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Abstract

We discuss the essential design features of a library of scalable software for performing dense linear
algebra computations on distributed memory concurrent computers. The square block scattered
decomposition is proposed as a flexible and general-purpose way of decomposing most, if not all, dense
matrix problems. An object-oriented interface to the library permits more portable applications to
be written, and 1s easy to learn and use, since details of the parallel implementation are hidden from
the user. Experiments on the Intel Touchstone Delta system with a prototype code that uses the
square block scattered decomposition to perform LU factorization are presented and analyzed. It
was found that the code was both scalable and efficient, performing at about 14 GFLOPS (double
precision) for the largest problem considered.
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1 Imtroduction

Advanced parallelizing compilers may one day be capabl e of generatingeflci ent paral.
distributed memory concurrent computers (or multicomputers) fromsequential ci
interim the development of scalable libraries is a key component in the devel opr
environment that will allowthe computati onal power of multicomputers to be explc
available to a broader communi ty of users. Over the next fewyears we envisage sucl
developed in a number of areas, and that they will be accessible through a variety c
paper focuses onissues i mpacting the design of scalable libraries for perform ngd
mul ticomputers. However, we believe that many of the i ssues discussed here are appl
libraries in other areas, and, indeed, it is important to impose some uniformty
di fferent 1ibraries.

In the next section we discuss data allocation, that is, howthe dataitems in a pa
laid out in the hierarchical memory of the concurrent computer. The block scatter
will be shown to encompass a large class of decompositions, and to provide suflficie
essentially all dense linear algebra computations. In Section 3 we use the right-1
LUfactorization al gorithmfor dense matrices to demonstrate the block scattered
a specific well-known example. Abrief discussion of the run-time analysis of the :
together withresul ts of experiments runningat upto 14 GFLOPS onthe Intel Touchston
Section 4 deals with programmability andimplementationissues, and will discuss a1
approach to scalable libraries. Conclusions are presentedin Section 5.

2 Data Allocation

The 1 ayout of an application’s data within the hierarchical memory of a concurrent c
in determ ning the performance and scalability of the parallel code. On shared m
computers (or multiprocessors) there are at least three levels to the menory |
memory, and each processor’s cache and registers. On such machines eflici ent codes s
the cache hit ratio, i.e., to avoid having to reload the cache too frequently. Th
LAPACK [ 1, § does this by casting linear algebra computations in terms of block-or
matrix operations known as the Level 3 IBLA%enlever possible. This approach genera
results in high cache hit ratios, without requiring any explicit cache mani pul ati
programmer. One of the ai ms of our workis toinvestigate adistributed menmory versi

There are also levels tothe menmory hierarchy on mul ti computers: the local and nc
memory. In addition, each processor may have a hierarchical memory. Fach process
local memory, and the nonlocal memory for a gi ven processor is simply the local mem
processors. Aprocessor plusitslocal memory and other closely coupled hardwareis 1
The nodes of a mul ti computer are connected via a communi cati on network; thereis no-
memory. There are twoimportant differences between mul ti processors and mul ti compu
is that mml ti processors are generally faster than mmlti computers intransfering da
of the memory hierarchy. In particular, M MDmul ti computers typically incur a high
latency. The second difference is that while bus-based mul ti processors usually have
30 processors, multi computers typically have several hundred to a fewthousand pro
processors of amultiprocessor arelarge grainsize and closely coupled, whereas tho
are of smaller grainsize and are less closely coupled. This means that the programm
al gorithnms that are successful on mul ti processors may not result inscalable codes



On a mul ti computer the application programmer is responsible for distributing
the data over the nodes of the concurrent computer. Avector of length M may be dec
some set of, Modes by first arranging the nodes in alinear sequence, and then assigni
entry with global index m (where 0 < m<M) to the pth node in the seguemher(d <p<N
it is stored as the ¢th entryin alocal array. Thus the decomposition of a vector ¢
a mapping of the global index, m to anindex pair, (p,7), specifying the node locat
index.

For matri x problems one can thi nk of arranging the nodes as a Pby ¢grid. Thus t he
of Prows of nodes and ¢col umns of nodgs,Pgndidch node can be uni quel y i dentified by
its position, (p,¢q), onthe node grid. The decomposition of an M X Nmatrix can be r
tensor product of two vector decompositions, gpand v. The mapping pdecomposes the I
matrix over the Prows of nodes, and v decomposes the Ncol umns of the matrix over the
of nodes. Thus, if wW(m =(p,7) and v(n) =(¢q,j) then the matrix entry with global in
assigned to the node at position (p,¢q) on the node grid, whereit is storedinaloca
(i 7).

