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ntroducti on

In this paper, we are concernedwith the parallel implementationondistributedmemoryMIMD

parallel computers of the LAPACKroutines for performingthe reductiontoHessenbergformand

the reductiontotridiagonal form. These reductions are animportant �rst stepinthe computation

of the eigenvalues of matrices.

TheLAPACKproject is ane�ort toupdate the classical linear algebrasoftwarepackages LIN-

PACKandEISPACKtoallowmore e�cient use of sharedmemoryor traditional supercomputers.

E�ciency is attainedbywriting these routines as muchas possible inLevel 2and3BLAS[6 , 7],

reducing the ratio of memoryaccesses to 
oating point operations executed andallowing for en-

capsulationof parallel operations onsharedmemoryarchitectures.

Whileparallel implementations of algorithms forsolvinglinear systemshavebeenwidelystudied

[5, 12 ], the reductiontocondensedformhas not enjoyedthe sameattention. Aparallel unblocked

Hessenberg reduction algorithmbasedoncolumnwrappedstorage is givenin [13 , 14 ]. In [10 ], a

reduction based onGaussian transformations is reported. The reduction of symmetric matrices

assuming rowwrappedandgridwrappedstorage is addressedin[3 , 4]. Our approachis di�erent

in that we start withhighly e�cient sequential code [8 ]. E�ciency oneachnode is attainedby

1



use of Level 1, 2, and3BLAS. Communicationis throughaproposedcommunicationlibrary, the

Basic Linear AlgebraCommunicationSubprograms (BLACS) [1 ], whichmakes the code portable.

The paper is organized as follows: Assumptions andnotationare given in Section 2. As an

introductiontothe parallel implementationof blockedalgorithms, unblockedalgorithms andtheir

parallel implementationaregiveninSection3. Blockedversions arediscussedinSection4. Results

fromexperiments on the Intel Touchstone Delta systemcanbe found in Section 5. Concluding

remarks are giveninthe �nal section.

Assumpti ons nd ot ti on

Wewill assume that our multicomputer consists of p nodes, labeledP 0; . . .; Pp�1 whichare con-

nected by some communicationnetworkthat allows broadcasting of messages and combining of

global data(inthe formof global summation).

For our formulae, we adopt the followingnotation: Scalars, vectors, andmatrices are denoted

by lower case Greek, lower case, andupper case arabic letters, respectively. The i thelement of

a vector is denotedbya corresponding greek letter with subscript i ( i; �i; �i, and� i for vectors

x; y ; u; andv , respectively). Givenavectorx, thevectorconsistingof its elements i ; . . . ; j isdenoted

byx i: j. GivenmatrixA, the submatrixconsistingof elements of rows i ; . . . ; j andcolumns k; . . . ; l

is denotedby[A] i: j;k: l. If all rows are involved, the notation[A] �;k: l will be used. Superscripts are

generallyreservedfor iterationindices.

We will use the followingmapping of matrices to nodes: GivenA 2 n�n andpanel width

m 1, assume for simplicitythat n =r �mandpartition

A(k) =
�
A
(k)
1 A

(k)
2 � � �A(k)

r

�

whereA
(k)
j

2 n�m is apanel of widthm. The panel -wrapped storage schemeassignsA
(k)
j

tonode

P(j�1)mod p. I.e., A i+1 ; Ai+p+1 ; . . .are assignedtoP i. If m=1, the result is the familar col umn-

wrapped storage scheme [12 ]. For notational convenience, wede�ne j 2 P i tobe true if andonlyif

columnj of the matrixis assignedtonodeP i.

Thebasic operations utilizedbythe reductionalgorithms are the computationandapplication

of Householder transformations:

heo r e m1 i ven a vect or x 2 n, one can �nd a vect or u 2 n and scal ar � s. t .

(I � �uuT)x =( 1; . . .; k; � ; 0; . . .; 0)T

where � =jj xk+1: n j j2.

Indeed, u =(0; . . . ; 0; k+1 � ; k+2 ; . . .; n)T and� =2=u Tu will give thedesiredresult. Thesign

is chosentocorrespondtothe signof k+1 , therebyminimizing roundo�error inthe computation

of u.

