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Abstract

In this paper, we describe a parallel implementation for the reduction of general and sym-
metric matrices to Hessenberg and tridiagonal form, respectively. The methods are based on
LAPACK sequential codes and use a panel-wrapped mapping of matrices to nodes. Results
from experiments on the Intel Touchstone Delta are given.

1 Introduction

In this pper, e ae caverred with tle prdld irdeatation an dstribited reary NND
mdld aptes o the [ Kratires for perfaring the redetian to Msserberg farmand
the redetion to trid agrd. fam Fese redttias ae animprtat fist stepin the captation
d tle dgersdes o merices.

Te IRXKproject is aneffrt touuhte the dassicd livear dgehra softvare packes TIN
AKad HIXKto dlownre dtiat we d shaed raay ar tradtiad  sippraapiters.
Hhercy is attared by witing these ratires & nrh & pesible in levd 2 ad 3 BA [6 , 7],
reddrg tle ratio d’ ey accesses to fheting pirt qeratias eeated ad dloing fa- en
cplaion d prdld geratias a stared ey arch tectures,

Wle prdld irpemataios o dgrithafa sdviglitear syternlee been Wl y studed
[5, 12], the redction to carhsed familes it enjged the sam atetion Aprdld ulloded

HMsserberg redetion dgri thmbesed an cdun waped staae is gnin [13 , 4], In[0 ], a
redetian bsed an Gissian trasfatdtias is repated  Te redtion d syreric merices

assuing rowwapped ad g d wepped staae is addessed in [3 , 4]. Qr apraachis dféret

in thet ve stat with ligly efiat seqertid axk [8 |. Hhecy aneach ok is attared by
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wed led 1 2 ad3 BA @mictiais thogh a papsed ammictian libary, the

Beic lirear Agebra (i cati on Shyregram (BAS) [1 ], Wichaes the b prtaie
Te ppr is agrized s fdlos: Asugias ad rtation ae gwnin Sdion 2 A an

itradction to the prdld irgeratation  Hoded dgrithm, wboded d g thes and their

pdld irdeataionae gwenin Sdian 3 Boded asias ae dsassedin Sction 4 Rsdts

franeqerirats a the Irtd "Bstae ldta sytemean te fard in Sdion & @d g

reals ae gyenin tle fid setion

2 Mssunptions and Notation

WAl assum thet ar rdticapter amists d p ods, ldded P 0y +-» Brq Wichae an
rected by saa comricaion retvak tht dlos headestitg I ressages and caliring
ddd dita (intle famd gdd surdtian).
I ar fame w ady the fdloing raatiar Sdas, wdas, ad mrices ae drded
by lowr cse Godk lowr cse, ad uyper cse ardic lettars, respctivdy  Te 7 th demat o

avecta is dated by a carespad g geek letter wth susaipg ¢ (x 0w g, ady ; fa wdas
z, y, u, adv, respctivdy). Genaweda z, thewda asistigd itsdemts i, ... , j ischted
vz 4 ;. Geenrrix A, the strtrix amistig d demts d o547, ... , 7 addus k, ...
18 Chdedb/[A] i ik I If dl row ae indwd the Idatl(n[A] ekl Wil be wed Spasaips ae
gererdly reserved far iteration ind ces.

Wiill we tle fdloing raging o merices to rods: Gven A € R ™% ad pad wdh

m> 1, ssuafa drdidty tht n = * mad prtitian

AR — (Agk) AP .A(k))

7

e A Ek) € R™ isamd d wdhm Fe panel - wrapped staae sdem sdgs A Ek) tonxk
Plidymd p- Lo, Aip, Ay , .. .acasigedto P i If m=1 tle resdt is tle failar col unm-
urapped starage sctera [ 12 |. Jo tatiad (Inaieme, wdfiej € P ; tobe trieif adalyif

dunj d the iixis asiged ook P
Te hisic qaratias Wilized by the reddtion dgyitha ae the aaptation ad adicatian
d ledddr trasfardias:

Theor e m1Given a vector x € R, one can find a vector u € R and scalar 3 s.t.
(I —ﬁuuT)$ :(X 1, -0 X 7, Q '7'0)T

where n | Tpp.n | 4-

Ibed w Q... 0 T, d2 o, - )T ads 2w Tu il getle dsitedresdt. Tesign
is dento aresprd totle signd” b, therdy timiniving rarddferrar in the captation
d u.
Te trasfamia I — Suu T il suseqertly be dacted by H (B (z), vere hee the su
saip imdctes thet demts y 1, «.. ¥y aent dbted Hs mtationis casistet wth the



predas we d syesais sire in the redotion dgri tha the Misdd dr trasfamdi o can

pted drirg the kthiteration tes this poerty Wl dso we tle mir (u, 3) to dudte the

trasfamtiay i.e, (u, §)=H (B ()l crctethewctaru andscdar 3 s.t. H
Sree v ad f aet wiqdy dfied vewll dvas tde v tobe mrmdized sotlet it les awit
k th d erat.

