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1 In t r o d u c t i o n

Advanc e d pa r a l l e l i z i ng c ompi l e r s may one day be c apabl e o f g e ne r a t i ng e �c i e nt pa r a l l

d i s t r i but e d me mo r y c onc ur r e nt c omput e r s ( o r mu l t i c o mp u t e r s ) f r oms e que nt i a l c o

i nt e r i m, t he de ve l o pme nt o f s c a l a bl e l i br a r i e s i s a ke y c ompone nt i n t he de ve l o pm

e nv i r o nme nt t ha t wi l l a l l ow t he c omput a t i o na l powe r o f mul t i c omput e r s t o be e xpl o

a va i l a bl e t o a br o ade r c ommuni t y o f us e r s . Ove r t he ne xt f e w ye a r s we e nv i s a g e s uc h

de ve l o pe d i n a numbe r o f a r e a s , a nd t ha t t he y wi l l b e a c c e s s i b l e t hr o ugh a va r i e t y o

pape r f o c us e s o n i s s ue s i mpa c t i ng t he de s i g n o f s c a l a bl e l i br a r i e s f o r pe r f o r mi ng d

mul t i c omput e r s . Howe ve r , we be l i e ve t ha t many o f t he i s s ue s di s c us s e d he r e a r e a ppl

l i br a r i e s i n o t he r a r e a s , a nd, i nde e d, i t i s i mpo r t a nt t o i mpo s e s ome uni f o r mi t y

di �e r e nt l i br a r i e s .

I n t he ne xt s e c t i o n we di s c us s da t a a l l o c a t i o n, t ha t i s , how t he da t a i t e ms i n a pa

l a i d out i n t he hi e r a r c hi c a l me mo r y o f t he c onc ur r e nt c omput e r . The bl o c k s c a t t e r e

wi l l b e s hown t o e nc ompa s s a l a r g e c l a s s o f de c ompo s i t i o ns , a nd t o pr o v i de s u�c i e

e s s e nt i a l l y a l l de ns e l i ne a r a l g e br a c omput a t i o ns . I n Se c t i o n 3 we us e t he r i g ht - l

LU f a c t o r i z a t i o n a l g o r i t hm f o r de ns e ma t r i c e s t o de mons t r a t e t he bl o c k s c a t t e r e d

a s pe c i �c we l l - known e xampl e . A br i e f d i s c us s i o n o f t he r un- t i me ana l y s i s o f t he a

t o g e t he r wi t h r e s ul t s o f e xpe r i me nt s r unni ng a t up t o 1 4 GFLOPS on t he I nt e l Touc hs t on

Se c t i o n 4 de a l s wi t h pr o g r ammabi l i t y a nd i mpl e me nt a t i o n i s s ue s , a nd wi l l d i s c us s a n

appr o a c h t o s c a l a bl e l i br a r i e s . Conc l us i o ns a r e pr e s e nt e d i n Se c t i o n 5 .

a t a Al l o c a t i o n

The l a yout o f a n appl i c a t i o n' s da t a wi t hi n t he hi e r a r c hi c a l me mo r y o f a c onc ur r e nt c

i n de t e r mi ni ng t he pe r f o r manc e and s c a l a bi l i t y o f t he pa r a l l e l c o de . On s ha r e d me

c omput e r s ( o r mu l t i p r o c e s s o r s ) t he r e a r e a t l e a s t t hr e e l e ve l s t o t he me mo r y h

me mo r y, a nd e a c h pr o c e s s o r ' s c a c he and r e g i s t e r s . On s uc h mac hi ne s e �c i e nt c o de s s e

t he c a c he hi t r a t i o , i . e . , t o a vo i d hav i ng t o r e l o a d t he c a c he t o o f r e que nt l y. Th

LAPACK [ 1, 8] do e s t hi s by c a s t i ng l i ne a r a l g e br a c omput a t i o ns i n t e r ms o f bl o c k - o r

ma t r i x o pe r a t i o ns known a s t he Le ve l 3 BLAS [ 1 0, 1 1] whe ne ve r po s s i b l e . Thi s a ppr o a c h g e ne r a

r e s ul t s i n hi g h c a c he hi t r a t i o s , wi t hout r e qui r i ng any e xpl i c i t c a c he mani pul a t i o

pr o g r amme r . One o f t he a i ms o f o ur wo r k i s t o i nve s t i g a t e a di s t r i but e d me mo r y ve r s i

The r e a r e a l s o l e ve l s t o t he me mo r y hi e r a r c hy on mul t i c omput e r s : t he l o c a l a nd no

me mo r y. I n addi t i o n, e a c h pr o c e s s o r may have a hi e r a r c hi c a l me mo r y. Ea c h pr o c e s s

l o c a l me mo r y, a nd t he nonl o c a l me mo r y f o r a g i ve n pr o c e s s o r i s s i mpl y t he l o c a l me mo

pr o c e s s o r s . A pr o c e s s o r pl us i t s l o c a l me mo r y and o t he r c l o s e l y c o upl e d ha r dwa r e i s r

The no de s o f a mul t i c omput e r a r e c o nne c t e d v i a a c ommuni c a t i o n ne t wo r k ; t he r e i s no p

me mo r y. The r e a r e t wo i mpo r t a nt di �e r e nc e s be t we e n mul t i pr o c e s s o r s a nd mul t i c ompu

i s t ha t mul t i pr o c e s s o r s a r e g e ne r a l l y f a s t e r t han mul t i c omput e r s i n t r a ns f e r i ng da t

o f t he me mo r y hi e r a r c hy. I n pa r t i c ul a r , MI MD mul t i c omput e r s t ypi c a l l y i nc ur a hi g h

l a t e nc y. The s e c o nd di �e r e nc e i s t ha t whi l e bus - ba s e d mul t i pr o c e s s o r s us ua l l y ha ve