The transformation I � �uu T will subsequently be denoted byH (k)(x), where here the su-

perscript indicates that elements 1; . . .; k are not a�ected. This notationis consistent withthe
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previous useof superscripts since inthe reductionalgorithms theHouseholder transformationcom-

putedduring the kth iterationhas this property. We will also use the pair (u; �) to denote the

transformation, i.e., (u; �)=H (k)(x)will denotethevectoru andscalar� s.t. H (k) (x)=(I��uu T).

Since u and� arenot uniquelyde�ned, wewill always takeu tobe normalizedsothat it has aunit

kthelement.

n l ocked Al gori t ms

Inthis section, weexplainhowsimple algorithms for the reductions toHessenbergandtridiagonal

forms for the eigenvalue computationcanbe implementedonsequential andparallel architectures.

3.1 Sequential Implementation: HessenbergReduction

The reductionof matrixA (1)=A toHessenbergformcanbe writtenasA (n�1) , where

A(k+1) =H (k)A(k)H(k) =H (k)H(k�1) � � �H(1)A(1)H(1) � � �H(k�1) H(k)

HereH (k) =H (k) ([A (k) ]�;k). Letting(u; �)=H (k) ,

A(k+1) =H (k)A(k)H(k) =A (k) � �uvT � �wuT

where

vT =u TA(k) and w=A (k)u � �(uTAu)u (1)

This yields the followingalgorithmfor reducing amatrixtoHessenbergform:

l g o r i t hm2Hessenberg educt i on

do k =1; . . . ; n� 2

compute (u; �)=H (k)([A] �;k)

vT =u TA

w=Au � �(u TAu)u

update A=A� �uv T � �wuT

enddo

3.2 Sequential Implementation: Tridiagonal Reduction

If A is symmetric, thenEquations (1) canbe replacedbyy =�Au andv =w =y � 1=2�u Tyu,

andthe matrix is being reduced to tridiagonal form. In this case, it is only necessary to update

the lower triangular part of matrixA at eachiteration.
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3.3 Paral lel Implementation: Hessenberg Reduction

Givenp processingnodesP 0; . . .; Pp�1 , our parallel implementationwill assume that the columns

of A havebeenassignedtothe nodes incolumn-wrappedfashion.

This choice of assignment allows us toparallelize Algorithm2as follows:

1. For all k , updatingof columnj of matrixA is performedbynodeP (j�1)mod p.

2. During the kthiteration, the computationof (u; �) is performedbyP i suchthat k 2 P i, ,

i.e., P (k�1)mod p, after whichit is distributedtoall nodes.

3. Subtractingthe j thcolumnof �uv T fromcolumnj requires onlyj thelement of v , � j , tobe

knowntothe node that owns column j . This is convenient, since � j =u T[A] �;j, whichcan

be formedbythis node onceu has beenreceived. This means v canbe computedinparallel,

leavingthe di�erent elements of v onthe nodes that computedthem.

4. Subtractingthej thcolumnof �wu T fromcolumnj requires both� j andw=Au tobeknown

tonodeP (j�1)mod p. Vector w 2 n is computedas follows: Let B i equal the columns of A

that are assigned tonode P i. If the corresponding elements of u are appropriately packed

intoavector u �

i
, thenAu = all nodesyi, where y i =B iu

�

i
. HenceAu canbe formedby�rst

computingpartial results y i inparallel onall nodes, followedbya global summationof the

partial results, leavingAu onall nodes. Next, u TAu =u Ty andw canbe formed. Notice that

there is some (insigni�cant) redundant computationinthis last step, since all nodes perform

the same computation.

The resulting parallel implementationof Algorithm2 is givenbythe following pseudo-code that

drives eachnodeP i:

lgorithm 3 Paral l el Hessenberg educt i on

i =index of node (1)

do k =1; . . . ; n� 2 (2)

if k 2 Pi then (3)

compute (u; �)=H (k)([A] �;k) (4)

broadcast (u; �) to all nodes (5)

else (6)

receive (u; �) (7)

yi =0 (8)

do j =k; n (9)

if j 2 Pi (10)

�j =u TA (11)

yi =y i +� j [A] �;j (12)

enddo (13)

gsum y = yi (14)

w=y � �(u Ty )u (15)
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do j =k; n; (16)

if j 2 Pi then update [A] �;j =[A] �;j � ��ju� ��jw (17)

enddo (18) enddo (19)

Statement (14) indicates that y is the result the global summationof vectors y i. Aminor redun-

dancyexists since all processors computew once y has beencomputed. This canbe overcomeby

replacing statements (14) and(15) by

yi =y i � �(uTy )u (part of length� (n� j )=p) (14)

gsum w=y i (15)

sothat all processors participate insubtracting�(u Ty )u before the global summation.