Two common decompositions are the bl ock and the scatt erneld.dethaphdsictk ons [ 7
decomposition, A, assigns contiguous entries in the global vector tothe nodes in bl

Aomp =(lfL |, mod L), (1)

where L= (M —-1)/P] +1. The scattered decomposition, o, assigns consecutive entri
vector to different nodes,

o(m =(mmod F [ nfP| ) (2)

Figure 1 shows examples of these two types of decomposition for a 10 x10 matrix.
Two features that are desirable in a parallel subroutine library are;

l.alarge degree of decompositionindependence, sothat asubroutine will work co
class of decompositions of the input data,

2.aset of commini cation routines for transform ng between di fferent decompositio

These components give the application programmer the option of changing the dec
necessary, so that a gi ven phase of the computation can be performed optimally, i.
concurrent overhead. Altermnatively, the programmer may choose toleave the decompos
and performthe computati onsuboptimally, thereby avoidingthe overheadassociated
decomposition. The i mportant point here is that the software should be suffciently
the programmer to make the choice, rather thanimposing a particul ar method.

Decomposition-independence couldbe achievedbyhavingthe subroutine containac
ment, with each clause corresponding to a different type of decomposition. A more ¢
believe, better approachis to use a block scattered decomposition that is able t
decompositions inFig. 1, except for those shownin Figs. 1(f) and (g). Inthe block
blocks of relements are scattered over the nodes instead of single el ements. The maj
index, m can be expressed as a triplet of values, p(m =(p,t,7), where pis the node
block number, and # the local index within the block. For the block scattered decon

write,
o = (7] 3] s )

r
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Figure 1: These 8 figures showdi fferent ways of decomposing a 10 x10 matrix. Fach cel
matrixentry, andis labeled by the position, (p,¢), inthe node grid of the node to w
To emphasize the pattern of decomposition the matrixentries assigned to the node in
column of the node grid are shown shaded. Figures (a) and (b) showblock and scatter:
decompositions, respectively, for 4 nodes arrangedas a4 x1 grid (P=4, Q=1). In
(d) the corresponding column-oriented decompositions are shown (P=1, Q=4). Figur
block and scattered decompositions for 16 nodes arrangedas a4 x4 grid (P=Q=4).



FigureP | Q| r | 5 | r=s
(a) |4 ] 1] 3 10| 3
(b) | 41 10 1
(c) |1 4110 3 3
(d) | 1] 4]10] 1 1
(e) |44 )33 3
(f)y| 4|43 1 -
(g) |44 ] 1] 3 -
(h) |4 ] 4] 1] 1 1

Table 1: Block-scattered decomposition parameters needed to reproduce the block :
compositions inFig. 1. The last col umn gi ves the block size when only square bl ocks
positions (f) and (g) cannot be generated wi th square bl ocks.

where T =7rP. 1t should be noted that this reverts to the scattered decompositi o1
with local block index ¢ =0. A block decompositionis recovered when r =L, with |
t =0. The block scattered decompositioninone formor another has previously beenu
Schultz] 28kjell umand Leynglohlgarra and Ostroujchdmddrson et h] Aflcrafti[,4
Dongarra and van de Geiljnvalibde Gei jn,[22d Bren}t,[6o name a few. The block scattered
decompositionis one of the decompositions providedin the Fortran[Dprogramm ng st

As discussed above, the block scattered decomposition of a matrix can be regard
product of two block scattered decompasig.i dhs s pesults inscattered blocks of size
W can viewthe block scattered decomposition as stamping a Pxprocessor grid, or
the matrix, where each cell of the grid covers rxsdataitems, and is labeled by it
template. In Table 1 we gi ve the val ues of the blocksize rxsthat gi vethe same result
scattered decompositions inFig. 1. The blockandscattered decompositions may be 1
cases of the block scattered decomposition. In general, the scattered blocks arer
the use of nonsquare blocks canlead to complications. For example, inthe LUfactor
describedin the next section, atriangular solve is needed to update submatrix C. 1
are used either the triangular matrix will extend over more than one col umn of bl oc
the submatrix Cwill extend over nmore than one rowof blocks (if r<s). Thus, nonsqu:
result in additional software and communi cation overhead. W, therefore, propose t
tothe square block scattered (SBS) class of decompositions. The col umn and rowdec
still be recovered by setting P=1or (=1, as shownin Table 1, however, the decompo
inFigs. 1(f) and (g) cannot be generated with an SBS decomposition.