3 0 pr o c e s s o r s , mul t i c omput e r s t ypi c a l l y ha ve s e ve r a l hundr e d t o a f e w t hous and pr o

pr o c e s s o r s o f a mul t i pr o c e s s o r a r e l a r g e g r a i n s i z e a nd c l o s e l y c o upl e d, whe r e a s t ho

a r e o f s ma l l e r g r a i n s i z e a nd a r e l e s s c l o s e l y c o upl e d. Thi s me ans t ha t t he pr o g r ammi

a l g o r i t hms t ha t a r e s uc c e s s f u l o n mul t i pr o c e s s o r s may no t r e s ul t i n s c a l a bl e c o de s
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On a mul t i c omput e r t he appl i c a t i o n pr o g r amme r i s r e s pons i b l e f o r di s t r i but i ng

t he da t a o ve r t he no de s o f t he c onc ur r e nt c omput e r . A ve c t o r o f l e ng t h may be de c

s ome s e t o f Np no de s by �r s t a r r a ng i ng t he no de s i n a l i ne a r s e que nc e , a nd t he n a s s i g ni

e nt r y wi t h g l o ba l i nde x m ( whe r e 0 � m< ) t o t he pt h no de i n t he s e que nc e ( 0 � p <Np) , whe r e

i t i s s t o r e d a s t he i t h e nt r y i n a l o c a l a r r a y. Thus t he de c ompo s i t i o n o f a ve c t o r c

a mappi ng o f t he g l o ba l i nde x , m, t o a n i nde x pa i r , ( p; i ) , s pe c i f y i ng t he no de l o c a t

i nde x .

Fo r ma t r i x pr o bl e ms one c an t hi nk o f a r r a ng i ng t he no de s a s a P by Qg r i d. Thus t he g

o f P r ows o f no de s a nd Qc o l umns o f no de s , a nd Np = PQ. Ea c h no de c an be uni que l y i de nt i �e d by

i t s po s i t i o n, ( p; q) , o n t he no de g r i d. The de c ompo s i t i o n o f a n �Nmat r i x c a n be r

t e ns o r pr o duc t o f t wo ve c t o r de c ompo s i t i o ns , � and � . The mappi ng � de c ompo s e s t he

ma t r i x o ve r t he P r ows o f no de s , a nd � de c ompo s e s t he Nc o l umns o f t he ma t r i x o ve r t he

o f no de s . Thus , i f �(m) = ( p; i ) a nd �( n) = ( q ; j ) t he n t he ma t r i x e nt r y wi t h g l o ba l i n

a s s i g ne d t o t he no de a t po s i t i o n ( p; q) o n t he no de g r i d, whe r e i t i s s t o r e d i n a l o c a

( i ; j ) .

Two c ommon de c ompo s i t i o ns a r e t he b l o c k and t he s c a t t e r e d de c ompo s i t i o ns [ 7, 1 8] . The bl o c k

de c ompo s i t i o n, �, a s s i g ns c o nt i g uous e nt r i e s i n t he g l o ba l ve c t o r t o t he no de s i n bl

�(m) = ( bm=L c ; mmod L) ; ( 1 )

whe r e L= b ( � 1 ) =Pc +1 . The s c a t t e r e d de c ompo s i t i o n, �, a s s i g ns c o ns e c ut i ve e nt r i

v e c t o r t o di �e r e nt no de s ,

�(m) = (mmod P; b m=Pc ) ( 2 )

Fi g ur e 1 s hows e xampl e s o f t he s e t wo t ype s o f de c ompo s i t i o n f o r a 1 0 � 1 0 ma t r i x .

Two f e a t ur e s t ha t a r e de s i r a bl e i n a pa r a l l e l s ubr out i ne l i br a r y a r e ;

1 . a l a r g e de g r e e o f de c ompo s i t i o n i nde pe nde nc e , s o t ha t a s ubr out i ne wi l l wo r k c o r

c l a s s o f de c ompo s i t i o ns o f t he i nput da t a ,

2 . a s e t o f c ommuni c a t i o n r o ut i ne s f o r t r a ns f o r mi ng be t we e n di �e r e nt de c ompo s i t i o

The s e c ompone nt s g i ve t he appl i c a t i o n pr o g r amme r t he opt i o n o f c hang i ng t he de c

ne c e s s a r y, s o t ha t a g i ve n pha s e o f t he c omput a t i o n c an be pe r f o r me d opt i ma l l y, i .

c o nc ur r e nt o ve r he ad. Al t e r na t i ve l y, t he pr o g r amme r may c ho o s e t o l e a ve t he de c ompo s

and pe r f o r mt he c omput a t i o n s ubopt i ma l l y, t he r e by avo i d i ng t he o ve r he ad a s s o c i a t e d

de c ompo s i t i o n. The i mpo r t a nt po i nt he r e i s t ha t t he s o f t war e s houl d be s u�c i e nt l y 


t he pr o g r amme r t o make t he c ho i c e , r a t he r t han i mpo s i ng a pa r t i c ul a r me t ho d.

De c ompo s i t i o n- i nde pe nde nc e c oul d be a c hi e ve d by hav i ng t he s ubr out i ne c o nt a i n a c

me nt , wi t h e a c h c l a us e c o r r e s pondi ng t o a di �e r e nt t ype o f de c ompo s i t i o n. A mo r e e

be l i e ve , be t t e r a ppr o a c h i s t o us e a bl o c k s c a t t e r e d de c ompo s i t i o n t ha t i s a bl e t

de c ompo s i t i o ns i n Fi g . 1 , e xc e pt f o r t ho s e s hown i n Fi g s . 1 ( f ) a nd ( g ) . I n t he bl o c k

bl o c ks o f r e l e me nt s a r e s c a t t e r e d o ve r t he no de s i ns t e a d o f s i ng l e e l e me nt s . The map

i nde x , m, c a n be e xpr e s s e d a s a t r i p l e t o f va l ue s , �(m) = ( p; t ; i ) , whe r e p i s t he no de

bl o c k numbe r , a nd i t he l o c a l i nde x wi t hi n t he bl o c k . Fo r t he bl o c k s c a t t e r e d de c om

wr i t e ,

�r(m) =
mmod T

r
;

m

T
; mmod T mod r ( 3 )
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0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0

