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Astrat:  Hs pyer dsaibes te rthod far apting the inaiat sb
spred ardrix e fist rethodind s wiig trasfardi as toi terdage
the dgrrd s, Te mrixis assued to ke in Shr fomad trasfarsi as
ae aylied toirterdae egbring Hods. Te Hads can be dther ae by
aea twhy tm Te seoad mthod indws the castrution o an imari-
at suspee by a dret captation o the vectas, rather than by agdsing
trasfardias to e the dsired dgrrdes to tle topd the mrix

1 Introduction

Inths paper ve caidy the aptaion d the inaiat sdspace d a rerix aaresprd g
tosaagwngapd dgmdes.

Iratidly the Shr fataizatinpoi ds arthad fa- capdi ng swchi e ant subspeces,
wth the imprtat nreicd poprty tht it poids an athood bsis far swch spaees.

!This work was supported in part by the Applied Mathematical Sciences subprogramof the Office of Energy
Research, U.S. Departnent of Energy, under Contract DE-ACO05- 834OR21400, and in part by the Science Alliance,
a state-supported programat the University of Tennessee.

2Work on this paper was started as a joint effort with James H. Wilkinson in 1983. After Jims untinely
death, the workl ay unfini shed for a nunber of years. The authors recently cane across parts of Jinis handwritten
manuscri pt and conpl eted the work.



let ® dadte the Shr fadaizion d the red mrix A &

A=QrQ 7,
vere () is athogrd ad 77 Bockyper triaglar, wth 1x1 ad 2x2 Hads anthe dagrd,
the 2x 2 Hads caresprd g to caplex aagjipte s o dgorndes. Siee

AQ=QT,

@), d carse, poids anathoamd bsis far the inad at suspre d the cagete d grd e
sptrund A Nmicdly @ is a nich nre sdisfadary bsis than tle dgomectas ad
pird wedas A, dichmywdl be drost lirealy dyperchet. If e ptition Q ad T a5

o qran. T[T )

then

AQ 1 =) 1Th,
ad@) 1 gws anathoamd hsis fa the imaiat sdspee d A arresprd g to tle dgen
duws artdmed in T’ 11. It is theefae a comm reqirerat to readyr T so tht T 11 Ies
dgerndes wth saa dsired ety I eaqle, w nigt reqire T 11 toartandl the
stdle dgrndes.

Watuetdy uless w kowtle reqited gop o dgamd s in adane ad acardrdy
ndfy the staded shift strategy o the QR dgrithm T 11 Wl mt romly catan the
reqited dgardwes an capetion  the caption o the Shr fataiztion  Wist
tharefae prfansaa futler captaio toready tle dgrrdes. ITnded in st alica
tias e prfammintid Shr fataiziain adr to capte the d gnd s, wich then
gwes 1 irfamio a the reqired garitg

A vearyle d the giction is the captaion o rix fudias via the Bak dagy
i famd amrix In cptitg the Bak dagrd famit is esatid toirdud ‘doe”
dgerdes in tle sandagrd Hok [3 ]

‘b ths end Seat [9 | hes dsaibed an iterative dgrithmfar irterdag g caseative
Ix1lad2x2Hads o tle Hock triaplar mtrix Te fist Hock is wed to dterrive an
irdidt QRslift. Aabitray QR stepis prfared anbith Hods todinete the urogling
hetwen them Fen aseqerce d QR steps wirg the previasly deterrived shift is perfared
arhith Bods. Beet inill-cad tiaed cass, the twolads Wl interdag thar pritias.



Inthis pper, ve presat twodther rthod far castruting the imai at suspee. Fe fist
imdves alyitg trasfardias dredly to interdue the d grdes. Te seard rethad
imdves dret captation o the vectas.

2 Interchanging Eigenval ues

Te rardwitg o the dgmdes cn e adiewd by swossivdy interdeng rg e gbritg
Hods in the Shr factar 7'

Sypse, inagwenT’, ae bes dhd did tograp A pr A, A totler. Whkowtlet there exists
a witary rrix Q schttet T = QTQH is still yper triaglar bt Tes A o A, A intle fist
theee pritias. Stha () can be readly dterrived s the podet o afiite nrber f pae
rottias. Wierdy reed an dgeri thowbi ch il aelle s to interdange aasecitive Hads
an the dagrd by reas o agae rdation Rypated qicaian d this dgrithmean then
britg ay sdected set  dgsd s irto the lead g poiitias.

Te dgrithve dsaite aald ke wed macafex triaglar mrix  Iweer, dine w
ae irterested lere inred terices, adsince aaplex aajipgte d grnd s will be represerted
by 2x21ed dagrd Bods, w dsaibe fist the dgrithmfar itterdeng g tw aaseative
red dgrndes.