3 Unblocked Al gorithm

Inthis setian, wegddn lowsitde dgriths fa- the redtias to Mssarberg and trid agud
famfa the d grd e captaion can e impeated mseqertid ad padld aditedores.

3.1 Sequertial Inplerartation: Hessenberg Reduction
Te redrtion o retrix A (1) =A to Mssetherg farmean be witten s A
AR —g B AD gB g (B () g4 g (1),

We H (B =H B(AD], ). Tetting (u, g)=H 9,

AR (DA g —4 (B _ By — Bou ™

ere

T = TA ad w=A Py — 5T Au)u

Tis yid & the fdloirg dgrithmfar reddirg a ratrix to Hssenberg fam
Al gori t hi¥2senberg Reduction

do k=L ..., n—2
compute (u, 3)=H (4] )
vt =u TA
w=Au — Bu TAuu
update A=A— fuv T — Buu™
enddo

3.2 Sequertial Implemantation: Fidiagonal Rduction

If Ais symtric, then Igetias (1) cn ke rqlaed lyy =0Au adv =w =y — 1/ Bu
ad the rerix is g redred to tridagrd fam In ths cse, it is aly reessay to wyhte
the lowr triiaglar it d mArix A & ecchitedioa

B (@) =(I-puu ).



3.3 PRwrallel Inpl emartation: HRssenberg Reduction

{en p proessing moks P 0y -+» B, ar padld irdestaion il ssum thet the cdurs
d" A hwe lren asiged to the rods in dunwaped fashian
Tis ddce d asigrat dlos v to mdldize Agrithn? & fdlos:

1 Jadl b, whtingd dunj o mrix A is pafared by ok P (j)nod p-

2 Ixirg the kthitedio tle captaion d (v, 5) is prfaed by P ; schtlw k € P,
i.e, P (ri1)nd p, dter dichit is dstribted todl rods.

3 Stratirgtle j thdund Suv T frandun j reqires aly j thdemt o v, v j, tole
lom to tle ok tlet ows «dun 7. Hs is camiat, sie v i =u T[A.,, dichcn

te farad by this mock ave u hes beenrecdved Hs meas v can be capted in pardld,
leasitg the dfbrat demts d v o the rods thet capted them

4 Stiratirgtle j thadund Swu T framdunj reqires htho ; adw =Au tobe kom
ok P (ja)ned p- Waw € R 7 is copted & {dlos: lef B ; eqd tle dus & A
tht are asiged to rak P ;. If the caresprdig demts o ae agrariddy pded
imoaveda v F, tenAu = 3 nodesVis MEEY =B ;uf. e Au canbe farad by fist
coptitg patid resuts y ; inpadld amdl raks, fdloedly agddd sumtion d the
patid resdts, leaitg Au andl roks. Net, u Tauw =u Ty adw canbefard Ntice thet
tlere is sum (irsigifrat) redrcat captationin this lsst step sirce dl s parfam
tle sam captation

Te resdtitg padld irgemtaion d Agrithm? is gven by the fdloirg pab axd thet
dives exhwok P i

Algorithm 3 Furallel Hessenberg Reduction

i =index of node (1)
do k=L ..., n—2 (2)
if k € P; then (3)
compute (u, 3)=H ({4 .x) (4)
broadcast (u, ) to all nodes (5)

else (6)
receive (u, ) (7)

yi =0 (8)

doj =k, n (9)
ifjeP (10)

v,=u TA (11)

enddo (13)
gsumy =3 y; (14)

w=y — B Ty (15)



do j =k, n,

if j € P, then update [A.; A4 .; — frju— Bojw

enddo (18) enddo

Sataat (14) irdcates thet y is the resut tle ddd suriond wectas y
iy edsts sime dl prosessas capte w are y tes ben capted s can be ceraaa by
reflad g staterats (14) ad (15) by

yi =y i — Bluty (mt o lagh~ (n — j )/ p)