0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0

0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0

1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0

1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0

1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0

2,0 2,0 2,0 2,0 2,0 2,0 2,0 2,0 2,0 2,0

2,0 2,0 2,0 2,0 2,0 2,0 2,0 2,0 2,0 2,0

2,0 2,0 2,0 2,0 2,0 2,0 2,0 2,0 2,0 2,0

3,0 3,0 3,0 3,0 3,0 3,0 3,0 3,0 3,0 3,0

(a) µ block, P=4, Q=1

0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0

1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0

2,0 2,0 2,0 2,0 2,0 2,0 2,0 2,0 2,0 2,0

3,0 3,0 3,0 3,0 3,0 3,0 3,0 3,0 3,0 3,0

0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0

1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0

2,0 2,0 2,0 2,0 2,0 2,0 2,0 2,0 2,0 2,0

3,0 3,0 3,0 3,0 3,0 3,0 3,0 3,0 3,0 3,0

0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0 0,0

1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0

(b) µ scattered, P=4, Q=1

0,0 0,0 0,0 0,1 0,1 0,1 0,2 0,2 0,2 0,3

0,0 0,0 0,0 0,1 0,1 0,1 0,2 0,2 0,2 0,3

0,0 0,0 0,0 0,1 0,1 0,1 0,2 0,2 0,2 0,3

0,0 0,0 0,0 0,1 0,1 0,1 0,2 0,2 0,2 0,3

0,0 0,0 0,0 0,1 0,1 0,1 0,2 0,2 0,2 0,3

0,0 0,0 0,0 0,1 0,1 0,1 0,2 0,2 0,2 0,3

0,0 0,0 0,0 0,1 0,1 0,1 0,2 0,2 0,2 0,3

0,0 0,0 0,0 0,1 0,1 0,1 0,2 0,2 0,2 0,3

0,0 0,0 0,0 0,1 0,1 0,1 0,2 0,2 0,2 0,3

0,0 0,0 0,0 0,1 0,1 0,1 0,2 0,2 0,2 0,3

(c) ν block, P=1, Q=4

0,0 0,1 0,2 0,3 0,0 0,1 0,2 0,3 0,0 0,1

0,0 0,1 0,2 0,3 0,0 0,1 0,2 0,3 0,0 0,1

0,0 0,1 0,2 0,3 0,0 0,1 0,2 0,3 0,0 0,1

0,0 0,1 0,2 0,3 0,0 0,1 0,2 0,3 0,0 0,1

0,0 0,1 0,2 0,3 0,0 0,1 0,2 0,3 0,0 0,1

0,0 0,1 0,2 0,3 0,0 0,1 0,2 0,3 0,0 0,1

0,0 0,1 0,2 0,3 0,0 0,1 0,2 0,3 0,0 0,1

0,0 0,1 0,2 0,3 0,0 0,1 0,2 0,3 0,0 0,1

0,0 0,1 0,2 0,3 0,0 0,1 0,2 0,3 0,0 0,1

0,0 0,1 0,2 0,3 0,0 0,1 0,2 0,3 0,0 0,1

(d) ν scattered, P=1, Q=4

0,0 0,0 0,0 0,1 0,1 0,1 0,2 0,2 0,2 0,3

0,0 0,0 0,0 0,1 0,1 0,1 0,2 0,2 0,2 0,3

0,0 0,0 0,0 0,1 0,1 0,1 0,2 0,2 0,2 0,3

1,0 1,0 1,0 1,1 1,1 1,1 1,2 1,2 1,2 1,3

1,0 1,0 1,0 1,1 1,1 1,1 1,2 1,2 1,2 1,3

1,0 1,0 1,0 1,1 1,1 1,1 1,2 1,2 1,2 1,3

2,0 2,0 2,0 2,1 2,1 2,1 2,2 2,2 2,2 2,3

2,0 2,0 2,0 2,1 2,1 2,1 2,2 2,2 2,2 2,3

2,0 2,0 2,0 2,1 2,1 2,1 2,2 2,2 2,2 2,3

3,0 3,0 3,0 3,1 3,1 3,1 3,2 3,2 3,2 3,3

(e) µ block, ν block, P=Q=4

0,0 0,1 0,2 0,3 0,0 0,1 0,2 0,3 0,0 0,1

0,0 0,1 0,2 0,3 0,0 0,1 0,2 0,3 0,0 0,1

0,0 0,1 0,2 0,3 0,0 0,1 0,2 0,3 0,0 0,1

1,0 1,1 1,2 1,3 1,0 1,1 1,2 1,3 1,0 1,1

1,0 1,1 1,2 1,3 1,0 1,1 1,2 1,3 1,0 1,1

1,0 1,1 1,2 1,3 1,0 1,1 1,2 1,3 1,0 1,1

2,0 2,1 2,2 2,3 2,0 2,1 2,2 2,3 2,0 2,1

2,0 2,1 2,2 2,3 2,0 2,1 2,2 2,3 2,0 2,1

2,0 2,1 2,2 2,3 2,0 2,1 2,2 2,3 2,0 2,1

3,0 3,1 3,2 3,3 3,0 3,1 3,2 3,3 3,0 3,1

(f) µ block, ν scattered, P=Q=4

0,0 0,0 0,0 0,1 0,1 0,1 0,2 0,2 0,2 0,3

1,0 1,0 1,0 1,1 1,1 1,1 1,2 1,2 1,2 1,3

2,0 2,0 2,0 2,1 2,1 2,1 2,2 2,2 2,2 2,3

3,0 3,0 3,0 3,1 3,1 3,1 3,2 3,2 3,2 3,3

0,0 0,0 0,0 0,1 0,1 0,1 0,2 0,2 0,2 0,3

1,0 1,0 1,0 1,1 1,1 1,1 1,2 1,2 1,2 1,3

2,0 2,0 2,0 2,1 2,1 2,1 2,2 2,2 2,2 2,3

3,0 3,0 3,0 3,1 3,1 3,1 3,2 3,2 3,2 3,3

0,0 0,0 0,0 0,1 0,1 0,1 0,2 0,2 0,2 0,3

1,0 1,0 1,0 1,1 1,1 1,1 1,2 1,2 1,2 1,3

(g) µ scattered, ν block, P=Q=4

0,0 0,1 0,2 0,3 0,0 0,1 0,2 0,3 0,0 0,1

1,0 1,1 1,2 1,3 1,0 1,1 1,2 1,3 1,0 1,1

2,0 2,1 2,2 2,3 2,0 2,1 2,2 2,3 2,0 2,1

3,0 3,1 3,2 3,3 3,0 3,1 3,2 3,3 3,0 3,1

0,0 0,1 0,2 0,3 0,0 0,1 0,2 0,3 0,0 0,1