So far we have only considered howto map matrix elements onto the node grid. In de
problemwe must also specify howlocations in the node grid are mapped to physical n
mapping functions are the natural mapping,

A, j)=i+j-Q (4)
and the binary-reflected Gray code mapping,

Ad,j) =di) +dJj) - @ (5)



(p) Col umns of nodes collaborate to pivot the remainders of the matrix rows.
contributiontorun-time: r(a+|[(N—r)/Qp) for each of the Nrpanels.

e (bB)Factored panel Bis distributed wi thinrows of nodes. Approxi mate contributi
2(a+ [ (N=(k—-1)r)/P3) for panel k=1}Nn.. (Since this operation can be pipelin
around the ring, overlapping with computati ofi)thermhereo }J og

e (K)The rowthat hof'¢performs the triangul ar sol ve, the results of whichare distri
col umms of nodes. Approximate contri buti onj:P+£106€ BN (/[ N—kr) /QrS) for
panel k=1, ., Nr.

e (uF)Mbst parallelismis derived frdmupplptomigmate contri bution:

2[ (N=kr) /P[ ( N=kr) [ory
for panel k=1, Nir.
The total run time is then gi ven by
Tiot = Tig + T+ 1oy +1p + T +Tie + Ty (1)

where the di fferent terms come fromsumm ng over all panels the di fferent contributio

Since the total computation time of the al gorithmon a single prd@y/39d,is given 't
the effici ency attainedy/fflmd as a function of the various parameters, can be shown t
the form

o
= [t ptatoen +0)? (2)
P -1
N(c:alogp) +C4)+Q<Csﬂ+c6)] (3)
whereqcg depend only on r.
Let us start by considering the block column scattered decomposition, i.e., PX(
for reasonably large N,
-1
o
Ex [1 ‘|‘C2]\];27‘|‘]]\;<05§+C6):| (4)

Inthelimt, Nmmst growwith pto maintaineffici ency. Noddwmot htag thaediVl y i gnored,
even for N=0(*)Q since ais several orders of magni tude greater than vfor many mul t
This ki nd of scalability poses a problem Mmory requirtardthegrewwehhu¥Nl1ly N
cannot be increased to maintainefficiency. Asimlar anal ysis can be done for rowdis
By contrast, consider a general PxQ@Qgrid of nodes. Assume the ratio ¢JPis kept ¢
is increased, i.ey/pald@=v,/p, where uand vare constants. Then P/Nand (JNbecome
u,/p/Nand v/p/N, respectivel y( Bfilsoggnored, since it is aslowly growimgfunction,
growwith pinorder to maintain effci @fysi.s hbtlognored, it can be argued that once !
suffcientlylarge (e.g. greater than 4) performance will degrade slowly with p.
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3.2 Experiments on the Intel Del ta

In this section, we discuss results fromexperiments conducted on the Intel Touc
illustrate the scalability of the LUfactorization.

The Intel Touchstone Delta systemis a distributed-menmory, message-passing mul ti
Mul tiple Instruction Miltiple Data ( M]MD) € lcasmss { d8s of 520 i 860- based nodes, inte
nected via a communi cati ons network having the topology of a t wo-di mensional rectar
interconnection network employs a Mesh Routing Chip (MRC) at each systemnode. The
processor communi cations bandwi dthis =30 MBytes/s ineachdirection. The systems
message-passing, withalatency of ®75 microseconds via worm hole routing using a j
tocol. Interconnect blockingis minim zedbyinterleaving packets associated with ¢
need totraverse the same i nterconnect path.

There are a number of issues that complicate a direct comparison of our anal ytic
observed performance. First, certain optim zations can be done to improve the al
Section 3][,28etails of which go beyond the scope of this paper. Second, the paramet
by the size of the data being mani pul ated: computation at di fferent stages invol ves
BLAS, which yield di fferent performance dependi ng onthe size of the data being mani p
the blocksize rand gridsize Px are chosen so the performance of the BLAS is maxi-
creating unreasonable idle time due to load inbal ance. This leaves us to investig
trends can be observedin practice.

In Fig. 2, we report the predicted and observed performance of the LUfactorizat
numbers of nodes when the problemsize Nis varied. For the predicted performance,
B=1psec(8 Mbytes/sec bandwidth), and v £29MLOPS per node) where used. (These
correspond roughly to what we observed in practice. Communicationoverheadis sone
by our code.) The grid sizes were experimentally determi ned to be optimal for lar
As the problemsize increases, performance i mproves. The results compare favorab



performance that can be attained for this type of probl emon the Delta.