gsum w=y

so thet dl processas partid pte in sittracting 3 (u Ty Y tefae the gl suteion

3.4 Puwallel Inplematation Fidiagonal Reduction

Rrdld irdeataion d the redrtian to trid sagrd. fanfa asynetric A poeeds sirdaly
wth ae mja dffare Sne aly tle loe tiapgla @t d mrix A atds wdd in
famion w ampte y & fdlos It A =L 4R, vee L ad R eqd tle lowr tiapgla

ad stridly qpr triagla pts d A, respctivdy  Mice thet R T eqds tle strictly logr

triagla pricn d L, ad tare hith ae asiged to rads in dunwaged fslion Nw
y =Au =Lu +Ru canbe capted by

yi =0
doj =k, n
if 7 € P then
= A [ L
yi =y it R L=y o )

enddo
yi=y i — Bty (mt o lagh~ (n — j )/ p)
gsumy =)y

4 Blocked Algorithm

In[8 ] it is stom lowreaguizirg prtias d the dwe dgrithm in tam d led 3 B
vdd dgrithm tht prfameasidraly better o capters wth wedtar posssas adiar
heaadicd ramies. In ths section we dsass seqatid Hoded dgrithm fa reddian to
Tsserterg ad tridagrd fames Wl @ tldr prdld irgaatdin

4.1 Sequertial Inplerartation: B ocked Rssenberg Reduction
Whst asdr lowtle gqiction d m ldedd dr trasfamias cn be catired

g o g AR R gk 4 B _py Ty T

(16)
(17)
(19)

(14)
(15)



() wj > B) = HEH (AU ] )

Vi = AT 0] 0 A O — [0 VI = ] {01 ) 0]
w o= AW O] g HA O — (UL VI = ] fO1 0 )10 i

)

Wi = w= Bl U] U]
Te grerd strategy far reargi 7itg Agri thn rowhecaes:
1 Rrtitionthe mbrixirto pads o wdhm

2 bk =l aptewrics U, V, ad Wy amptig the swesd e lsdddr tras
faias. (Mtice thet fa gven j , in adr to capte u, aly tle (k 45 thodun o
AUk 1eeck to e farmed )

3 Gited Um) A D _pvT U T, (Nte alydums k4 ...

, 1 1eed tobe ypkted,

sme durs k, ... , k +m— 1 wae yrhted drirg the captationd U, V', ad W)

4 Ryt fa b =mH, 2n+t, ...
Ntice thet the thrd step can rowhe witten & two rabrixmix qeratias. Te hik o the
famiand tle rries reqires murixwecta geratias.
4.2 Sequertial Inplematation: Bocked Fidiagonal Reduction

Te Haded dgrithnfar the redrtian to tridagrd fandfar the syretric pdemis reaggs
nzd sirilaly exqs thet inths cse W=V, o lgatian 2 becaes

g o g AR gR . gt a4 B _py T _ypT

adaly the lowr tiiagla prtiond A is yrted

4.3 PRwrallel Inplematation: Bocked Rssenberg Rduction

Wiowdscite tle prdld irderatationd the Hoded redetion to Msserbearg fam WAt
we pad -waped staae, vere tle prd wdh aarespads tomy the idh d the pad wed
far the seqertid Haded dgrithm
Udbstad rg bowto parfanthe captaioninpadld is dody 1d ated to bowrerices U,
V', ad Wt te dstribted in ady to be dle to prrfamtte wbte inlgetion 2 Ratition
VIlileA (B:
VT — (VlT VQT L. ‘/[TT)

Fwphte A Y aik P ()00, tenl, WadV st be komto this ok T v

st capde these rtrices inswchavay tht U ad Weatdlyresice andl roks, dile V
is pad -waped dstri hited ang the rods.



lrdly e eaire lostte captaiond U, V', ad W can be dstri hted ang the rods.
Asua tle captation les pogressed to vere e s is g redeed ie, B (s — Dm + 1
Asua the fist j cdus o U, V', ad W e ben capted ad ae dstrihted & dbsived
Te captation d tle (5 H)st ddun o these rtrices poeeds a5 fdlow:

L QP (_iymoq, famile (j Hjst dund the amat prd o A (kh)

(A |y A B A b (0L VIR — W e [0 R,

Sme
Viega:; SV sl
dl ifamtinfa ths qeatian is adldle anthis mok

2 QP (o 4yned p, amte (U] «jH 5 ) addstribte todl rods.
3 N, we st fanthee ittered ae resd ts,n

x [V]}‘,I ]{U] *,5H
C) [U]}‘,I:]{U]*J-H
= [VW }‘,1: ]{U] *,5H

Te fist reqirves tid sun d vectas to be accud ated an esch povessar, fdlowd by
agddd suion d the resdts, leaig the resdts an dl paessas. Te latter two can

dtler e capted in tle sam vy ar they can e aapited sepratey an each proosssar,
lead 1 to redmchit captatian it less cammi catian oertead

4 Asunrgz, y, adz hee len capted
Vi =A DU = Vi = [V 2
can ke capted, leasitg the resd tirg cdun distri bited ang the roks.