1,0 1,1 1,2 1,3 1,0 1,1 1,2 1,3 1,0 1,1

2,0 2,1 2,2 2,3 2,0 2,1 2,2 2,3 2,0 2,1

3,0 3,1 3,2 3,3 3,0 3,1 3,2 3,3 3,0 3,1

0,0 0,1 0,2 0,3 0,0 0,1 0,2 0,3 0,0 0,1

1,0 1,1 1,2 1,3 1,0 1,1 1,2 1,3 1,0 1,1

(h) µ scattered, ν scattered, P=Q=4

Fi gur e 1 : The s e 8 �gur e s s how di �e r e nt ways o f de c ompo s i ng a 1 0 � 1 0 ma t r i x . Ea c h c e l

ma t r i x e nt r y, a nd i s l a be l e d by t he po s i t i o n, ( p; q) , i n t he no de g r i d o f t he no de t o w

To e mpha s i z e t he pa t t e r n o f de c ompo s i t i o n t he ma t r i x e nt r i e s a s s i g ne d t o t he no de i n

c o l umn o f t he no de g r i d a r e s hown s hade d. Fi g ur e s ( a ) a nd ( b) s how bl o c k and s c a t t e r e

de c ompo s i t i o ns , r e s pe c t i v e l y, f o r 4 no de s a r r a ng e d a s a 4 � 1 g r i d ( P = 4 , Q= 1) . I n

( d) t he c o r r e s pondi ng c o l umn- o r i e nt e d de c ompo s i t i o ns a r e s hown ( P =1 , Q=4) . Fi g ur

bl o c k and s c a t t e r e d de c ompo s i t i o ns f o r 1 6 no de s a r r a ng e d a s a 4 � 4 g r i d ( P =Q=4) .
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Fi gur eP Q r s r = s

( a ) 4 1 3 1 0 3

( b) 4 1 1 1 0 1

( c ) 1 4 1 0 3 3

( d) 1 4 1 0 1 1

( e ) 4 4 3 3 3

( f ) 4 4 3 1 {

( g ) 4 4 1 3 {

( h) 4 4 1 1 1

Tabl e 1 : Bl o c k - s c a t t e r e d de c ompo s i t i o n pa r ame t e r s ne e de d t o r e pr o duc e t he bl o c k a

c ompo s i t i o ns i n Fi g . 1 . The l a s t c o l umn g i ve s t he bl o c k s i z e whe n onl y s qua r e bl o c ks

po s i t i o ns ( f ) a nd ( g ) c a nno t be g e ne r a t e d wi t h s qua r e bl o c ks .

whe r e T = rP. I t s houl d be no t e d t ha t t hi s r e ve r t s t o t he s c a t t e r e d de c ompo s i t i o n

wi t h l o c a l b l o c k i nde x i = 0 . A bl o c k de c ompo s i t i o n i s r e c o ve r e d whe n r = L, wi t h b

t =0 . The bl o c k s c a t t e r e d de c ompo s i t i o n i n one f o r mo r ano t he r ha s pr e v i o us l y be e n u

Sc hul t z [ 2 0] , Sk j e l l umand Le ung [ 2 1] , Donga r r a and Os t r o uc hov [ 9] , Ande r s o n e t a l . [ 2] , As hc r a f t [ 4, 5] ,

Donga r r a and van de Ge i j n [ 1 5] , va n de Ge i j n [ 2 2] , a nd Br e nt [ 6] , t o name a f e w. The bl o c k s c a t t e r e d

de c ompo s i t i o n i s o ne o f t he de c ompo s i t i o ns pr o v i de d i n t he Fo r t r a n D pr o g r ammi ng s t] .

As di s c us s e d above , t he bl o c k s c a t t e r e d de c ompo s i t i o n o f a ma t r i x c a n be r e g a r de

pr o duc t o f t wo bl o c k s c a t t e r e d de c ompo s i t i o ns , �r and �s. Thi s r e s ul t s i n s c a t t e r e d bl o c ks o f s i z e

We c an v i e w t he bl o c k s c a t t e r e d de c ompo s i t i o n a s s t ampi ng a P� Qpr o c e s s o r g r i d, o r t

t he ma t r i x , whe r e e a c h c e l l o f t he g r i d c o ve r s r � s da t a i t e ms , a nd i s l a be l e d by i t

t e mpl a t e . I n Tabl e 1 we g i ve t he va l ue s o f t he bl o c k s i z e r�s t ha t g i ve t he s ame r e s ul t

s c a t t e r e d de c ompo s i t i o ns i n Fi g . 1 . The bl o c k and s c a t t e r e d de c ompo s i t i o ns may be r e

c a s e s o f t he bl o c k s c a t t e r e d de c ompo s i t i o n. I n g e ne r a l , t he s c a t t e r e d bl o c ks a r e r

t he us e o f nons qua r e bl o c ks c a n l e a d t o c ompl i c a t i o ns . Fo r e xampl e , i n t he LU f a c t o r i

