle dler bad ivcesse the ftatinepint
perfarace  irdvidd 1odbs and deeresse the amant o catian
oertead & the ot I lager ressags. ey dso resdt in porer lead
Har g etwen the rods ad ths inar ide wts in the eeation

K, tle rage  gtitd Hadsizs oor & tle pirt dee the
tracedThetveen ide wits ad commication oarltead is atvd ged by
the flatine pit perfarmace o the indvidd rods.

Bschd dites these dratrds to a fied Hoding strategy in [2



5 QRFExctorization

Lile the rigt-lading Hak dgrithmfar T the rigt-lading Hok d-
grithm(HB) captes a Hock rovard cdun & each step and
wes themto wpilte the trdlitg sdrrix  SHW cdls thee oz
tites: SR to capte tle fataiztian fa the ad, JAHT to
capte the Bock Tsdd dr ratrix ad SAB dich idies heaily
o ST to aly the Hok Misdd dr tetrix to the test d the
trix Inar ese, camiction aars dter the cdl to JAT (It is
dso pxsibe tolet cmmicdion aar alter the cdl to SKR  dw
eer, ths ida wld resdt in redichit captation becase dl o tle
poesas dl IATimtead o jst ae) Al poesas then ykte
thar pads by cdling SAB A with the Ifataiztiay to adiew
aiird pefarace, w e tle ppdimed yrte apreach

Te patbaxb far the Qpatid wdting aproach wald Te the
fdlowrg (Vere n, nb, nprocs, adproc ae s peiasly dfied):

proc =)
if (proc =myid) then
cl sgeqr2tofata mifist pad ad gt thrgs stated
cl slar ft tofantle Hok losdd dr rtrix S
ship factaed e ad S rixin uorkout aray
to dher processas
erd f
0% =L n—nb, nb
if (proc =nyid) ten
aqy uorkout arrayirto uorki n aray
dse
recdve . and S tetrix itto uor ki n aray fran
RO proc
erd f
proc =nod(proc H, nprocs)
if (I tae pads left to mdfy) then
if (proc =myid) then
I'ntle ret processar to fatar a e so
cl sl ar fb towydte mfist rarring pd
fatar thet pad (cdl sgeqr2)
capte the Sarix (cdl sl ar ft)
ship tle ifamtian in uor kout to dler processas



erd f
dl poossas cl slar fb wthuorke n aray
erd f
1)

It shald te mted thet ar lapin ths cse rus franl ton — nb,
irstead d framl ton & in I Fe reson far this dsaepcy is thet, in
the e d Q] ve b rt eed to comnmi cate after the last pd bes heen
fatared far 1) howser, w 1eed to commi cate thet 1t tira hecase
dl o the dher proessas eed to agdy the vt irfarati an frantle 1ast
factored e to ther fiisted pads.

5.1 Testing and Resul ts

Se QRbes the ligest gedio ant fa tle thee fataiztioa d-
arithn e eqect it to podee the st pafarace It pafam s
exrced far mrices d adr I a Wowa 61 poesas ad fa m
trics d adr A0 a Hovan I8 poessas; lower, dine the
dgrithmles a lager said prtion ad des b 1dy & leaily a the
SWNkatite s the IUdgrithm w see its prfamare paitg be

fae TU Kg 4 refbcts the NP ratings thet wre reparted far the R
fataizaian Te gah stos a peak irdvidd roessar prfamace o
1.8 MBS far 61 praessas anardrixd ady A ad apekrate

d 1057 M5 fa an arder 8000 retrix an 128 processars.

5.2 Optinal Blocksize

A stated befae intle case of 11 the gtird Hadsize is afudiand the
nrter d poessas ad the ady o the mrix  Ain SHM¥s tle
drimat qeratimintle rdld priiand the dgrithm ad ve deered
arage d qfitd Bodsizes catered arand a Hodsize o 8 wth arad s
d 4

Mhogh QRles the geatest pretid far god fbatingepdrnt perfa-
race an the mods, it sufers frartle sam pitfdls & [Ufa sl sess
lag Hodsizes. Tt can imowr very por load Badig siee it reqires
nre vk then 1L Tt dsoreqires commi ctigal anger sdund dta
betveen the rocessars.