2.1 Single past single

Sppee A ad g ae inpritias p adp +. Adrlaity idaianin gaes p adp +H Wil
dter aly 108 ad dus p ad p +1 ad Wl 1etdn the tiagla famapat frantke
prsile itradetion  a rrzero in prition (p +, p). Fe rtation can ke dsenso & to
irterclge A ad g ile retdring tle zeoin (p +, p). Cealy tle rtationis derrived
sddy by the 2 x2 mtrix Wich ve darte by



ie, (o, p =M\ is the demecta cmesprdig to . I Q is doeso tht

o,5)-(5):
o3 ), ) )

ad lee, wing (2) addvidig by r, v lae

o(an)erle)=()=(5)

His states thet the fist ddund’ the trasfared 2x2is in the reqited fam e ve 1y

wite
A a _[(m B
o(oy)er=(57)

Stee the trace ad Ficberiw mormare iari at,

then

A=y, A Pt et Ty P48

girg
y=Aad [ =t
Argationgvirg (2) is dHfied by
. 2 2] 12
w 0 =af/r,snl s p-\) /r,r :—I—[a H p =) ]
adit Wil readly be vaifid thet ths gves § =f.

If the aigrd T Tes een dterrived frava atrix A byreas d an athogrd. trasfara:
iy the rerix dHfiing ths trasfardia st ke yrted by md tification vith the pae
rdatias wed in the reorduing paess. Ne tht in ths lod veewer tw dgndes
thet ve e ded dd to e in the sam gop are itterdaped asdeded dgnd e is noed
waly st dgrmdws wthichit is 1t tole sssodated  Meoer, Taing dterrived the
rdatiay ve sl gy it toros ad dums p adp H ht it to the 2x 2itsdf. TFere
w sl rerdy itterdage A ad g and b o captation Ming 1 x 1 Hads is dsassed
in[8].



2.2 Single past doubl e

In hitgrg a sdeted red dgerdie to a leadrg poitian we stdll, in grerd, reed to pss
2x2Hads antle dagrd carespd g to aaplex cajgte prs. e ve st Te dle

to itterctage a red dgersde wth ared 2 x 2 Hokk by rears f an arthegrdl il arity
trasfarmtion Biasly the trasfareimis dterrired by the rd et 3x3 d agrd Bock

Widy far simgidty e wite &

b
. B
00 N 0 0 A

Te saa pindpe may be wed a5 in the sirge pst dirge cse. If

* *

ol % %
Il
)
TN
&=

o

a1

9 (5)
1

drdes the dgneda arresprdrg to A 3 tlen ve reqire a () swh thet
1 T
Q i) = 0
1 0
ard then, & befare,
/\3‘$ x A3 ‘x x
AT=| 0le = |=| 0 ~ ©
0|z = 0

Nte tht the grard pirdle ve ae wirg is the ae amly epoed to estalish the

Shr cagicd famly irdotian Fe 2x2 mtrix C' in tle httand (6) is it the san

& Bin(4), ht it vll, d cuse, lmwe the san dgmdws. Mwer, B ad C Wil nt, in
grad, e athepdly sirlar.

Te trix () cante Herrired & ae Msdd dr iixa s the podot d to Ghas
rotias. Sre A 3 is red and B hes capex anjuggte dgondws, B can hese 10 d gernd wes
incammwth A 3; lee, auiqe dgmedta o tle fan(h) Wil edst. A the twd gmd ws
d B apachtle red A 3, tler irgrary pats becorm s, and the d gesectar (5) Wil e
regessidly lagr caprats in tle fist topsitias; i.e, the mmized wsian il hae
apgesidy siler thrd capreat.



2.3 Ibuble past single

Wen apir d cagex axjigpte dgend s is irdukd in the sdected gap the assod ated
2x2 dagrd Hok hes to be moed itto a leadng pition on the dagrd. @ the wy
wpit Wll, ingrerd, pss hthsitgde dgndes ad 2 X2 Hads wth vichit is mt to ke
sscdaed Waasidr fist tding a cagex par pst ared dgndwe In dler wrds, in
tarad the rdeat 3 x3 rerix ve reqite an atlegrd Q) swch that

Al ‘x x x
aot-| o 5 |er-| ¢
0 0 0 A

Tre the sdeted d g wes ae thse I B, acapexanjppte pir. Fe dgdws o C il
te tle saapir, ht ingyerd C' ad B wll te df&at rrics adwll ra ke athogrdly
srila. If wethikin tamd mirg A 1 totle bttarwe ray we nch the sam pimdde
8 befae ht rosve wrkin termad aleft-lad d gemectar. If
yTTS :Ay T7 with yT :(17 Y 2, %)7
e diterrire a () such thet
y'Q=0 O ).

TnQ TT3Qhs (@ O A 1) its Last row anl the chjective ks been adiend

2.4 Ibubl e past doubl e

Hrdly ve may reed to roe asdeded 2 X2 mbrix pest anurdated 2x 2 If v dade the
rdeat 4 x4 erix T 4 by

bl bg‘ T T
b3 54‘ r B B‘X
0 €1 €2 B 0| C ’

then ve reqite an athogrd () so that

e B ad C' hwe tle saa d grd s & Bad C, respctivdy



Te sam grerd pidge my ke wed Waanpte greratas o the imaiat saspace

arresprd1g to ' in the fam
ko ok
ko ok
0 1
by sdirg
Tie. y) =, y)C =, y) ( ) ™
3 C4

s gws s far eqatias far tle far top capets in (2, y). I w ovdterire a Q)
swch thet

Q(xv @/)I

O O #*
o O ¥ ¥
[l
SN
=R~y
~—

o

ten QT 4Q7T Wil te o tle reqired fam Scha Q) may e dterrived @ the prodet o tw
Hedddy mrics a for Gees rdatias.