The predi cted degradation of performance when N/pis held constantisillustratedinFig. 3. This
trend is also observed in practice, as illustrated in Fig. 3. In these figures, we report effciency as
perfornance (in MFLOPS) per node.

The LU factorization is at the core of the LINPACK benchnark. This benchnark neasures the
perfornance of a gi ven conputer while performng a dense linear sol ve. Atypical inplenentationstarts
by factoring the matrix, followed by triangul ar sol ves. Results frominpl enentati ons on various parallel
architectures are reported in][13lb illustrate that the predicted trends can be observed on other
parallel computers as well, we report performance per node in Fig. 4. Wile there is a clear incentive
tofill the nenory with the 1 argest possible problem thereby autonaticallyincredsionggM y with
p, the data nade available tous did not inall cases include problemsizes that scaled as nicely as those
used for Fig. 3. Al though data was available for an NCUBE2 up to size 1024, and for the Fujitsu and
Delta up tosize 512, we concentrate on the nore interesting range of nachine sizes in this figure.

Several observations can be nade: Both the NCUBE2 and the Fujitsu are based on rel atively sl ow
processors. 'This decreases the ratios a/ v and a/ 3, thereby reducing the effects of commnication
overhead. Mreover, the performance of the BLAS on these machines is less affected by the size of
the problem Al other machines are base on the same processor: the Intel i860. The curve for the
Meko follows the predicted trend, except that the last data point (for 62 nodes) is for a much smaller
problemsize than is required to keep?/\p constant. At first glance, the effciency attai ned by the
Alliant appears to inprove with the nunber of nodes, defying the results of our anal ysis. Mreover,
when [ ooki ng at the rawdata, the problemsizes actually growslover than required by our anal ysis.
Thi s indicates that thereis alower order termthat affects performance for snall probl emsizes. Indeed,
it is reportedly due to an inefleient triangul ar sol ve al gori thmused in this inplenentation.

4 Programmability

Programabilitywill be used here torefer toanunber of features of the sof t ware envi ronnent concerned

w th sof tware nmai ntenance and usage. Programmbility covers the flexibility, range of functionality,
portablility, and ease of use of sone software conponent. Ioman application programer’s point of
view, the mainfactor that will determ ne howeasyit is tolearn and use the proposed subroutine library
will be the interface to the subroutines. early, this interface must pass the appropriate i nfornation
about the deconposition and |l ayout of the data in nenory to the subroutine. This could be done in

three ways:

1. by onl y all owi ng one type of deconposition for each subroutine so that di flerent subrouti nes nmust
be called for di flerent deconpositions. This avoids having tospecify the deconpositioninalengthy
argunent 1ist, but nakes naintaini ng and porting the subroutine 1ibrary rather tedious.

2. have a single subroutine handle all possible different deconpositions and pass the deconposition
information via the argunent list. This canresult inlong argunent lists.

3. use an object-oriented approachin whichanatrixis actually a data structure containi ng the data
itself (or pointers toit), plus all the infornation necessary to fully specify the deconposition
This allows a single subroutine to handle all deconpositions, and avoids a long argunent list.
This approachis the nost el egant and conceptually sinplest for the application programer. It
is rather nore diffeult to inpl enent than the other two approaches.

10



The object-oriented approach allows details of the parallel inplenentation to be hidden at alow
level of the software. Ideally, all commni cation woul d be hi dden bel owthe level of the BLAS routines.

In the prototype parallel dense linear algebra library currently under devel opnent all interprocessor
commini cation takes place explicitly at the level of the parallel linear al gebra routines through calls tc
a commni cation library, the LACS routines [3l6 14 . Thus, currently the sequential BLAS routines,
together wi th the LACS, are the buil di ng bl ocks used to build higher level 1ibrary routines, such as LU
and (Rfactorization.

In addition to a set of subroutines for performng natrix conputations the proposed library will
al so contai n routines for perform ng conmini cation tasks. Suchtasks will include gl obal changes to the
deconposition, such as performng a natrix transpose, and replicating parts of a natrix over groups
of nodes. This latter type of commnicationis sinilar tothe SPREADroutine in Fortran 90 [8], and
will allow, for exanple, rowand col umms of a matrix to be communi cated across across the nachine.