3.4 Paral lel Implementation: Tridiagonal Reduction

Parallel implementationof the reductiontotridiagonal formfor asymmetricAproceeds similarly,

with one major di�erence: Since only the lower triangular part of matrixA contains useful in-

formation, we compute y as follows: Let A =L +R, where L andR equal the lower triangular

and strictly upper triangular parts of A, respectively. Notice that R T equals the strictly lower

triangular portion of L, andhence bothare assignedto nodes in column-wrapped fashion. Now

y =Au =Lu +Ru canbe computedby:

yi =0

do j =k; n

if j 2 Pi then

�j =� j +u T[L]�;k
yi =y i +� j [R] Tj;�(=y i +� j [L]�;j)

enddo

yi =y i � �(uTy )u (part of length� (n� j )=p)

gsum y = yi

l ocked Al gori t ms

In [8 ] it is shownhowreorganizing portions of the above algorithms in terms of Level 3 BLAS

yields algorithms that performconsiderably better on computers with vector processors and/or

hierarchical memories. In this sectionwe discuss sequential blockedalgorithms for reduction to

Hessenbergandtridiagonal formas well as their parallel implementation.

4.1 Sequential Implementation: BlockedHessenberg Reduction

We�rst consider howthe applicationof mHouseholder transformations canbe combined:

H(k+m) � � �H(k)A(k)H(k) � � �H(k+m) =A (k) � UV T �WU T (2)
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where

([U] �;j+1 ; �) = H(k+j) ([A (k+j) ]�;k+j )

[V ]�;j+1 = A(k+j)T [U]�;j+1 =(A (k) � [U]�;1: j[V ]
T
�;1: j� [W] �;1: j[U]

T
�;1: j)

T[U]�;j+1

w = A(k+j) [U]�;j+1 =(A (k) � [U]�;1: j[V ]
T
�;1: j� [W] �;1: j[U]

T
�;1: j)[U] �;j+1

[W] �;j+1 = w� �(w T[U]�;j+1 )[U] �;j+1

The general strategyfor reorganizingAlgorithm2nowbecomes:

1. Partitionthematrixintopanels of widthm.

2. For k =1, compute matrices U, V , andWbycomputing the successive Householder trans-

formations. (Notice that for given j , in order to compute u, only the (k +j )thcolumnof

A(k+j) needs tobe formed.)

3. UpdateA (k+m) =A (k)�UV T�WU T. (Note: onlycolumns k+m; . . . ; n needtobeupdated,

since columns k; . . . ; k +m� 1were updatedduring the computationof U, V , andW.)

4. Repeat for k =m+1; 2m+1; . . . .

Notice that the third stepcannowbe writtenas twomatrix-matrixoperations. The bulk of the

formationof the matrices requiresmmatrix-vector operations.

4.2 Sequential Implementation: BlockedTridiagonal Reduction

The blockedalgorithmfor the reductiontotridiagonal formfor the symmetric problemis reorga-

nizedsimilarly, except that inthis caseW=V , soEquation2becomes

H(k+m) � � �H(k)A(k)H(k) � � �H(k+m) =A (k) � UV T � V UT

andonlythe lower triangular portionof A is updated.

4.3 Paral lel Implementation: BlockedHessenberg Reduction

Wenowdescribe theparallel implementationof the blockedreductiontoHessenbergform. Wewill

use panel-wrappedstorage, where the panel widthcorresponds tom, the widthof the panel used

for the sequential blockedalgorithm.

Understandinghowtoperformthecomputationinparallel is closelyrelatedtohowmatricesU,

V , andWmust be distributedinorder tobe able toperformthe update inEquation2. Partition

V T likeA (k) :

V T =
�
V T
1 V T

2 � � �V T
r

�

If we updateA
(k)
j

onnodeP (j�1)mod p, thenU, WandV j must be knowntothis node. Hence we

must compute thesematrices insuchawaythatU andWeventuallyreside onall nodes, whileV T

is panel-wrappeddistributedamongthe nodes.
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Finally, weexamine howthecomputationof U, V , andWcanbedistributedamongthe nodes.