Bselow  C is ddaedto C, w dverve thet (7) inpies thet

Q:F4QTQ($7 y) :Q(wv Y )Cv

gurg
T RY _ [ R\,
war(2)-(2)e
thet is,
I I _
QT4QT(O)=(O)(RCR h.
Tis last eqation states thet the fist twadus o QT'Q) T e
RCR 1
0 ?
adlace ¢ =RCR 1. Wil 1, o corse, capte C vaR

3 Nunerical bnsiderations

Inexchd tle far cses dsassed dwe v dtarive dther andgmedia a- twindpendat
greratas d animsaiat siwpace.



3.1 Single past single

VWen taling a sitde st asinde, the fard e ghitg the caprerts o the wotas ae d a
mticdaly dime fam k& casistacy wth the dher thee cases, the d gaecdtar ineqetian
(1) stodd perteys tese leen eqressed in the fam

(a/ (=), 1"

Tis ephsizes the fat tht vien 1 —A is verysml capred ith o, the fist caprat o
the dgermectar is vy lageize, in the mamized fam the secad capet is very sidl.
Ier, inths cse A ad ¢ shold dwst catady hee been assod ated togtler, ad e
stodd it be trsig to interdage therh

Hs ramk tes rae face then right ke itegred Wen the fdl » xXn qesi-triagla
rerix bes been prodeed frave gererd. mebix A by an athegrd sind aity trasfametian
In this cae tle deaats Howtle daxrd demts ae in o sase tne 7. Tey ae &

best redigiHe to wrkitg acaracy

A aneape, asdr the mirix

1—e¢ 1
( 0 1_|_€ ) ) )1 —1—6, A 2 —1—|-€ (8)
Aprtubation — 2 intle (21) daat gves mdfid dgisd ws A = Ay =L, andthe mtrix
is detive. Sypoe ve ae wrkingm a 10dgt apter ade =10 —6. Wy not thirk
d 1410 % & udly doe, bt aprtulaiond —0 12 gves cdmicht dgend s, and this

prtutian is vl Mowthle redighe led. If w thkin tera d patubtias  adr
10719 (i.e, capter miseled), dl w cnsayis tht the tre dgndws ae (ragly) ina

dskeateredan A =ladd rads 10 =5, s aprtutation 40 ~19in(21) gws dgnd s
14 (- 9) /210 =5, dile apartuttiond 10 ~10 gws dgndes 141 0)) 1210 5. "Battet
to dstirgish hetven 1-H0 “Sadl-10 6, adtoirerdag than res o sese. Tey

tee 10 seprate idatity, ad df&rat rord g erras in the triap] aizdion pogang g
T 1igt Wl tewe led to caplex e grmd wes and heve a2 x 2 Hock rather then thet in (8).

I severd mabratdy doe dgnd s, the remk s even gredter fae his, if

1-¢ 1 0
T = 1 1 ,
1+4¢



Al =l—e, A o =LA | =14, ade =10 —6. Amtultion een s sl & 10 “12in(31)
gws thee dgmrdws d the faml40 (10 =*). s pdienis dsassed in casi drale dtal

[0, 2, B] Caly ddide W dendws sold b gupd e b de

on the susrfiial Tasis o Doding o e sepretians.”

Te ranaldle fat is that in the dirgde pst dige e tle a» f adsin 6 ae dwas
gven wth very lowrd ative errars an a capiter wth arrect rardrg o dyging @ swch
amptas, g —A is dvas apted wtlot randg eras ewen den severe cacdlation

tales pece. s, if
CSU . OB
0o .sE )

w lme an a sixdgt capter pp — A =. (0R ad ths ls wera. (Hs Wl e tre
eenven eg, A\ = D ad p =10 L. 10000, thet is, wendoe A ad o tee dférat
eqrrets. ) Sxfre ftetingpirt captation wig (3) ges

a 6 =10 (. 00W), sin =10 ~3(. 20900),

ad lethd these lae rd ati e erras anthe avdy o radire pedsian (10 ~12) ingpte d seere
cardlation Iwirg taen ace. Mree, if ve atdly d the captation d the 2 X2 rix

(inpratice wwaldntt, e cldredyimert 1, A, ada inthe agrgriate gaces), w fid

thet the caged (1,1), (1,2), ad (22) deats ae axrect to wrking accracy ad thet the

(21) demt is vl Mowtle redighe led. Tis is cafurting becase ve stll e apdying

the trasfarsion to the rest d the meirix

Tis is aninpessivdy god resdt. In ray dtwtias, b dsdlar franthis, ae vald
lee to Te satisfed wth a mtrix dichis eadly siiflar toa T wth a patutation  adr
10 =% inits demts ad suwha mrix cald tee d gond wes agredirg wth A ad i inaly the
fist thee fpyres, a dssster frantle pint o vewd décing aniterdage d A ad p!