de s c r i be d i n t he ne xt s e c t i o n, a t r i a ngul a r s o l ve i s ne e de d t o upda t e s ubma t r i x C. I

a r e us e d e i t he r t he t r i a ngul a r ma t r i x wi l l e x t e nd ove r mo r e t han one c o l umn o f bl o c

t he s ubma t r i x Cwi l l e x t e nd ove r mo r e t han one r ow o f bl o c ks ( i f r < s) . Thus , nons qua

r e s ul t i n a ddi t i o na l s o f t wa r e and c ommuni c a t i o n o ve r he ad. We , t he r e f o r e , pr o po s e t

t o t he s qua r e bl o c k s c a t t e r e d ( SBS) c l a s s o f de c ompo s i t i o ns . The c o l umn and r ow de c

s t i l l b e r e c o ve r e d by s e t t i ng P = 1 o r Q= 1 , a s s hown i n Tabl e 1 , howe ve r , t he de c ompo

i n Fi g s . 1 ( f ) a nd ( g ) c a nno t be g e ne r a t e d wi t h an SBS de c ompo s i t i o n.

So f a r we have onl y c ons i de r e d how t o map ma t r i x e l e me nt s o nt o t he no de g r i d. I n de

pr obl e mwe mus t a l s o s pe c i f y how l o c a t i o ns i n t he no de g r i d a r e mappe d t o phys i c a l n

mappi ng f unc t i o ns a r e t he na t ur a l mappi ng ,

A( i ; j ) = i +j �Q ( 4 )

a nd t he bi na r y - r e 
e c t e d Gr ay c o de mappi ng ,

A( i ; j ) =G( i ) +G( j ) � Q ( 5 )
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� ( p) Co l umns o f no de s c o l l a bo r a t e t o pi vo t t he r e ma i nde r s o f t he ma t r i x r ows .

c o nt r i but i o n t o r un- t i me : r( �+ d( N� r) =Qe�) f o r e a c h o f t he N=r pane l s .

� ( b�B)Fa c t o r e d pane l B i s d i s t r i but e d wi t hi n r ows o f no de s . Appr o x i ma t e c ont r i but i

2 ( �+ d ( N� ( k � 1 ) r) =Pe r�) f o r pane l k = 1 ; . . .; N=r. ( S i nc e t hi s o pe r a t i o n c an be pi pe l i n

a r o und t he r i ng , o ve r l a ppi ng wi t h c omput a t i o n, t he r e i s no l o g( Q) t e r mhe r e . )

� ( b�C)The r owt ha t ho l ds�C pe r f o r ms t he t r i a ngul a r s o l ve , t he r e s ul t s o f whi c h a r e di s t r i

c o l umns o f no de s . Appr o x i ma t e c ont r i but i o n: d ( N� kr) =Qe r2
+l o g( P) ( �+d N� kr) =Qe r�) f o r

pane l k =1 ; . . .; N=r.

� ( u�E)Mo s t pa r a l l e l i s m i s de r i v e d f r omupda t i ng�E. Appr o x i ma t e c ont r i but i o n:

2 d ( N� kr) =Pe d ( N� kr) =Qe r


f o r pane l k =1 ; . . .; N=r.

The t o t a l r un t i me i s t he n g i ve n by

Ttot � TfB +T f B+Tbp +Tp +Tb�B +T f �C +Tu�E ( 1 )

whe r e t he di �e r e nt t e r ms c ome f r oms ummi ng ove r a l l pa ne l s t he di �e r e nt c o nt r i but i o

Si nc e t he t o t a l c omput a t i o n t i me o f t he a l g o r i t hmon a s i ng l e pr o c e s s o r i s g i v e n b1 � ( 2 =3 ) N3
,

t he e �c i e nc y a t t a i ne d, E= T1=pTtot , a s a f unc t i o n o f t he va r i o us pa r ame t e r s , c a n be s hown t

t he f o r m

E =

�
1 +

p

N2
(c1 l o g( P) +c2)

�



( 2 )

+
P

N
c3 l o g( P)

�



+c4 +

Q

N
c5
�



+c6

��1
( 3 )

whe r e c1�6 de pe nd onl y on r.

Le t us s t a r t by c ons i de r i ng t he bl o c k c o l umn s c a t t e r e d de c ompo s i t i o n, i . e . , P � Q

f o r r e a s o nabl y l a r g e N,

E�
�
1 +c2

p

N2

�



+

p

N
c5
�



+c6

��1
( 4 )

I n t he l i mi t , Nmus t g r owwi t h p t o ma i nt a i n e �c i e nc y. No t i c e t ha t t he N2 c a nno t be r e a di l y i g no r e d,

e ve n f o r N=O( 1 03) , s i nc e � i s s e ve r a l o r de r s o f magni t ude g r e a t e r t han 
 f o r many mul t i

Thi s k i nd o f s c a l a bi l i t y po s e s a pr obl e m: Me mo r y r e qui r e me nt s g r ow wi t h N2 and he nc e e ve nt ua l l y N

c a nno t be i nc r e a s e d t o ma i nt a i n e �c i e nc y. A s i mi l a r a na l y s i s c a n be done f o r r ow di s

By c ont r a s t , c o ns i de r a g e ne r a l P � Qg r i d o f no de s . As s ume t he r a t i o Q=P i s k e pt c

i s i nc r e a s e d, i . e . , P = u
p
p and Q= v

p
p, whe r e u and v a r e c o ns t a nt s . The n P=Nand Q=Nbe c ome

u
p
p=Nand v

p
p=N, r e s pe c t i v e l y. I f l o g( P) i s i g no r e d, s i nc e i t i s a s l owl y g r owi ng f unc t i o n,2 mus t

g r ow wi t h p i n o r de r t o ma i nt a i n e �c i e nc y. I f l o g( P) i s no t i g no r e d, i t c a n be a r g ue d t ha t onc e P

s u�c i e nt l y l a r g e ( e . g . g r e a t e r t han 4 ) pe r f o r manc e wi l l de g r a de s l owl y wi t h p.
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Fi gur e 3 : Pe r f o r manc e pe r no de pr e di c t e d ( l e f t ) a nd obs e r ve d ( r i g ht ) a s t he numbe r
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a s t he numbe r o f no de s p va r i e s .

