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As p a r t o f t h e LAPACK p r o j e c t [ 1] , we h a v e d e v e l o p e d a l a r g e b o d y o f ma t h -

e ma t i c a l s o f t wa r e f o r s o l v i n g l i n e a r a l g e b r a p r o b l e ms o n s h a r e d - m

a l l e l p r o c e s s o r s . Th e g o a l o f LAPACK i s t o d e s i g n a n d i mp l e me n t a p o

l i n e a r a l g e b r a l i b r a r y o n h i g h - p e r f o r ma n c e c o mp u t e r s . Th e me t h o d

t h e d e s i g n h a s b e e n t o c o n s t r u c t ma t r i x - ma t r i x a l g o r i t h ms a n d t o

s o f t wa r e t h a t e n c a p s u l a t e s t h e c o mp u t a t i o n a l l y i n t e n s i v e p a r t s i n

Le v e l 3 BLAS [ 3] . Th i s me t h o d o l o g y r e s u l t s i n a h i g h o p e r a t i o n - t o - me m

r e f e r e n c e c o u n t a n d t h u s o � e r s t h e p o s s i b i l i t y o f h i g h p e r f o r ma n c

ma c h i n e s .

�

. .
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This paper describes ane�ort toreusethesoftwaredevelopedfor shared-

memorymachines inthe settingof distributed-memorymachines. As such,

it represents ane�ort toquicklyestablishanumerical linear algebralibrary

onmessage-passingmachines byexploiting the existingbase of software.

2 Strategy

Since datamovement onmost high-performance architectures is slowcom-

paredto
oating-pointperformance, blockalgorithmshavebeenderivedand

implemented for matrix computations. Algorithms that consider amatrix

as acollectionof submatrices, where eachsubmatrixis agroupof columns,

require little datamovement. Inthis paper, we report onour attempts to

usea�xed-widthblockingstrategyfromtheLAPACKroutines forLU, QR,

andCholeskyfactorizationonthe Intel iPSC/860hypercube.

Since the Intel iPSC/860is adistributed-memoryarchitectureandsince

wewishtominimize datacommunication, we chose the right-lookingblock

algorithms forour implementationof LU, QR, andCholesky, as implemented

in LAPACKas routines SGETRF, SGEQRF, and SPOTRFrespectively.

The right-looking versions of the algorithms minimize communicationand

distribute the computationandupdating across the data. These blockal-

gorithms relyheavilyonLevel 3BLASroutines.

Weassumethat ourmatrices arewrap-mappedacross the processors by

panels, where eachpanel is anumber of columns of thematrixspeci�edby

the blocksize. Since communication is very expensive, we minimize it by

communicating only once per iteration. This approachof communicating

fewer times withlarger messages is cheaper thancommunicatingmore fre-

quently but with smaller messages. For more information about the cost

of communicationversus computation, seeDunigan[4 ]. Tofurther simplify

andminimize communicationvolumeweuseagraycodeorderingschemeon

aunidirectional ringas ourconnectiontopologyfor thehypercube. Thering

topologyis chosenbecauseitbest simulatestheprogressionof thealgorithms

anddecreases the communicationvolume. The graycode orderingtogether

with the ring topologyminimizes the tra�c distance betweennodes, and

eliminates the intersectionof messages.

Inthefollowingsections, weexplaineachof theimplementationsusedfor

LU, QR, andCholesky, as well as howwearrivedat our pipelinedapproach.

We then evaluate our timing results and specify an optimal blocksize for

eachof the algorithms.
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3 Intel i PSC/860

The Intel iPSC/860 is an Intel i860 processor-based hypercube with 128

nodes attached to a 80386 host processor. Each i860 node has an 8-KB

cache, 8MBof mainmemory, andmultiple arithmetic units whichpermit

multiple operations per cycle [4 ]. The current clock speed is 40MHz, and

eachnodehas atheoretical peakperformance rateof 80MFLOPSfor single

precision and40MFLOPSfor double precision. The operationsystemon

thenodes supports asynchronouscommunication, remoteI/Ofromthehost,

andmultitasking. Communication is supportedbydirect-connect routing

modules oneachnode. These direct-connect modules relieve the nodeCPU

of routing overheadandgreatly reduce the penalty of multihopmessages.