3.2 Singl e past doubl e or doubl e past single

W w tun to the dler thee caes, the sitwtion is wt so dimpe. et ® casidy the
dgrithufa rairgasirde pst adible If w datte the dgmectar in (5) by

T :($ 1, B, 1)T7



thenT s =\ 32 gws

(t11 —As3)z1 H 1229+ 13 = 0 9

torx1 Ht 22 =As)roH 23 = Q

Te wrixd ceffiets T d tlis systeref eqetias is
=~ t11 —A t
r= ( 111521 i t221—2/\3 )7
ichenbesitglar alyif A 3 is magmdwed theled g 22 mrixd T 3. Hs posibility
is spdfrdly ed ubd siree A 3 is red adtle 2x21es caplexe gnd s (dhervse e wald
lewe triaglaized it). Wén A 3 is vy Wl seprated fromtte tw crpex d germd s, T
Wl e very Wl cadtiaed ad « 1 ada o Wl wt telag bee inthe ramizd asian
d 2 tle thrd capret Wl 1t be sl I we capte the trasfamtion ad qgly it to
the ful 3x3 mrix the topderat Wil ke A 3 toligh acracy; tle tw caplex d grnd s

Wil e accrady pesered ad the (31) ad (32) deats Wil te redighe. Te aapted
resdts wll ke very dose to thse daived by et arithetic,

AN 3 apodes e dgde o the 2x2 Hok lower (itice thet ths reas thet
the iragmary pats d the caex dgndies nst ke sl sie A 3 is red, anl lene e
ae redly roirg toad a trife derde), the rarix T ll e pogesidy e il
ardtiaed adin gred 2 1 ada o Wl belagr. Intle lintig stwtiay tle d gmectar
Wl hee a zero third copret ad Wl te an dgmectar o the lead g 2 X 2 1etrix rether
than ae arresprd g to A 3 inthe 3x3mrix Te mrix () is rady a fae rdaianin
tle (12 Jae ad des ot afbct A 3. It is dffilt toviewtlis intamd hirgrg tle (33)
derat irto the leadrg poitial  Inded, ve ae rady reagyizing the fat tht the qper
2x2wowles a dable red 1o, ad we ae tiaglaizng it. Sne the red Tods thet it

les ae the sam & A 3, lower, the illwan d heitg mosed A 3 irto the lead1g prition is
pesered his, if
1 -11]0
=1 a1 ], A=2,225=0
0 010
tle aly dgsectar is (1, 1, 0) T there is o dgneda d the fam(z, @, 1) T Jr the rtation
intle (1,2) dae 0 =r /4 ad the trasfared rtrixis
0 2 1/V2 A3 ‘ r
0 0 IYv2 |= 0
0 0 0 0 ¢



Fe mrix is in the reqired fam wth A 3 in tle lead1g pritian za inthe fist cddun
ad C gwnly

_ (0 Yv2
- (1)

Michis sitlar totle aigrd 2x2 ht catadyd atlogdlysitlar sine it bes ad e
hdidan rom Kveser, ven ae casiders Towit hs cam abat, it vald be parverse to

dsaile it & ‘birgg A 3 pst the 2x27
Sprse rowve prrtib the (21) ertry d the metrix by € 2 togwe
1 -1 0
e 2 4 1|, X, h=te, A=t
0 0 0
Ten there is andgreda @ aresprdrg to A 5 d the fam

el = (/e ?, _]7/627 1)
= (e L )

Te mrmdized vesian  this wdar bes a very sl thied copoet. If ve pafamar

dgrithmesadly it gws a (23) rdation wth an age o adr € 2 (tle caresprd 1 Hrix
is drst the idatity erix) Wile the (1,2) itation bes an ade o drost esatly /4 Te

Tesd tig TeETiX Tes A 3 =0inthe lead g position ad the 2 x 2 retrix C' is dnst exactly &

in (10), ht tes sl prtubtias thet e its dgrdws e .

Te silidty d ths dsossian is sligtly dsared by tle we d Jae rddias ad thar
itrodetion d irratiads.  If ve thirk in tamm  moothgrd trasfamias, then to
aamert

(L1 ~<*)to (1 Q0

ve prfanma siilai ty wth the uit losr tiagla mrix

ad dtan s or trasfarad rerix

o

-1 0
0 1
-2 0
Te 70 dgnd e is broglt to the top ad the dgdws 4 ¢ 1owd to the hettarin a
traspretly diias vy Wne = tle trasfardio gerates aly anrovad cdun 1

1



ad2 ad A 3 is b imdwd Neertldess, the trasfared mrixis
0/ 0
0 0 1 ,
0 0 0
ad ar ‘thiective” (irggrgriate thoghit is) tes heen adievad