Assume the computationhas progressedtowhere panel s is being reduced, i.e., k =(s � 1)m+ 1.

Assume the �rst j columns of U, V , andW have beencomputedandare distributed as desired.

The computationof the (j +1)st columnof these matrices proceeds as follows:

1. OnnodeP (s�1)modp, formthe (j +1)st columnof the current panel of A (k+j) :

[A(k+j)
s

]�;j+1 =[A]
(k+j)
�;k+j =[A] k

�;k+j � [U]�;1: j[V ]
T
k+j;1: j � [W] �;1: j[U]

T
k+j;1: j

Since

[V ]k+j;1: j =[V s]j+1;1: j

all informationfor this operationis available onthis node.

2. OnP (s�1)mod p, compute ([U] �;j+1 ; �) anddistribute toall nodes.

3. Next, wemust formthree intermediate results,n

x = [V ]T
�;1: j[U]�;j+1

y = [U]T
�;1: j[U]�;j+1

z = [W] T
�;1: j[U]�;j+1

The �rst requires partial sums of vectors to be accumulatedoneachprocessor, followedby

aglobal summationof the results, leaving the results onall processors. The latter twocan

either be computedinthe samewayor theycanbe computedseparatelyoneachprocessor,

leadingtoredundant computation, but less communicationoverhead.

4. Assumingx, y , andz havebeencomputed,

[V ]�;j+1 =A (k)T[U]�;j+1 � [V ]�;1: jx � [U]�;1: jz

canbe computed, leavingthe resulting columndistributedamongthe nodes.

5. ComputingW �;j+1 requires

w =A (k) [U]�;j+1 � [U]�;1: jx � [W] �;1: jy

tobe computed. Just like the computationof w inAlgorithm3, this proceeds intwostages:

columns of A (k) oneachof the processors are summedafter beingmultipliedbyappropriate

elements of [U] �;j+1 . Next, each of the vectors [U] �;1: jx and [W] �;1: jy is partitioned into

p approximatelyequal subvectors andcomputationof eachsubvector is assignedtoanode.

After eachnodecomputes its sectionof thesetwovectors, andsubtracts themfromthepartial

sumof columns, aglobal summationcomputes the desiredw, leavingthe result onall nodes.

6. Finally,

[W] �;j+1 =w� �(w T[U]�;j+1 )[U] �;j+1

is formedonall nodes.
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Figure 1: Total computationtime for 128nodes whenn =4000andthe block size n b is varied.

The space betweentwocurves equals the time spent inthe indicatedoperation. The times for the

global sum(GSUM)andbroadcast (BCAST) include some idle time that is due toloadimbalance.

4.4 Paral lel Implementation: BlockedTridiagonal Reduction

Theparallel implementationof thereductiontotridiagonal formforsymmetricAproceeds similarly.

Consider the steps giveninSection4.3: InStep1, [W] �;1:j =[V ] �;1: j; InStep3, z =x, whichcan

be either formedseparatelyonall nodes or distributedamongthe nodes, whichrequires aglobal

summation; Step4-6aremerged, where [W] �;j+1 =[V ] �;j+1 is computedby

y = �(A (k)[U ]�;j+1 � [V ]�;1: jx � [U]�;1: jx)

[V ]�;j+1 = y � 1=2�([U] T
�;j+1 y )[U]�;j+1

where �A (k) [U]�;j+1 is computedusing the same trickas inSection3.4.

5 Experiments

Inthis section, wereport the performance of the parallel reductionalgorithms onthe Intel Touch-

stoneDeltasystemusingthe PortlandGroupcompiler andassemblycodedsi ngl e preci si on BLAS

routines byKuckandAssociates.

The Intel TouchstoneDeltasystemis adistributed-memory, message-passingmulticomputer of

theMultiple InstructionMultiple Data(MIMD) class developedjointlybythe Defense Advanced

ResearchProjects Agency(DARPA) andthe Intel Corporation[15 ]. It is comprisedof 520 i860-

basednodes, eachhaving16Megabytes (MBytes)of memory, interconnectedviaacommunications

networkhaving the topology of a two-dimensional rectangular grid. (Scaling is not restricted to

a power-of-two increment typical of hypercube topologies.) It has a peak performance of � 32
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Figure 2: Allocation of execution time when p =128, nb =3 and the problemsize n is varied.

