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Abstract

We present a variation of Paige’s algorithm for computing the generalized singular value
decomposition (GSVD) of tvwo matrices A and B. There are tvwo innovations. The first is a
newpreprocessing step vhich reduces A and B to upper triangul ar forms satisfying certainrank
condi tions. The secondis a new2 by 2 triangular GSVD al gorithm, vhich constitutes the inner
loop of Paige’s al gorithm. We present proofs of stability and high accuracy of the 2 by 2 GSVD
al gorithm, and demonstrate 1t using examples on vhich all previous al gorithms fail.
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1 Introduction

The purpose of this paper is to describe a variation of Rige’s al gori thm[28 ] for copting the
fdlowng gereral i zed si ngd ar val ve deconposi ti on ((SM) i ntroduced by Vn Ioan [ 33 ], and Rrige
and Samders [25 ], This is also called the quotient singd ar val ve deconposition ((BVM) in [8 ].

The or e mllet Ac R™*" and B IR P*" have rark (AT, B')=n. ' Thenthere are orthogonal
natrices U, V and Q such t hat

UTAQ=% 1R VTH)=Y ,R (11)
where Ris a nx n upper triangul ar and nonsingul ar, and
Ik n=-I1l-k ) ko n—-1l-k
[ Il p—n-l'l 02
1=k Dy , Y=k Dy , (L2
m-—1—-Fk 01 n—1—k IQ

I € R* and T, € ROIRX0==8) gre jdentity nutrices, @ € RT=RX(=1=k) 4ng O, €
RE=HDXU gre zero nutri ces,

Dl :dag (al-l—lv ) 04+k)7 D2 :dag (ﬁl-l—lv cem ﬁ-l—k)v (1 3)

I>ap1 > ~>aqp >0 0<fp1 < < Byp <1, ol 48 7 =L (1 4)
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!The assumption that rank(AT, BT) = n is not essential but simplifies exposition.
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Te (B\Dis a gereralization of the sitgdar valve decomposition (SMD in the semse that if Bis

the identity matrix, then the G\Ddof Aand Bis the S\Dof A Mreowr, if Bis nosingdar,

then the (\Dof Aand B reduces tothe S\DA AB 10 (AT, BT hes arthonormal cd s,
then the G\Dof Aand Bis the (3 decomposi tion [31 ]. Te pits (a4, (1) defined by the di agorel
dlemnts of ¥ 1 and ¥ 5 ave called the generalized singul ar val ue pairs (GSV pairs). Te qutient
Ai =a ;/B; is cled a general i zed singul ar value (GSV). Nte that the X\ ; are the square roots of

the el gerval ves of the symatric pencil A TA-XB TR

Te G\DA twomatrices Aand Bis atod wed in many applications, suchas the Korecker
caroni cal formof a general matrix pencil [2 |, the livearly constrai red | east-squares probl e 35 , 5],
the gereral Gauss- Mrkovlinear mdel [27 , 3], the gereralized total least squares problem| 21 ], and
real tima sigml processing [30 ]. A afurther gereralization of the S\) Ferbring and Tuk [13 1,
Ma 36 ] proposed a gereralized S\Dfor matrix triplets, and 12 Mor, (&l ub and 7a [8 , 9] hawe

gereralized the S\Dinto a factari zati on of any mmher of matrices. lIor all these apications and
ml ti-ratrix gereralization of the S\M) the developrart of a staHe and eflient al gori thmfor
comuting the (Do two matrices is a hesic prollem

Stevart [31 | and Vn Ioan [34 ] proposed tvo al gorith for computing the (SMD Teir al-
gorithr have tvo phases: The first phase is to compute the (R decomosition (or the S\Dif
mecessary) of (A T, BU)T. The second phese is to campte the (§ decomesition. Rige’s algo
rithmis a Jacohi - Kgbetli antz approach [28 ], wichaplies arthoeoal transformations to A and
B separatel y wthot the (8 decamposition. Tt also hes twe pheses:

(1) Rduce mtrices Aand Bto the fdlowng farm

r q n—t r q n—t
T A A Aqs T Bii B Bis
Urap = ¢ 0 0 0 |, VIBP= ¢ 0 By By |, (1. 5)
m—1 0 0 0 p—1 0 0 0

were m X m matrix U and p X p matrix V' are orthogoral, P is a n X n permotation matrix,
Ayr € R™*7 is mosingdar wpper triangdar, B 11 € R™" is upper triangdar, ¢t =r +¢, and if
q >0, Bos € IRT*Y is nonsingdar upper triangu ar.
(2) (pute the (\Dof twon x n upper triangdar matrices of form (1.5) by a gereralized
Kepetliantz algrithm 2.
Buese 1 can be dore first by the QR factori zation wth cd um pivoting [17 ] of mtrix Aand
determire the rark r of A reanvhile permting the cdums of mtrix Bin the sam vay and
then apd ying the Rfactori zation wth cdum pivoting to the Hock of the last p — r row and

n—r cdums of Band obtain the rank ¢ of the Hock this yields the form (1.5) [4 ]. Bese 2is
iterative.