3.2 Experiments on the Intel Del ta

I n t hi s s e c t i o n, we di s c us s r e s ul t s f r om e xpe r i me nt s c o nduc t e d on t he I nt e l Touc

i l l us t r a t e t he s c a l a bi l i t y o f t he LU f a c t o r i z a t i o n.

The I nt e l Touc hs t one De l t a s y s t e m i s a di s t r i but e d- me mo r y, me s s a g e - pa s s i ng mul t i

Mul t i p l e I ns t r uc t i o n Mul t i p l e Da t a ( MI MD) c l a s s [ 1 9] . I t c o ns i s t s o f 5 2 0 i 8 6 0 - ba s e d no de s , i nt e

ne c t e d v i a a c ommuni c a t i o ns ne t wo r k hav i ng t he t o po l o g y o f a t wo - di me ns i o na l r e c t a n

i nt e r c o nne c t i o n ne t wor k e mpl o ys a Me s h Rout i ng Chi p ( MRC) a t e a c h s ys t e m no de . The

pr o c e s s o r c ommuni c a t i o ns bandwi dt h i s � 3 0 MByt e s / s i n e a c h di r e c t i o n. The s ys t e ms u

me s s a g e - pa s s i ng , wi t h a l a t e nc y o f � 7 5 mi c r o s e c o nds v i a wo r m- ho l e r o ut i ng us i ng a p

t o c o l . I nt e r c o nne c t bl o c k i ng i s mi ni mi z e d by i nt e r l e a v i ng pa c ke t s a s s o c i a t e d wi t h d

ne e d t o t r a ve r s e t he s ame i nt e r c o nne c t pa t h.

The r e a r e a numbe r o f i s s ue s t ha t c ompl i c a t e a di r e c t c ompa r i s o n o f o ur ana l y t i c

o bs e r ve d pe r f o r manc e . Fi r s t , c e r t a i n opt i mi z a t i o ns c a n be done t o i mpr o ve t he a l

Se c t i o n 3 [ 2 2] , de t a i l s o f whi c h g o be yond t he s c o pe o f t hi s pape r . Se c o nd, t he pa r ame t e

by t he s i z e o f t he da t a be i ng mani pul a t e d: c omput a t i o n a t di �e r e nt s t a g e s i nvo l ve s

BLAS, whi c h y i e l d di �e r e nt pe r f o r manc e de pe ndi ng on t he s i z e o f t he da t a be i ng mani p

t he bl o c ks i z e r and g r i d s i z e P � Q a r e c ho s e n s o t he pe r f o r manc e o f t he BLAS i s max i m

c r e a t i ng unr e a s o nabl e i d l e t i me due t o l o a d i nba l a nc e . Thi s l e a ve s us t o i nve s t i g

t r e nds c an be obs e r ve d i n pr a c t i c e .

I n Fi g . 2 , we r e po r t t he pr e di c t e d and obs e r ve d pe r f o r manc e o f t he LU f a c t o r i z a t

numbe r s o f no de s whe n t he pr obl e m s i z e N i s va r i e d. Fo r t he pr e di c t e d pe r f o r manc e ,,

� = 1�s e c( 8 Mbyt e s / s e c bandwi dt h) , a nd 
 = 29ns e c( 3 4 MFLOPS pe r no de ) whe r e us e d. ( The s e

c o r r e s pond r oughl y t o wha t we obs e r ve d i n pr a c t i c e . Communi c a t i o n o ve r he ad i s s ome

by our c o de . ) The g r i d s i z e s we r e e xpe r i me nt a l l y de t e r mi ne d t o be opt i ma l f o r l a r

As t he pr obl e m s i z e i nc r e a s e s , pe r f o r manc e i mpr o ve s . The r e s ul t s c ompa r e f a vo r a b
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perf ormance that can be attai ned f or thi s type of probl emon the Del ta.

The predi cted degradat i on of perf ormance when N=
p
p i s hel d constant i s i l l ustrated i n Fi g. 3. Thi s

trend i s al so observed i n pract i ce, as i l l ustrated i n Fi g. 3. I n these �gures , we report e�ci ency as

perf ormance ( i n MFLOPS) per node.

The LU f actor i zat i on i s at the core of the LINPACKbenchmark. Thi s benchmark measures the

perf ormance of a gi ven computer whi l e perf ormi ng a dense l i near sol ve. Atypi cal i mpl ementat i on starts

by f actor i ng the matr i x, f ol l owed by tr i angul ar sol ves . Resul ts f romi mpl ementat i ons on var i ous paral l el

archi tectures are reported i n [ 13] . To i l l ustrate that the predi cted trends can be observed on other

paral l el computers as wel l , we report perf ormance per node i n Fi g. 4. Whi l e there i s a cl ear i ncent i ve

to �l l the memory wi th the l argest poss i bl e probl em, thereby automati cal l y i ncreas i ng N2 roughl y wi th

p , the data made avai l abl e to us di d not i n al l cases i ncl ude probl emsi zes that scal ed as ni cel y as those

used f or Fi g. 3. Al though data was avai l abl e f or an NCUBE2 up to s i ze 1024, and f or the Fuj i tsu and

Del ta up to s i ze 512, we concentrate on the more i nterest i ng range of machi ne s i zes i n thi s �gure.