Again, the space betweentwocurves equals the time spent inthe indicatedoperation.

Giga
ops doubleprecision, � 40Giga
ops singleprecision, andanaggregatesystemmemoryof� 8

Gigabytes. The interconnectionnetworkemploys aMeshRoutingChip(MRC), developedat the

CaliforniaInstitute of Technology, at eachsystemnode. EachMRCprovides �vechannels, one for

its associatednode andfour for its adjacent neighbors inthe two-dimensional mesh. The channels

arecomprisedof two, unidirectional buses: one for data
owintotheMRC, one for data
owout of

theMRC. Thepeakinterprocessor communications bandwidthis� 30MBytes/s ineachdirection.

The systemsupports explicit message-passing, withalatencyof � 75microseconds viaworm-hole

routingusingapacket-basedprotocol. Interconnect blocking is minimizedbyinterleavingpackets

associatedwithdistinct messages whichneedtotraverse the same interconnect path.

5.1 Reduction to Hessenberg Form

Figure 1 shows the performance of the parallel reductiontoHessenberg formas a functionof the

problemsizen andtheblocksizenb forp =128. Performanceismost in
uencedbytheperformance

of the Level 2 and3BLAS. Fromthis graph, it canbe concluded that nb =3 yields reasonable

performance. Wewill use this blocksize insubsequent discussions.

Communicationoverheadis the main contributor to the reduction in performance, as canbe

seenfromFigures 1and2. Inparticular, theglobal summationandbroadcast operations aremajor

contributors tothe total executiontime. This is not supprising, consideringabroadcast of avector

of lengthO(n) andglobal summationof vectors of lengthn is requiredfor eachcolumnof W that

is formed(inadditiontothe summationof at least one smaller vector).

The performance attainedas a functionof problemsize is clear fromFigure 3. Inthis graph,

nb =3andperformanceis givenforvariousnumbersof nodes. Theoverall performanceis somewhat

disappointing: The LAPACKreductionroutine onasingle processor attains about 45MFLOPS.
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Figure 3: GFLOPSatainedfor various numbers of nodes whenthe problemsize is varied. For the

Hessenbergreduction, nb = 3, for the tridiagonal reduction, nb =12.

5.2 Reduction to Tridiagonal Form

Figure 1 also shows the execution time for the parallel reduction to tridiagonal form. Fromthis

graph, it canbe concludedthat large blocksizes yieldbetter performance. This is due tothe fact

that during the update givenbyEquation2the submatrixmust be updatedone panel at a time,

since the lowertriangular partof thematrixA iswrappedontotheprocessors. Forthesamereason,

the performance of the matrix-vector product (BLAS2) is a�ected.

Theoverall performanceof the reductiontotridiagonal formis worsethanthat of the reduction

toHessenberg form(Figure 3). This canbe explained as follows: The number of 
oating point

operations is reducedbyafactor 2.5as comparedtothe reductiontoHessenberg form. The time

spent in the broadcast is unchanged. The time spent in the global summation is approximately

halved. As aresult, the ratioof communicationtocomputationis higher thanfor the reductionto

Hessenbergform.

6 Concl usion

Wehavedemonstratedthat theLAPACKcode for reducingamatrixtoHessenbergor tridiagonal

formcanbe rewrittenfor current generationMIMDdistributedmemorycomputers inarelatively

straight forwardmanner.

Onthe Intel TouchstoneDelta, e�ciencyis hamperedtoalargedegreebythecost of communi-

cationandthesynchronousnatureof thealgorithm. If larger problems aresolved, this becomes less

signi�cant. Althoughthe Intel TouchstoneDeltasystemhas su�cient memorytostorematrices of

order 25000, we limitedourselves toproblems that requiredless than30minutes tocomplete.
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We have startedto investigate di�erent methods for mappingmatrices to nodes. In [19 ], we

showthat wrappingontological tori greatlyimproves the performance of the LUfactorizationon

the Intel TouchstoneDelta. Futureworkwill include the investigationof usingthis storagemethod

for the reductionalgorithms.
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