Te rdeware d this dsassian totle prfarace d ar dgrithnis the fdloing, Vénwe
dtert to hirgasitde pst adille lmitgdgmdes thet ae farly doe toit, tle dager
aises thet too nrhrdiane is paced antle bt adiewed by the very sl third capoert
inthe mized vasiand the wiqe d giredtar aarespad g to A 3. Intle adagis sirde
pst sitde case, tle sddion we detearrived vth arsidedle acnay Mre, lower, the
sditicn is ot realy & sirde. Nbeoer, ven the trasfardion s ben capted w
shl reed toqy it tothe 3x3 mrixitsdf, & vl a tothe rardy o thoe 1devat ros
ad cdurs, sire the rew2 X 2is it Merived inatiivid rarer & vae the demts in

the sirde st sitde case

(ealy the set I equtias mst te sdedithsaacae. 1t is essatid that the rardized

asiand
(xlv B, 1)1.8., (i17$~27$~3)
stodd Te such thet
(t11 —A3)Z1 H 1282 H 1383 =
191%1 H 2072 H 233 = €

ke trwe wth e 1 ade o, dichae a mise led rdative to tle cdfats anthe left-tad sice

(€1 ade 2 wald ke zo Wth eat aptaian). Te sddion d tle sytemly Gssian
dirhtion wth ivdting esres jut that; it podees z 1 ad z o with eras thet ae so
crrd aed tht the rardized versias g residds @ rdse led.

In fae d G@rian dirration wth pditg v add we ay stdle dredt rethad to
sdwe tle sptereg, Ghas tiagldion  Mwer, if v wae to sdwe tle systenly
ustale rethod sich a8 @Gaer’s ride in stadhed fratirg pirt aitheic, ve wald dtan
a capted 1 adz o wthearas thet ae uvrardated ad the redidd aaresprdig to the
i zed vectar wald 1t then Te & 1dse lewd.

Asuirg, then tht ve bese anorrdized d gnectar gvig redig He residds, the process
is sdisfactary Incbed it is rardy the rethod I dftion by arthegad i i ty trasfama:

tias thet is wed dter fid g an d gmectar f a grerd mtrix (see, eg, Stian A} Chger

2



9d [l ]. THsis astdle dfldian in tht poidd the dgamecta les edighe redidds
(ircbpachit f its alvd e accuracy); the dfbted mbrix is esactly athedly siflar to a

rerix tht dfbrs frandle aigrd byamiix F/, vichis & mdse led rddietoit. Hsis
trie eenvien weirsert (Wthot coptatican) the capteddgesd e in the lead g pition

ad zero in the rest d the fist dun  Scharesdt is the mst e can ressaally expect,
thaghit fdls soetet shat o the sys-staility d the sitde et sirde cse

Whee mturd |y cocartrated an the case wen e are attergfing torae ated dgend e
Az st a aapex ayigte pr ech d ich is rear A 3, becase nmaicd stability there
reek serias imestigtion @ corse, ven A 3 is ‘to dowr” w wdly idub dl thee
dgerndes in tle san spee. Meser, ven w roe asitde dgrsdie A 3 pst acapex
arjipgte pAT A ¢ swch tht A — A 3 is it sl bt p is sdl, thet pr Wl ke doe
aud heree, in gverd, very semitive to prtutatias. e 2x2 Hak Wil itsdf be suhjected
to asiflaity trasfardioy ad srdl rordrg eras Wl rde sustatid dags in the
dgrdes. hs, if w lae the mrix

(o )

wth the ill-cad tiaed d gard s . BlE0 (. OURB), adsiject it toa gae rdatian wth
age /4, the eact trasfammg ves

. 6961 . 201

— BRI . 1B
wth o aarse, pedsdy tle sandgndwes. If rard g emas podeed

. 6910 . 201

— BRI . 1B
(i.e, dags d 1 ad 4 in the lst fares o the (L1) ad (22) demats) the dgmdws
beea . B0+ (- 0I3), asustatid dage inthe irgmy prts. ¥ inthis eae

ve have tsed an athogrd. siril i ty trasfardian thet is faadie torraicd stdility In
grerd, tle bpssed rairix Wil e sihjected to a irarthogyd i a ty trasfaretian

3.3 Double past doubl e

lrdly ve tun to the pdlemd mairg a dile pst a dhle. Sree twpins  apex
axjippte d g s A 1 adh o+ g aeindved it is nt possibe far jwt ae dgmd e

3



inthe lomr pir to agee Wthae inthe uyer pir. If, fa- aneiare, w dade the idewat
4 x4 retrix ad the inariat suspce by
T | Tz X

respctindy viere 77 11, T12, Ty ard X ae 2 X2 mrics, then ve Ime

T XA 12 =XT' 9.