Withthis newroutinghardware, the nodes canbe treatedas if theywere

directly connected [4 ]. The communicationtime for a message is a linear

functionof the size of themessage. Thus, the timeT totransmit amessage

of lengthN isT =�+��N, where�representsa�xedstartupoverheadand

� is thetransmissiontimeper byte. Formessages of length100bytesor less,

�=75microseconds. However, for largermessages, �=136microseconds.

In both cases, � =0:4microseconds. The reason for this di�erence in

startupcost is thatmessages of 100bytes or less travel byroute-acquisition

protocol, whereas larger messages require atypeof hand-shakingbefore the

message canbe sent.

4 LU Factori zati on

The right-lookingblockalgorithm(SGETRF) computes agroupof elemen-

tary transformations to zero out a number of columns at each step (this

requires anunblockedLUfactorization) anduses these transformations to

update the remaining trailing submatrix. SGETRFcalls three routines:

SGETF2, the unblockedLUfactorization for operations with a block col-

umn; STRSM, the triangular solve with multiple right-hand sides; and

SGEMM, the matrix-matrixmultiply. Initially, we codedastraightforward

versionof SGETRFwiththe communicationof the factoredblockcolumn

(panel) andthe pivots after the call toSGETF2.

The pseudo-code for this algorithmwouldbe the following(where n is

thenumber of columns inthematrix, nb is theblocksize, nprocs is the total

number of processors allocated, andproc is the integer value usedtokeep

track of which processor is currently doing the factoring and shipping of
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data):

proc =0

DOi =1; n; nb

if (proc =myid) then

call sgetf2

sendpivots andfactoredpanel toother processors

else

receive pivots andfactoredpanel fromprocessor proc

endif

applypivot interchanges topanels

call strsmfor the triangular solve onpanels

call sgemmtoupdate the remainingpanels

proc =mod(proc+1; nprocs)

ENDDO

Disappointment with the execution times led us to analyze our imple-

mentation in more detail with the help of ParaGraph [6 ]. ParaGraph is

a parallel programming tool that graphically displays the execution of a

distributed-memoryprogram. It obtains the trace informationthat it needs

fromacommunicationlibrarycalledPICL[5 ]. PICLis usedthroughout our

implementations because of its portability and its simpli�cation of many

hypercube commands. ParaGraphcon�rmedour belief that there were in-

herent idle waits inthe algorithm. The stairstepof idle waits canclearlybe

seeninFig. 1.

The Gantt chart in Fig. 1 shows when eachprocessor is busy or idle.

The darkgraycolor signi�es idle time for a givenprocessor, andthe light

graycolor signals busy time. Like the Gantt chart, the Feynmandiagram

inFig. 1illustrates busy/idle times of theprocessors; however, it alsoshows

the communicationpatternbetweenthe processors. The vertical lines show

the actual communicationpaths, and the horizontal lines represent when

a processor is busy. Any discontinuity in a horizontal line indicates an

idle wait on that processor. This idle wait can then be identi�ed on the

corresponding sectionof the Gantt chart. In the case of Fig. 1, these idle

waits occur whenall of the processors arewaitingfor one processor|which

will eventuallycall SGETF2andcommunicate its information|�rst to do

STRSMandSGEMMtoall of its panels for the current call.

Abetter strategyis tocommunicateas soonas possible usingapipelined

approach. Speci�cally, insteadof callingSTRSMandSGEMMfor all of its
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Figure 1: ParaGraphvisualizationof straight-forwardLUfactorization

panels, the processor simplyupdates the next panel tobe factored, factors

that panel, ships the informationto the other processors, and�nishes the

update of the rest of its panels for the previous SGETF2call. We call this

strategyp i p e l i n e d u p d a t i n g .

The pseudo-code for the pipelinedupdating approachwouldbe the fol-

lowing(wheren, nb, nprocs, andproc are as previouslyde�ned):

proc =0

if (proc =myid) then

call sgetf2tofactor my�rst panel andget things started

shipfactoredpanel andpivots inworkout array

toother processors

endif

DOi =1; n; nb
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if (proc =myid) then

copyworkout arrayintoworkin array

else

receive panel andpivots intoworkin arrayfrom

processor proc

endif

all processors applyshippedpivots

proc =mod(proc+1; nprocs)