These LACS coul d al so be gi ven an object-orientedstyle of interface. Infact, sone of the arrayintrinsic
functions of Fortran 90, such as SPREAD, (SHIFT, and FOPHIFT, coul d be included in the LACS.

Qther utility routines will also be provided. (he set of assignnent routines will be used toinitially
specify the decomposi tion, and another set of inquiry routines will provide a neans of extractinginfor-
nation about the current deconposition. These inquiry routines will allowapplication programers to
devel op nodul ar subprograns that are fully conpatible with our linear al gebra library.

5 Conclusions

The square bl ock scattered deconposition (SBS) is a practical and general - purpose way of deconposing
dense linear al gebra conputations. In problens, suchas LUfactorization, i n whichrows and/or col umms
becone inactive as the al gori thmprogresses, the SBS deconposition provides good load bal ance. At
the sane tine it reduces commmication latency since fewer nessages need to be sent than in the
nonbl ocked case (r = 1). It is possible to regard each of the blocks as a distinct process, so the SBS
deconposi tion, in effect, overdeconposes the problem The resultant parallel slackness could then be
expl oi ted by overl appi ng commni cation and conputation. This m ght be a viabl e approach on future

nachi nes that support mul tithreading in the operating systemkernel, or in hardware. However, on
currently availabl e nachi nes the conmmini cation latency is probably too high to make it worthwhile,

al though our general approach shoul d nake it easy to exploit overdeconpositionin the future.

The LU factorization tinmngs presented in Section 3 showthat the SBS deconposition results in
scal abl e and effici ent code, attaininga speed of about 14 Q'LOPS on the Intel Touchstone Ikl ta system
for the l argest probl emconsi dered.

W propose an object-oriented interface to the library routines, in which the objects are matrices
that include pointers to both the matrix data and the decomposition. Wth this approach all inter-
processor conmmini cation takes place within the Level 3 BLAS routines, or within the Linear A gebra
Communi cation Subprograns (LACS), which are provided to performcommon communi cation tasks.

The user is largel y insul ated fromthe details of the parallel inplenentation, naking applications nore
readily portable, and easier to devel op.
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where G(z) denotes the Gray code of 2, and, @=0,17=0,1,.,P~1. On nost current

mul ti computers the cost of communi cating between any two nodes is weakly dependent
rationin the topology of the communi cati on network. Hence the choice of mapping s hd
performance very mmuch. The subroutine library should support the natural and Gray
as well as any function, A, supplied by the application programmer.

3 An Exampl e

Inthissection, wediscuss thescalability of the LUfactorizationalgorithmwhen it
the block scattered decomposition. First, we describe the algorithm Next, we sun
froman anal ysis of the time complexity. Datafromexperiments onthe Intel Touchstc
are used tofurther demonstrate the scalability.

3.1 LU factorization

To obtain our parallel implementation of the LUfactorization, we started with a va
looking LAPACK LU factorization routine. It can be briefly described as follows:
factorization has proceeded so that all but the l abeled portions of the matrix have

where Be RIxr, Ce R*M7) | and Ee RM7)x(Mr)  During the next step, the right-1ooki
algorithmfactors panel B pivotingif necessary. Next, the pivots are applied tot
matrix. Blocks Cand Fnowbecome BlaadWs a triangul ar sol ve updatesGubmdtai x
rank pupdate updates subm&trThi s process continues recursively with the fipdated ma
Turni ng nowto the distri buted menmory i mplementation, assume the matrixis dist:
a Px@gridonnodes using a block scattered decomposition, with blocksize rxr. Fo
we assume that communi cating a block of £k floating point numbers between any t wo nod
time a+kB, where awand Grepresent the communi cation latency and the inverse of the
respectively. In addition, the time for a floating point operationis givenbyy. Fin
[ k] indicates the smallest integer multiple of rgreater than k.
The above described process proceeds as follows:

o (f BThe col umn of nodes that holds Bcollaborates tofactor this panel. Since th
little to compute (the panel is typically narrow), and communi cationis restri
sages, the contributionof this operationtothe run-time is almost entirely du
latency. V will ignore the other costs. For each col umf Ptdf ercdeatsd smisnofig og
the pivot row, afor swapping pi vot rows of this pane(lp)arfdrnbovherdogi ng the
pivot row. (Possible optimization: since this is latency bound, a clever i mp
combine the messages for determi ning the pivot row, and distributing it withi
nodes that hold the panel.)

e (bp)Pivot informationis distributed toall other col umns of nodes. Approxi mate
run-time: aper panel .
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