Several observat i ons can be made: Both the NCUBE2 and the Fuj i tsu are based on rel at i vel y s l ow

processors . Thi s decreases the rat i os �= 
 and � = �, thereby reduci ng the e�ects of communi cat i on

overhead. Moreover , the perf ormance of the BLAS on these machi nes i s l ess a�ected by the s i ze of

the probl em. Al l other machi nes are base on the same processor : the I ntel i 860. The curve f or the

Mi eko f ol l ows the predi cted trend, except that the l ast data poi nt ( f or 62 nodes) i s f or a much smal l er

probl emsi ze than i s requi red to keep N2= p constant. At �rst gl ance, the e�ci ency attai ned by the

Al l i ant appears to i mprove wi th the number of nodes , def yi ng the resul ts of our anal ys i s . Moreover ,

when l ooki ng at the rawdata, the probl emsi zes actual l y growsl ower than requi red by our anal ys i s .

Thi s i ndi cates that there i s a l ower order termthat a�ects perf ormance f or smal l probl emsi zes . I ndeed,

i t i s reportedl y due to an i ne�ci ent tr i angul ar sol ve al gor i thmused i n thi s i mpl ementat i on.

4 Programmabi l i ty

Programmabi l i ty wi l l be used here to ref er to a number of f eatures of the sof tware envi ronment concerned

wi th sof tware mai ntenance and usage. Programmabi l i ty covers the 
exi bi l i ty, range of f unct i onal i ty,

portabl i l i ty, and ease of use of some sof tware component. Froman appl i cat i on programmer' s poi nt of

vi ew, the mai n f actor that wi l l determi ne howeasy i t i s to l earn and use the proposed subrout i ne l i brary

wi l l be the i nter f ace to the subrout i nes . Cl ear l y, thi s i nter f ace must pass the appropr i ate i nf ormati on

about the decomposi t i on and l ayout of the data i n memory to the subrout i ne. Thi s coul d be done i n

three ways:

1. by onl y al l owi ng one type of decomposi t i on f or each subrout i ne so that di �erent subrout i nes must

be cal l ed f or di �erent decomposi t i ons . Thi s avoi ds havi ng to speci f y the decomposi t i on i n a l engthy

argument l i st , but makes mai ntai ni ng and port i ng the subrout i ne l i brary rather tedi ous .

2. have a s i ngl e subrout i ne handl e al l poss i bl e di �erent decomposi t i ons and pass the decomposi t i on

i nf ormati on vi a the argument l i st . Thi s can resul t i n l ong argument l i sts .

3. use an obj ect- or i ented approach i n whi ch a matr i x i s actual l y a data structure contai ni ng the data

i tsel f (or poi nters to i t) , pl us al l the i nf ormati on necessary to f ul l y speci f y the decomposi t i on

Thi s al l ows a s i ngl e subrout i ne to handl e al l decomposi t i ons , and avoi ds a l ong argument l i st .

Thi s approach i s the most el egant and conceptual l y s i mpl est f or the appl i cat i on programmer. I t

i s rather more di �cul t to i mpl ement than the other two approaches .
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The obj ect- or i ented approach al l ows detai l s of the paral l el i mpl ementat i on to be hi dden at a l ow

l evel of the sof tware. I deal l y, al l communi cat i on woul d be hi dden bel owthe l evel of the BLAS rout i nes .

I n the prototype paral l el dense l i near al gebra l i brary current l y under devel opment al l i nterprocessor

communi cat i on takes pl ace expl i ci t l y at the l evel of the paral l el l i near al gebra rout i nes through cal l s to

a communi cat i on l i brary, the LACS rout i nes [ 3, 16, 14] . Thus, current l y the sequent i al BLAS rout i nes ,

together wi th the LACS, are the bui l di ng bl ocks used to bui l d hi gher l evel l i brary rout i nes , such as LU

and QRf actor i zat i on.

I n addi t i on to a set of subrout i nes f or perf ormi ng matr i x computat i ons the proposed l i brary wi l l

al so contai n rout i nes f or perf ormi ng communi cat i on tasks . Such tasks wi l l i ncl ude gl obal changes to the

decomposi t i on, such as perf ormi ng a matr i x transpose, and repl i cat i ng parts of a matr i x over groups

of nodes . Thi s l atter type of communi cat i on i s s i mi l ar to the SPREADrouti ne i n Fortran 90 [ 8] , and

wi l l al l ow, f or exampl e, rowand col umns of a matr i x to be communi cated across across the machi ne.

These LACS coul d al so be gi ven an obj ect- or i ented styl e of i nter f ace. I n f act , some of the array i ntr i ns i c

f unct i ons of Fortran 90, such as SPREAD, CSHIFT, and EOSHIFT, coul d be i ncl uded i n the LACS.

Other ut i l i ty rout i nes wi l l al so be provi ded. One set of ass i gnment rout i nes wi l l be used to i ni t i al l y

speci f y the decomposi t i on, and another set of i nqui ry rout i nes wi l l provi de a means of extract i ng i nf or-

mati on about the current decomposi t i on. These i nqui ry rout i nes wi l l al l owappl i cat i on programmers to

devel op modul ar subprograms that are f ul l y compati bl e wi th our l i near al gebra l i brary.

5 Conclusions

The square bl ock scattered decomposi t i on (SBS) i s a pract i cal and general - purpose way of decomposi ng

dense l i near al gebra computat i ons . I n probl ems, such as LUf actor i zat i on, i n whi ch rows and/or col umns

become i nact i ve as the al gor i thmprogresses , the SBS decomposi t i on provi des good l oad bal ance. At

the same ti me i t reduces communi cat i on l atency s i nce f ewer messages need to be sent than i n the

nonbl ocked case (r = 1). I t i s poss i bl e to regard each of the bl ocks as a di st i nct process , so the SBS

decomposi t i on, i n e�ect , overdecomposes the probl em. The resul tant paral l el s l ackness coul d then be

expl oi ted by over l appi ng communi cat i on and computat i on. Thi s mi ght be a vi abl e approach on f uture

machi nes that support mul t i threadi ng i n the operat i ng systemkernel , or i n hardware. However , on

current l y avai l abl e machi nes the communi cat i on l atency i s probabl y too hi gh to make i t worthwhi l e,

al though our general approach shoul d make i t easy to expl oi t overdecomposi t i on i n the f uture.