if (I havepanels left tomodify) then

if (proc =myid) then

I'mthe next processor tofactor apanel so

call strsmandsgemmonlyonmy�rst remainingpanel

factor that panel (call sgetf2) andship

the informationinworkout toall other processors

endif

all processors call strsmandsgemmwithworkin array

endif

ENDDO

It is evident fromParaGraph(see Fig. 2) that the idle waits between

processors have nowbeeneliminated. Idle time occurs onlywhenthe pro-

cessor starts torunout of work, that is, whenit has fewer panels toupdate

thanthe other processors. It shouldbe notedthat for illustrative purposes

a fully-connected topologywithanatural orderingwas used inFig. 1 and

Fig. 2. This topologymost graphicallydemonstrates the di�erence between

the twoalgorithms.

4. 1 Tes t i ng and Res ul t s

The timings that we report are for the factorization only. They do not

include thetimetoloadthenodeprogramor todistribute thewrap-mapped

matrix to the processors. We use only 64 and128 nodes for our timings.

Our matrices range fromorder 500 to order 5000 for 64 nodes and from

order 500toorder 8000for 128nodes, withblocksizes of 1to16.

Unfortunately, several implementation details on the Intel iPSC/860

limit performance. OnlyoneLevel 3BLASroutine, SGEMM, was available

in i860assemblylanguage. There were, however, three Level 1BLASrou-

tines codedini860assemblylanguage|speci�cally, SAXPY, SSCAL, anda

stride-one versionof SDOT. Wetherefore incorporate calls tothese routines
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Figure 2: ParaGraphvisualizationof pipelinedLUfactorization

whenever possible. We also use only column-major addressing andstrides

of onewherever possible. Single precisionis usedinour implementations.

We foundthese blocksizes tobe su�cient to saturate the desirednum-

ber of nodes that wewere using, giventhe implementationof SAXPYand

SGEMMthat we had, and also showstarvationas it occurs. Fig. 3 is a

graphof theMFLOPratings for LUfactorization. The graphshows apeak

individual processor performance of 13.16MFLOPSfor 64processors ona

matrixof order 5000, andapeakrate of 11.37MFLOPSfor anorder 8000

matrixon128processors.

4. 2 Opt i mal Bl ocks i ze

The optimal blocksize is|as expected|a function of the number of pro-

cessors, the e�ciency of the 
oating-point operations, andthe order of the
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Figure 3: PipelinedLUFactorizationResults for 64and128nodes

matrix. Since SGEMMis the dominant operation in the parallel portion

of the algorithm, its performance greatly in
uences our timing results. In-

terestingly, in examining our test results, we observeda range of optimal

blocksizes centeredaroundablocksize of 8witharadius of 4. This range of

blocksizes clearlyutilizes cachemost e�ectively inthe SGEMMroutine.

Smaller blocksizes produce better loadbalancingonthe nodes andthus

decrease the amount of idle waits betweenthe processors. However, this

decrease in idle time is at the expense of an increase in communication

overheadandadecrease inthe 
oating-point performance of the individual

nodes. Larger blocksizes, on the other hand, increase the 
oating-point

performanceof individual nodes anddecrease theamountof communication

overhead at the cost of larger messages. They also result in poorer load

balancingbetweenthe nodes andthus incur idle waits inthe execution.

Hence, the range of optimal blocksizes occur at the point where the

tradeo�betweenidle waits andcommunicationoverheadis outweighedby

the 
oating-point performance of the individual nodes.

Bischof cites these drawbacks toa�xed-blocking strategyin[2 ].
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5 RFactori zati on

Like the right-looking block algorithmfor LU, the right-looking block al-

gorithm(SGEQRF) computes a block rowand column at each step and

uses themto update the trailing submatrix. SGEQRFcalls three rou-

tines: SGEQR2 to compute the factorization for the panel, SLARFTto

compute the blockHouseholder matrix, andSLARFB, whichrelies heavily

onSGEMM, toapply the blockHouseholder matrixtothe rest of the ma-

trix. In our case, communication occurs after the call to SLARFT. (It is

also possible to let communicationoccur after the call toSGEQR2. How-

ever, this idea would result in redundant computation because all of the

processors call SLARFTinstead of just one.) All processors thenupdate

their panels bycalling SLARFB. As withthe LUfactorization, to achieve

optimal performance, weuse the pipelinedupdate approach.