It is vdl kowmthet if T 11 adT 9o e wdagmde in anm then ths is a msiglar
systermn
I the cse den T 11 adT oo shae andgnd e, arsidy the mrix
1 14 /0 0
Ty Tio 1 4|1 0 .
T= = A =1 ... , 4
( Tzz) ‘0 1 4
10 0

If we try to fid an imariat suspee o tle fam , w fdl; tle demts d X tun

I
at tole irfiite. Fere is wimaiat suspe d drasian twd the reqired fam (Te
mticdar famdwen fa T 12 is it aiticd—tlogh o arse if wtde T’ 12 tobe mil, suwh

animaiat saspce des edst wth X =0 7" is then dvegtary) e,

Iy (T )\ (1
a ferce e rowtee an i ait suspace wich we thirk d & lagrg to T 11. Bt

@THQT:(S —g)m Q= (_11 }) (@t

S

ie (
’ |

ad lee



i.e,

T( QTOD—I ) _ ( QTOD—I )Tzz‘

Tn-1
Te cdums o ¢ OD ae atlgd ) bt b athoo. Tt lads & thogh ve lee
anatlogd bsis d aninadat suspre “Fagng tol 22,” ht vestodd it redly spesk
in these termm

Neartldess, if ve ausidr

4 ‘ 0 0
1 4 ‘ 10 T | Tio ,
T = = ? ? A ? :_b ?
(6) 0 1 ( T22(€) >1 )2 :0) 3 Al €
-2 0
. X(e) . i g
then there is asuspace  the fam I vichwe cddjwtifily dsaite s ‘tHagg
toT 52(c ), poidde /=0 Tedeatsd X( € )il tedtooo & ¢ —0sotlet ayrodizd

vasiand this imadat saspce Wil hwe very sl caprats inits lomr 2% 2 rix In

fart, siree T'(€ ) ( QTOD_l ) =T ( QTOD_l ),\emmit

T - T -
T(g)(Qfl S R

TD—l TD—l
=T Q 0 - Q 0 T22(€)

_ QTD—I B QTD—I 0 0
= 0 0 Tt 2y

[ Q"D 0 0
B 0 -2 0 )
W e is s, this inaiat suspee gves redighe residds ‘taresprdig to T 22 (€ ).

Gn e et X( e)tole @ TD™1 gat frama scde fata? Watuedy w canct. Tn

fact, w Ime
1
g(xd): L
I €
0

4 A Direct Method for ®Omputing Invariant Subspaces

0
—1
0
2

€

Inths setion ve ausidr the castrutiond animaiat suspace by a drect captationd
the vectas, rather then by apying trasfardias to roe the dsited d gernd s to the top

i)



d the mrix 7. Wessua thet the retrix T is dbrived framsae sqere geverd teirix A
Sppre A pistlek ™ dandwe dag tle degrd T ad T i is the leedig £ Xk rinr in
the rtrix 1.

If Ay is asirge dgnd e, w jst sdwe
(T =Xl )z =0
Hsgwsae  pp, Bz, - % =0 N, widex i =l adsdw
(T =X il )z =0
far 11, 2o, - -y ®», 4, otle wta z Wl lwe the fam

w:( L1, By 5 1, 17 0) . '7'0)T‘

Nwsypoe « is ardtige dgasde, say atripe, swh that
a=\ ,=A =, < g <r).

Ingererd, there Wil ke aly ae d garecta caresprdigto o (uless 17 is degtary). st

ve fid the d et @ carespd g to A p ysdhirg
(T —al ) z =0
Nt ve atterpk to fid y carespadig to A g tdirgy =l adatteyting tosdwe

(Tyy =Agl)y =0 ie, (Ty —al)y =0
Al is fre util ve reach tle dHerrimtiond y p- Wlme

WpH ppa Ypp + - - H pe—1Yg—1 H g =

If velet
tppit Yo + - H o1 Yg1 H oy =,
then
Oy, +d =0
If d Iapers tobe zerg theny p is alitrary



It is sirgest to tde y p =0 e dend =) wedtan

(xlv @7"7'%—17170)"050)"7'0)T "
y = (3/17 yv"v'%—lvo)y-l—lv"yq—le"v'O)

X

Tese tw edas ae doiadly lirealy imdpedht.  Miee w lwe tw d giredtas are
sprdig toa. Bthsatisfy (1" —ad Jo =0 ad(T’ —ad )y =0

If ve led tden y » tolem imtead d zerg the sdticn wldee leeny 4n. s is fie
siree y 49w is dso amdgemeda. Weodd hee dseny 4w atlogrd tox,

oMy ) =0 m=—= Ty /).

Fet the mrix Wil te drogtay is nrhless prdale than thet it Wil te dfetive In
fat, eenif A vae eadly dregtay T wadd pdally 1t ke, eenif it still ted et

ritife d gernd wes.
Sypse ovd /=0 Bt y p, ¥ wldreed tosd e
W, =d.
Trce ve cant gt asecad e germectar. Mbice thet if A g e\, e imstead d A p, Vevald
e sdving
ey =d
a ths stap gyirg anearaeos e d y p- iasly inthis cse the fist p capets d
y vald ke esatidly %dacﬁ—(\ecta’tlatismta)latge) . Ae — ( thewda y tenk toa

rmtige d z wtharddivdynedighe aat o intafaece Intle lint ve fid thet y ad
x aeineatly the ssadrediar tle last ¢ —p cpmats d y ae redighe aaped with
the rest vien ¢ is s, ad abitraily vaish dtogther in tle omdized y

Weard fid a secad dgnedia. Wean tower, fid aeda y swch that
(T =X )y =da.