The LU f actor i zat i on t i mi ngs presented i n Sect i on 3 show that the SBS decomposi t i on resul ts i n

scal abl e and e�ci ent code, attai ni ng a speed of about 14 GFLOPS on the I ntel Touchstone Del ta system

f or the l argest probl emcons i dered.

We propose an obj ect- or i ented i nter f ace to the l i brary rout i nes , i n whi ch the obj ects are matr i ces

that i ncl ude poi nters to both the matr i x data and the decomposi t i on. Wi th thi s approach al l i nter-

processor communi cat i on takes pl ace wi thi n the Level 3 BLAS rout i nes , or wi thi n the Li near Al gebra

Communi cat i on Subprograms (LACS), whi ch are provi ded to perf ormcommon communi cat i on tasks .

The user i s l argel y i nsul ated f romthe detai l s of the paral l el i mpl ementat i on, maki ng appl i cat i ons more

readi l y portabl e, and eas i er to devel op.
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whe r e G( x) de no t e s t he Gr ay c o de o f x, a nd i = 0 ; 1 ; . . .; Q� 1 , j = 0 ; 1 ; . . .; P � 1 . On mo s t c ur r e nt

mul t i c omput e r s t he c o s t o f c ommuni c a t i ng be t we e n any t wo no de s i s we ak l y de pe nde nt

r a t i o n i n t he t o po l o g y o f t he c ommuni c a t i o n ne t wo r k . He nc e t he c ho i c e o f mappi ng s ho

pe r f o r manc e ve r y muc h. The s ubr out i ne l i br a r y s houl d s uppo r t t he na t ur a l a nd Gr ay c

a s we l l a s a ny f unc t i o n, A, s uppl i e d by t he appl i c a t i o n pr o g r amme r .

3 An Exa mpl e

I n t hi s s e c t i o n, we di s c us s t he s c a l a bi l i t y o f t he LU f a c t o r i z a t i o n a l g o r i t hmwhe n i t

t he bl o c k s c a t t e r e d de c ompo s i t i o n. Fi r s t , we de s c r i be t he a l g o r i t hm. Ne xt , we s um

f r oman ana l y s i s o f t he t i me c ompl e x i t y. Da t a f r ome xpe r i me nt s o n t he I nt e l Touc hs t o

a r e us e d t o f ur t he r de mons t r a t e t he s c a l a bi l i t y.

3. 1 LU factori zati on

To obt a i n our pa r a l l e l i mpl e me nt a t i o n o f t he LU f a c t o r i z a t i o n, we s t a r t e d wi t h a va

l o o k i ng LAPACK LU f a c t o r i z a t i o n r o ut i ne . I t c a n be br i e 
y de s c r i be d a s f o l l ows :

f a c t o r i z a t i o n ha s pr o c e e de d s o t ha t a l l but t he l a be l e d po r t i o ns o f t he ma t r i x have

C

B
E

whe r e B 2 RM�r, C 2 Rr�(M�r) , a nd E 2 R(M�r)�(M�r) . Dur i ng t he ne xt s t e p, t he r i g ht - l o o k i

a l g o r i t hm f a c t o r s pane l B, p i vo t i ng i f ne c e s s a r y. Ne xt , t he pi vo t s a r e a ppl i e d t o t

ma t r i x . Bl o c ks C and Enow be c ome bl o c ks�C and �E, a t r i a ngul a r s o l ve upda t e s s ubma t r i x�C, a nd a

r ank nb upda t e upda t e s s ubma t r i x�E. Thi s pr o c e s s c o nt i nue s r e c ur s i v e l y wi t h t he upda t e d ma t] .

Tur ni ng now t o t he di s t r i but e d me mo r y i mpl e me nt a t i o n, a s s ume t he ma t r i x i s d i s t r

a P� Qg r i d on no de s us i ng a bl o c k s c a t t e r e d de c ompo s i t i o n, wi t h bl o c k s i z e r � r. Fo

we a s s ume t ha t c ommuni c a t i ng a bl o c k o f k 
oa t i ng po i nt numbe r s be t we e n any t wo no d

t i me �+k�, whe r e � and � r e pr e s e nt t he c ommuni c a t i o n l a t e nc y and t he i nve r s e o f t he

r e s pe c t i v e l y. I n addi t i o n, t he t i me f o r a 
o a t i ng po i nt o pe r a t i o n i s g i ve n by 
. Fi n

d ke i ndi c a t e s t he s ma l l e s t i nt e g e r mu l t i p l e o f r g r e a t e r t han k.

The above de s c r i be d pr o c e s s pr o c e e ds a s f o l l ows :

� ( f B)The c o l umn o f no de s t ha t ho l ds Bc o l l a bo r a t e s t o f a c t o r t hi s pane l . S i nc e t he

l i t t l e t o c omput e ( t he pane l i s t ypi c a l l y na r r ow) , a nd c ommuni c a t i o n i s r e s t r i

s a g e s , t he c o nt r i but i o n o f t hi s o pe r a t i o n t o t he r un- t i me i s a l mo s t e nt i r e l y due

l a t e nc y. We wi l l i g no r e t he o t he r c o s t s . Fo r e a c h c o l umn, t hi s c o ns i s t s o f l o g( P) � f o r de t e r mi ni ng

t he pi vo t r ow, � f o r s wappi ng pi vo t r ows o f t hi s pane l , a nd ano t he r l o g( P) � f o r br o adc a s t i ng t he

pi vo t r ow. ( Po s s i b l e o pt i mi z a t i o n: s i nc e t hi s i s l a t e nc y bound, a c l e ve r i mpl

c ombi ne t he me s s a g e s f o r de t e r mi ni ng t he pi vo t r ow, a nd di s t r i but i ng i t wi t hi

no de s t ha t ho l d t he pane l . )

� ( bp)Pi vo t i nf o r ma t i o n i s d i s t r i but e d t o a l l o t he r c o l umns o f no de s . Appr o x i ma t e

r un- t i me : � pe r pane l .
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