The pseudo-code for the QRpartial updating approachwould be the

following(wheren, nb, nprocs, andproc are as previouslyde�ned):

proc =0

if (proc =myid) then

call sgeqr2tofactor my�rst panel andget things started

call sl arft toformthe blockhouseholder matrixS

shipfactoredpanel andSmatrixinworkout array

toother processors

endif

DOi =1; n� nb; nb

if (proc =myid) then

copyworkout arrayintoworkin array

else

receive panel andSmatrixintoworkin arrayfrom

processor proc

endif

proc =mod(proc+1; nprocs)

if (I havepanels left tomodify) then

if (proc =myid) then

I'mthe next processor tofactor apanel so

call sl arfb toupdate my�rst remainingpanel

factor that panel (call sgeqr2)

compute the Smatrix(call sl arft)

shipthe informationinworkout toother processors
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endif

all processors call slarfb withworkin array

endif

ENDDO

It shouldbe notedthat our DOloopinthis case runs from1ton� nb,

insteadof from1ton as inLU. The reasonfor this discrepancy is that, in

thecaseof QR, wedonotneedtocommunicateafter the last panel has been

factored; for LU, however, we needtocommunicate that last time because

all of the other processors needtoapplythe pivot informationfromthe last

factoredpanel totheir �nishedpanels.

5. 1 Tes t i ng and Res ul t s

Since QRhas the highest operation count for the three factorization al-

gorithms, we expect it to produce the best performance. It performs as

expected for matrices of order 3000or belowon64processors andfor ma-

trices of order 6000 or belowon 128 processors; however, since the QR

algorithmhas a larger serial portion and does not rely as heavily on the

SGEMMroutine as the LUalgorithm, we see its performance peaking be-

fore LU. Fig. 4 re
ects theMFLOPratings that were reportedfor the QR

factorization. The graphshows apeakindividual processor performance of

11.08MFLOPSfor 64processors onamatrixof order 5000, andapeakrate

of 10.57MFLOPSfor anorder 8000matrixon128processors.

5. 2 Opt i mal Bl ocks i ze

As statedbefore inthecase of LU, the optimal blocksize is afunctionof the

number of processors andthe order of the matrix. Again, SGEMMis the

dominantoperationintheparallel portionof thealgorithm, andweobserved

arange of optimal blocksizes centeredaroundablocksize of 8witharadius

of 4.

AlthoughQRhas the greatest potential for good
oating-point perfor-

mance onthe nodes, it su�ers fromthe samepitfalls as LUfor small versus

large blocksizes. It can incur very poor load balancing since it requires

moreworkthanLU. It alsorequires communicatingalarger volumeof data

betweenthe processors.
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Figure 4: PipelinedQRFactorizationResults for 64and128nodes

6 Chol esky Factori zati on

SPOTRF, the right-looking block algorithmfor Cholesky, factors a block

column at each step and then uses it to update the trailing submatrix.

SPOTRFcalls three routines: SPOTF2tofactor theblockcolumn, STRSM

todoatriangular solveonthepanel, andSSYRKtoperformthesymmetric

rankupdate. Unlike LUandQR, the implementationof this algorithmwas

not straightforward, sincethecall toSSYRKis impossible inthedistributed-

memorywrap-mappedcontext. The changes to SSYRKwere minor, how-

ever: only one loop was changed, and a fewindexes were added. These

changes were thenrewrittenin terms of SGEMMtoenhance performance.

The code proceeds as acall toSPOTF2andSTRSM, followedbycommu-

nicationandthe symmetric rankupdate over the panels. As withour other

factorizationtechniques, weuse thepipelinedupdate approachfor best per-

formance.

The pseudo-code for the Choleskypartial updating approachwouldbe

the following(wheren, nb, nprocs, andproc are as previouslyde�ned):

proc =0

if (proc =myid) then
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call spotf2tofactor my�rst panel andget things started

call strsm

shipfactoredpanel inworkout arraytoother processors

endif

DOi = 1; n� nb; nb

if (proc =myid) then

copyworkout arrayintoworkin array

else

receive panel intoworkin arrayfromprocessor proc

endif

proc =mod(proc+ 1; nprocs)

if (I havepanels left tomodify) then

if (proc =myid) then

I'mthe next processor tofactor apanel so

call ssyrk toupdate my�rst remainingpanel

factor that panel (call spotf2)

call strsm

shipthe informationinworkout toother processors

endif

all processors call ssyrk withworkin array

endif

ENDDO

It shouldbe notedthat our DOloopinthis case runs from1ton� nb

as inQR. The same reasoningapplies here as intheQRcase.