Block QR factorization
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Hare 4 Rired QRlEctaizaion Redts far 61 ad I8 raks

6 (holesky Factorization

SO the rigt-laditg Hok dgrithmfa (desky fatas a Hak
cdun & exch step and then wes it to e the trdling sdyetrix
SO cdls thee ratites: IR tofatar the Hakadun SIEM
todbatiagla sdwemtle pad, ad SY Hto parfanttle syreric
rak e, Wile Wad B the indeataion d this dgrithms

b stragtfavad sitee the cdl toSWHS s irposi He inthe dstri hited
renry wapraged aated. e dags to SHvae i, tow

ear: aly ae lap ws dagd ad a fewindses vae atbd  Tese
darges wre then rewi tten in term . SN o et perfarmace.

Te axb praeeds & acdl to TR ad SV fdloed by cam
rication ard the symretric rak ypdite oer the pads. A wthar dler
factari zati an techiqes, ve we the pd ined updhte agraechfar best per-
famare.

Te patbaxb fa tle Mdesky partid wrbting apreech vald be
tle fdloing (Mere n, nb, nprocs, adproc ae s peiasly dfied):

proc =)
if (proc =myid) then

8000



cl spot f2 tofata mifist pad ad gt thirgs stated
cl strsm
ship fataed prd inworkout arayto dler pocessas
erd f
0 = 1L, n— nb, nb
if (proc =myid) then
aqy uorkout arrayirto uorki n aray
dse
recd e pad irto uor ki n aray franpoessar proc
erd f
proc =mod(proc + 1, nprocs)
if (I tae pads left to mdfy) then
if (proc =myid) then
I'ntle ret processar to fatar a e so
cl ssyrk toydte mfist rerring pad
fatar thet pad (cdl spot f2)
cl strsm
ship tle ifamtian in uor kout to dler processas
erd f
dl poossas cl ssyrk wthuorki n aray
erd f
1))

It stald ke nted thet ar IDlapin this cse ras franl ton — nb
8 in QR Te sam remsairg aplies lere & in the Reze

6.1 Testing and Results

TFe samnuber  processas, ades o i ces, and Hodsizes dscassed
ealier vare wed far the (desly fataization tirirgs. g 5 refbets the
tirirgs thet vere reardd  Te gath slow a ek irdvidd poeessar
perfarace d 80 MAOB far 61 paessas am arix d adr J)
adapekrae d 6 2 MBS fa anady 800 xan B processas.

6.2 Optimal Bl ocksi ze

Sre (desky fataization bes the parest ratio d captdian to am
mickion (its qtird Hodsize rage is aginafudtiond the nrber of
poesas ard the adr o tle mwrix), e eqected it to pafamprly
a this mdire Hower, its sler annt  captaion dlowed far

2



Block Cholesky factorization
1600 : : :
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Hare & RPited (desky taizaion Redts far 61 ad 128 rods

better 1cad Hadtg ad srdler ide wits betwen praessas. It dso
requires tle lest comiction dun "his, its pafarare ws bet-

ter thn expcted  Sie tle pdld prtion o the dgrithmagin rdies
leaily an the SV hatire, ar it durstrated an icatifidie
atitel Bodsize rage eartered arand a Hodsize d 8vitharadws o 4

7 Concl usions

Ater irpeanting these dgrithm wig fied Hodsizes, ve dealy see
tht dterrivitg an qptitd Hoddng strategy far these Hock dgrithm
a1 a dstribtedraary madire is a caficated tak se [2 | far futler
ddls. Watuatdy afiedwdh Bodsize strategyis higly dyperdat
a tle nber  posessas dlasted ad the size o the mrix
Te dlidacy d the dgrithm is a Hare betwen indvidd 1ok
catirzpirt prfamare, ammction oerteed ad due, ad lead
Hadrg A Bsdd [2 | pirts at, alilray ratire slold ke dle to
dtadn ma-qtitd pafamare fa ay pdlemsize. his, w ae ar-
ratly egairg waidle Halddz straeges dich vll dledate pdlem
size chpercbree.
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