Kie tle dtermtion  y poced & efae, frany g Oy pp , sime x is z@o in these
arprats. Wiovlse
Wy A oppr Ypu + - H pg-1Yg-1 H g =, = d, sofls
tppit Yo + - H pe1¥p1 H pg = d,

17



girg
Uy, =0
Hiny , is alitray adit is sirfest totde y p tole zza Tere ae w futler pdlas

ad ve lme
= (21, B 3. L QG QQ 0]
Y Vi, 8 © v 31> O B o o Y1s L Q- 407
wth( T—al)z =0 ( T —al )y =z, a

T, y)=e, y>(a d).

«

Nwfar the third wedtar, vestdl] igue the psd hility d its brgdrggayfa the noat.

Waitaqt tosdwe
(T, —al) z =0
starting wth 2 » =L Broeed & w util ve reach 2 q- Atlis stae w e
qu + got Zen + - - H q,7—1 Fr—1 H q,r — Q s that
tq,q+1 ZgH + - H q,r—1 Zr—1 + qr = €.
e, wesdwe
(T —al )z =ey.
s des it afect the capaarts dready capted sime ¢ ;=0 (i >q)
b canaiae w then tde 2 ¢ =0 Waatine util reeding z p- WiDWiEe
02p‘|'t ppH FpH + - H pr—1 fr—1 H pr CYp
i.e,

bppit Zpp - H o1z H o =S

If f /=0 wwidgt z » =0 ‘Baddtlis sitetiay vesdwe

(T, —al ) z =y Hf 2.

Hs ds 1t bt peias caprets sine @ ; =0fa i >p. Teeadiafa z
becres
0z, =0
Ifwetdez , =0athen dterire 2 =15 %2, * " 4, W tlnlme
T-al) =0
T —-al)y = dz
(T —-al): = ey +fa

B

, tlen



T —al)z, y, z)=Hz, y, z) a e | Az, y, z)1,.

(r1, @, 3 41,1 000000
= (ylv B, o W1, 0) W, B2, 0t Yg—1, 17 0) N O)T
2= (21, 20 v 1 O Ba, B2s o 21, Q g, v 521, L Q- 5O

Qealy z, y, z aelirealy irdpecrt, ad they span tle theedradiad imaiat sib
spre ssad dedtha., Teyae 1t atlogrd, ingererd ) hit ve cod ddsd pan artlogrd
besis franths. Sedfedly if
11 T2 T13

($, Y, Z):(QD 4, (z) T22 T23 = QSRS
733

(T —al ) Q@3R3 =Q 3Rs3T,

(T —al ) Q3 =Q 3[R3ToR3') =Q sM

()5 is rowan atlegrd bsis, ad Mhs o & atripe dgdwe

Advgtay rarix vl te reeded by zaodwes angd, e, f. hsifd = =f =0 w
ot three inchpenchit & germectars, and

T, y, z)=z, y, 7)) «

a
If d =f Vade A wlme
a
T@, y, 2)e, v, ) a e
a
Fen ve lae alirear disar ( A —a) adae qedatic, ( A —a)?

If dl captatias ae eat ad T’ caws franeadt captation, then w ssodate aly
the dgermdes thet ae trdy eqdl, ad tle wectas dtdred in the vy ve tae dsaibed ae
trdy inkpendet. Inpractice, fower, T will rady ke aneact mirix Waly it wil Tese
been dtdred framareirix A by say the QR dgrithm Kenif A Fed defective d gormd s,
T Wl wdly it tee ay repated dagrd derats.  Ared pdlemis to ddde vich
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degrd deamwts to ssodate together. Wiay reed o assod ate dgerd s thet are by o
reas ptldgcdly doe If w hae dd did Wi ch d gl es we vish to sssad e, then e
pramed esactly & desaribed

® far in ths sedian we lwe taitly ssued tht T is eadly tiagla, bt tle QR
dgrithmmay gwe 2x2s anthe dagrd. If a2x2 axresps toapr of red dgrmd s,
vecngt ridd it by an atlegrd trasfardian If it aresprd to a cafex ajgte
i, e cant. Wassua then that d1 2 x2s caresprd to caex axjugte 6 gond ws.