6.1 Testing and Res ult s

Thesamenumberof processors, orders of matrices, andblocksizes discussed

earlier were usedfor the Choleskyfactorizationtimings. Fig. 5 re
ects the

timings that were recorded. The graphshows a peak individual processor

performance of 8.00MFLOPSfor 64processors onamatrixof order 5000,

andapeakrateof 6.92MFLOPSforanorder8000matrixon128processors.

6. 2 Opt i mal Bl ocks i ze

Since Cholesky factorizationhas the poorest ratio of computationto com-

munication(its optimal blocksize range is againafunctionof the number of

processors andthe order of the matrix), we expected it to performpoorly

onthis machine. However, its smaller amount of computationallowedfor
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Figure 5: PipelinedCholeskyFactorizationResults for 64and128nodes

better load balancing and smaller idle waits between processors. It also

requires the least communicationvolume. Thus, its performance was bet-

ter thanexpected. Since the parallel portionof the algorithmagainrelies

heavily on the SGEMMroutine, our timings demonstratedan identi�able

optimal blocksize range centeredaroundablocksize of 8witharadius of 4.

7 Concl usions

After implementing these algorithms using �xedblocksizes, we clearly see

that determining an optimal blocking strategy for these block algorithms

onadistributed-memorymachine is a complicatedtask; see [2 ] for further

details. Unfortunately, a�xed-widthblocksize strategyis highlydependent

onthe number of processors allocatedandthe size of the matrix.

The e�ciency of the algorithms is a balance between individual node


oating-point performance, communicationoverheadandvolume, andload

balancing. As Bischof [2 ] points out, a library routine should be able to

obtain near-optimal performance for anyproblemsize. Thus, we are cur-

rently exploring variable blocksize strategies which will alleviate problem

size dependence.

13



8 Acknowledgements

We thankRayFlanery, Al Geist, andTomDunigan of the Mathematical

Sciences Sectionof theOakRidgeNational Laboratoryforprovidinguswith

the Level 1BLAS860Assemblyroutines that theyhadwritten, as well as

PrestonBriggs of Rice University andMitchel Duitz of the University of

Tennessee for their 860versionof SGEMM.

14



References

[1] E. Anderson, Z. Bai, C. Bi schof, J. Demmel, J. Dongarra,

J. DuCroz, A. Greenbaum, S. Hammarli ng, A. McKenney, and

D. Sorensen, LAPACK: A portable l ine a r a l ge b r a l i b r a r y fo r hi g h -

p e r f o r ma n ce c o mp ut e r s, Computer Science Dept. Technical Report CS-

90-105, University of Tennessee, Knoxville, TN, September 1990. (LA-

PACKWorking Note#20).

[2] C. H. Bi schof , Ada p t i ve b l o c ki n g , Tech. Rep. MCS-P39-1288, Argonne

National Laboratory, Argonne, Illinois, 1988.

[3] J. J. Dongarra, J. DuCroz, I. Duff, and S. Hammarli ng, A s e t

o f Le v e l 3 Ba s i c Li n e a r Al g e b r a Su b p r o g r a ms , ACMTrans. Math. Softw.,

16 (1990), pp. 1{17.

[4] T. H. Duni gan, Pe r f o r ma n c e o f t h e In t e l i PSC/860 h y p e r c u b e , Tech.

Rep. ORNL/TM-11491, Oak Ridge National Laboratory, Oak Ridge,

Tennessee, 1990.

[5] G. A. Gei st, M. T. Heath, B. W. Peyton, and P. H. Wor-

ley, PI CL: A p o r t a b l e i n s t r u me n t e d c o mmu n i c a t i o n l i b r a r y , Tech. Rep.

ORNL/TM-11130, Oak Ridge National Laboratory, Oak Ridge, Ten-

nessee, 1989.

[6] M. T. Heath,Vi s u a l a n i ma t i o n o f p a r a l l e l a l g o r i t h ms f o r ma t r i x c o m

t a t i o n s , Charleston, SouthCarolina, 1990, Proc. FifthDistributedMem-

oryComputingConf.

15