5 (Gaptig W x,jH TEqiTes

w :A (k) [U]*J-H - [U]*J;ﬂ - [VW *711]3/

tole apted Jwt lile the captationd” w in Agrithm3 this poceeds in tw stags:

adus d A (B neach d the processars are sumad dfter beirg mdtipied by appropri ate

daats d [U] ;4 . N, eahd tle wdas [U] w1 ad [W .1 is patitiaed itto
p aupaidy eqd sibedias ad aptaion d exch sthectar is ssigred to a ok

Aber eachrok capites its sectiond’ these twvectas, and sutracts thendfrantle partid

sund cdurs, agddd smHion captes the dsited w, leaing the resdt andl rods.

6 Hrdly
W wjn =w—Bw T[] U] s
is famd andl rods.



DELTA: HessRed p=128 n=4000 DELTA: TriRed p=128 n=4000

200t 200t
BLAS2
150} \N\//\ 150}
; BLAS3 ;
g 8
g 100 ] g 100 BLARZ
k=] k=] M
GSUM L BLAS3 . .-
S GSUM
501 1 501 [ —— §
BCAST BCAST
0 L L L L L L L 0 L L L L L L L
0 2 4 6 8 0 12 M 0 2 4 6 8 0 12 u
block sizenb block sizenb
Hgre I 'Bd arptaion tima far I8 mods wen n =400 ad the Hak size n p is vaied

e spree betwen tw curves eqds tle tira spat inthe ind cited gqeratian. e tins far the
gad sun(Wad hoadast (B8] ird uk sanide tima thet is de toledittdare

4.4 Parallel Inplemrtation: Blocked Fidiagonal Reduction

Tedld idaatdiond tleredetian totri dagrd fanfa syreric A paeed dirlaly

(GHidr tle stes gvenin Stian 43 InSep 1, [W] w1 V] w17 mYep3 2 =z, dichcen
te dther farad seqpatdy an dl nods o distribited aag the rods, Wich regires a gda

sutHiay Sep 46 ae rergd iere ] w41 V] wjp s captedly

BABT i = Vi = [Uea: )
y — 2B(U] I,j+1 Yy [Ux ju

wre fA (B[U]. 1 is copted wirg the sam trick s in Seticn 34

Yy
V] m

5 Experinents

Inthis setian we reprt the prfamace d the padld reddion dgrithaan the Itd “bich
stae ldta systemisitg the Rrilad Gop aapler ad sselly aabd si ngl e preci si on B®
ratites hy Kok and Ascd ates.
Te Intd "bidstae I ta systenis a dstri hied rerary, essape pssing md i capter
tle Mtife Istrution Mtipe Tata (NND dess dsdged jartly by the leferse Abarced
Rsearch Rojects Aerey (IDRA ad the Intd @pration [ . Tt is capised & 30180
Fesed rodks, each bavi 1z 16 Mbgtytes (MBtes) o raary; irtercamected via a commi catias
retwrk Imirg the topdagy  a twdrasiad retagla gid (Sding is it restricted to
a pa-d-tw imrerat typed o hyprate tqrages.) It bes a pek perfamace = 2



DELTA: HessRed p=128 nb=3 DELTA: TriRed p=128 nb=12
10— === T MHSE—— 100 _

"""""""""""""""""""""""""""""" MISC
9t 1 9t
BLAS
BLAS
80} 1 80t
70- \ 70-
BLAS3
g 6 BLAS3 g 6
z 5l ) =
3 g GSUM
) )
Q A0+ - AF e
2t GSUM 2t
) ) BCAST
10 BCAST 1 101
0 L L L L L L L 0 L L L L L L L
0 1000 2000 3000 4000 5000 6000 7000 8000 0 1000 2000 3000 4000 5000 6000 7000 8000
problem sizen problem sizen

Hare 2 Aladian d eectian tita vien p =18 nb =3 ad the pdlamsize n is waied
Aein the spce betveen tw arves eqds the tira spat in tle ird cated qratian