Whun rowto the cse d 2x2 Hads. If w sssodate aly red dgendes in animariat
suwpace, there are rored rewpdits. Bherd y reed to kowtosto gt tle tw capaeats
d ayd ar wdas in tle pritiond a2x2 Hakin the mrix  (ealy v sdwe a2x2
systemd eqetias fa the tw aprats. Te tedriqe fa gtting the grerdas ad the
M is udhaped

Ny casidr dddring a pir o wdas sparing tle twspe asodaed Wwih cagex
anippte pits d dgerndes, ssuiig far the st tht w ae 1d ssad dingit wih ay
dher dgersdws. e T, illwtrated by

¥ ok ok &k ok
¥ ok & & 4
T ¥ ok & * 7
¥ ok ok
¥ ok ok
*
w rady sde tle eqetias
Upp Ipph
Tep, dp )= py Hu ) ()
bpp,p  lpH,ph
add tde
* ok
* ok
* ok
(Tp, Bp ) = 10
0 1
0 0
so tht they are cartarly indgperdat. T tw bk sistitdias far derinig « p and
Tpp ae dre s ae Wdtene » gp) adz ng) fraxtle pir d equtias dtaned by

eqatingrowi anbithsids  (12). Hs gws awdl-seprated pir  vectas even vien the

D



twdgmedas ae doe, poiddtle ealiar dgrndes ae Wl seprated fravilem Ths,

3 1 2 1 Yo 1 % 1 1
0 1 1 1o |=] 1 o (_]0_101),
0 —10-19 1 0 1 1
the dgerrd s ae 14010 =5 tleyae dowe, hi wl seprated frontle dther d gomd e A 1 =3
Te caperts x 1 ady 1 sdisfy
1+l = -0 "0
Y142 = vty
Bedt ddmds, 1 =1/2ady 1 =5/ 4 Tewdas ae etrerdy Wl seprated ad

1

1

T(x, y)—(=, y)( o 10 1 ) =010 ).

If, Wen captirg tle tw wdias arrespadig to a capex pr, e earter avtler
2x 2Hak sayinpritiani , ¢ H, tlencaprats: ad: Hd ¢ ady ae dderied by

sdritg aset d far liter equias daived by eqetitg ros ¢ ad ¢

Hd (). Fsll e

awl-ardtiaed 4 x4 sytemif A 4o A1 ae wl seprated framh Py ApH -

W ve vish to assad ate ( Ap, b ) vthsaad the calier dgrd s (far vich e lme
dready dre tle Tack sdstittian), tle sdution is qite dear.  V¥én ve emouter a red
derdie A thet is to e assod ated vith them ve sd e frarthet pint at

tpp

Ty, %a )= 4 %Ha ) ( torp

anl ve dose d L add ottt thed P capret f 2

lpH,ph

et ) Ho Ndrs 4)

padz ,un aezaa Hs gws v apr

d eqetias fa d radd 9. A, Apg , ad X ; wae tle aly thee to Te ssodated v wald

tee far the inaiat 3spee

t
T(xiv Ty By ): 0
0

If drirg the bk sustitdion fa-
asad ate wih them we sdve franthet pat an
t t
T(xlﬂ %‘H ):($ P %‘H ) ( i Br i net
pH,p pH,pH

were tle far d’s ae doenso s torde caprets 7 adi Hd

dy da

lpp Lppit
bp,p  lpH,ph

py H Wﬁmﬁd’apﬂ/\ s AH-l wich w wsh to

d; ; di i
x . % 1 bl bl
) He i wa) ( dipi dipip |7

padz ,y eqd tozea



I esale, sypse ve gap( Ag, Ag), Ag, (Ag, A), dme( Ag, X)ad( Mg %) aeapex

s, Wise
O
O
1 0/]0/0 O
0 1100 O
0 0]« |*x =*
0 0[1]0 O
($3, Yy By B, @): 0 0 0 * *
0 0(0|1 O
0 0/0]0 1
0 0/0]|0 O
0 0/0]|0 O
ad fidly
laz 134 ds3g
laz t4q dus
T($3, B, %, B, @) :($ 3, B, %, &, @) t66
Te daats el d 36 add 46 vald lwe teen dtarived vien aapting @

reacted row 3 ad 4 the deamts d
zg atdlz o ven w readed demt 6 ad the demts d
citerrired ven we reacted d ararts 4 and 3

If e lae mak a god ddsian it ar graping, o8 o the wedas Wl b be law,

thagh this vald it be siffidert to dhd b thet the garpingis aapete. Brst, thee rmyte
saa A ; vichshodddso ke sssod ated vth these fie. Soad the vedas «
xg 11t 1 te @ lirealy irdpact & e valdlile

Dher qproacdes tae leen sipsted far capting tle imaiat sdspree dredly se
[6, 5, 4]. Tese ae st lildy rare stale hit nre expersive to aapte.

5 Conclusions

Te rethok dsaibed in Sctian 2 Tes been irproed and gererdized by 18 and Rulett [7

atlimderated in TAXK] 1 ]. Te I rdaatainind uks tderare deds ad

scdirg toersue nraricd stahility[2
ae regrdd & be1g too doe

dzg
dag
deg
g9
tgg

6 Ven ve

6s add gg wald hee een diterrived ven copting
48, d49, d3g, d3g vald hme ben

3, L4, L6, T8, and

]. Tisis esatidlyadiewed byt swying Hods thet



Whae dsossed mraicd isses aavered with the captaion  inaiat suspees
ad rped tw rethad daed to thar captaion Te retlod dsassed far swping
daxgrd Hads can readly be etardd to the grerdized d gasd e pddem
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