Gipltys dile pedsian, ~ 4) Giglllys sitde predsian ad an sgeyegte systemmaay d =~ 8
Gegytes. Te ittercarection rebwrk el a Mh Rutivg Gip (N8, dneped at the
@ifaria Iistitite  Bhdagy & each systenroce. Beh Mo ds fie dands, ae far
its asad ded rok ad far far its ajaert regbas in the tedmsiad msh e dards
ae capised d tw uidrectiad hses: ae fa dtafbsitotle M ae fa- dtafosat o
the MK e pek i rterpracessar commi catias badidhis &~ 3) Mtes/s ineachdretion

Te systensuparts egidt resae pesitg, wth alaecy &~ B rivroecard va wrrlde
ratitg wirg a poet-bsed pataed . Tntercarect Hoading is rivitived by itter eaitg pedets
assodd abed Wth dstinet ressages Wi ch reed to trawerse the samittercaredt pth

5.1 Reductionto Hessenberg Form

Hare 1 stos tle pafarace d the prdld redotion to Msserbarg fames a fudtian o the
pdensizen adtle Hokszenb fap =8 Brfameis wst itfiewed bytle prfamace
d the led 2ad 3B Foanthis gah it cn be cadubd the nb =3 sidd ressarlle
perfarace. Wil we this Haksize in suseqert dsassias.

(@i cation certead is the AN aatribtar to tle redetion in prfarace, & cn ke
seen frarfigres 1ad2 Inpaticdar, the ddd suration ad breactast queratias ae mjar
artrihtas totle tdd eectiantira Hs is it sugrisitg, arsichring abreaest o avedar
d laghO(n) adgdd surtiond vectas o lagh n is regired fa echadund W tht
is farad (in alition to the surion o & lesst ae srler vectar).

Te parfamare ataned & afudion d pdlensize is dear frombigre 3 In this geph
nb SBadprfamreis gwenfa aios nrbes o ks, Te oad] prfameis saatat
dsapirtitg Te IR Kredetion ratire cnasinde prowessar attas abat 45 NTGS



DELTA: HessRed nb=3

151

performance in Gflops

05-

P18 |

0 L L L L L
0 1000 2000 3000 4000 5000

problem sizen

Hare 3 (MG aded far warios nrters o rods en the pdlensize is waied ki the
Msserterg redetian, nb = 3 fa the tridagrd redetion, nb =12

5.2 Reduction to Tridiagonal Form

6000

7000

8000

performance in Gflops
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DELTA: TriRed nb=12

p=128 .

o .—/’/[J/:B;i

1000 2000 3000 4000 5000

problem sizen

Hare 1 dso slos tle eeation tira fa the padld redttion to tridagrd fam omthis
gah it can'te cadubd tht lage Hok sizes vidd etter pafarmace. s is de to the fat

tht drig the uphte gven by Igetion 2 the suratrix st be ypited ae pad &t atitg

sirce tle loer triaglar pat  therix A is waped atotle pocessas. I the sara ressan,

tle prfarace o the mtrixwedta podet (BAD) is afced

Fe oerd] prfarace o the reddion totrid agrd fanis wase than thet o the redction
to Msserberg fam(ligre 3). s can le eglared & fdlos: TFe mater o fleting pirt
qeradias is redeed by afata 25 & apaed to tle redetian to Ksserberg fam Fe tira
spat in the hreadest is udaged  Fe tima spat in tle ddd surdian is apadmdy
Hwed A aresdt, the rdiod cami catian to capitatianis liger than far the redetian to

Msserterg fam

6 Conclusion

Wae drostrated thet the TAXKaxk far redring a mtrix to Idssenberg ar trid sgrd
faman te rewi tten fa carert grerati on NN stri bited ey capiters in ardatindy

stragt favad mamrer.

Q) tle Itd "hdstae ldta, diaryis lapredtoalage dgee by the ast I cami-

catin ad the sychraos rabue o the dgrithn If lagr pdlem ae sdved this becaws less

sgificat. Athogh the Irtd "Brdstae ldta systemtes sttien reray to stae mtrices
adyr 210 ve litited arsdes to prdlan thet reqited less than 3) rintes to axplete

6000

7000

8000



Whee stated to imestigte dfferert retlod for g mries to wds. In [19 ], we
stowtlet waprg atolggcd tai gedlyimoes tle prfame d the fataizio m
the Intd "Bictstae I ta Tbwe vk Wil induk the imestigtiond wing ths storae rethad
far the redrtion dgrithm
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