Inthis paper, ve wll present a variation of Rige’s al gori thmfar comiting the (S\MD Tere
are twimowtias. Te first is as fdlow: in[2 ], it is assuad (wthot providing detail ) that in

(1.5) the muwero part of V' T BP tes ful rowrank It is koow that it is conplicated to choose V
to guarantee this cond tion and P may ot be a permtationmatrix. Hwewer in the preprocessing
step (1.5), ve domot require this cond tion, and so ve cansinply we comvertional (Rfactorization
wth cdum pvoting Mreower, mote that the (S\Dis independent of cdum scaling of A and
B Te form (1.5) preserwe this property.
The second innovationis a new?2 by 2 tri angul ar (S\Dal gori thm whi ch consti tutes the immer
loop of Rige’s algori thm Wwll presert proofs of stahility and high accuracy of our rethod, and
denrstrate it wing examples on wWich all previos al gorithra fail. Hreafter, ve assum that A
and B have been preprocessed to the upper trapezoi dal form (1.5).

2We may need to add zero rows or columns to get square matrices. This is not essential but it simplifies the
description.
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Te rurari cal techni que developed in this paper can be extended to deal wth the nunerical
comutation of other o csel y rel ated deconposi tioms such as the (8 deconposi tion and the product
S\Ddf tvo matrices [20 , 15]. Wwll mt gointo the details.
Te rest of the paper is organized as the fdlow: § 2 reviews the Kepetliantz al gori thmfor
comuti ng the SMDof a tri angd ar matrix, and R ge’s generali zati on of the Kebetli antz al gori thm
for comuiting the (\D § 3expares the imrer loopdf Rige’s al gori thm vhi chincl udes the (\D
of a2x 2mtrixin term of exact and flating paint arithmatic. In § 4, ve describe the owerall
dgrithm The last section reports the resuts of mmarical experimants. In the appendix ve
induke [dmal and Kha's 2 x 2 triangdar S\Dcode, wich has ot been piblished in its
ertirety befare, and flays aninmpartant rde in oo al gori thm

2 Paige’s GSVD Algorithm

B describe Rige’s algorithm ve first reviewthe Kebetliantz al gori thm|[ 23 | for comuting the
S\Dof an upper triangdar matrix A Ten ve describe Rige’s a gorithmfor comqmiting the

MDA Aand Bwth Brosingdar. Frally, ve discss howto gereralize the idea to the case

were Bis ill-conditioed or singd ar.

2.1 Kogbetliantz algorithm for the SVD of a triangular matrix

The Kghetliantz al gori thm| 23 ] is akind of Jacoh schera. Asum that the kth trarsformation
of the al gorithmoperates on the row and cdums 7 and 7 of A let A ;7 be the 2 X 2 submtrix
subtended by row and cdums ¢ and j of A Tet the rotation ratrices U g =r1at (cy, &) and

Vi =rot (¢, &) be chosen 3 so that
UL Ai Vi =dag (7is %)

is the S\Dof A 45, vere ¢, =8 @p, § =sin ¢ adde , =cw Py, 5 =sin VY. let Uk and Vk be
identity ratrices wth (¢, 7), (¢, 7), (j, ¢) and (4, j) elerarts reflaced by the (1,1), (1,2), (21) and
(2,2) elerarts of U, and V', respectively. Then let

Ak—l—l - U}?Aka,

were A g =A Ater the first sveep through all the (¢, j) in rowcyclic order, an upper triang ar
matrix A wll becom lover triangdar. The second sweep wll restare upper triangdar form
adsoon [0, 19]. Tere is aliterature on the diffrert sveep arders for sequential and parallel
conputati ons bes1des the comertioml rowand cdum order, for exarple [24 ].
Tersythe and Herrici [16 ] corsidered the comergence of the rowcyclic IKoebetliantz al gori thm
Frranb [14 ] proeda goal comergence theoremunder the assunption that ae of the rotation
anges {¢ , th} at each (¢, j) trasformationlies inadmedinterva J C (—7/2 7/2), i.e.,

pred o Yred, k=L2...,. (21)

Tis is the condition that or algorithmwll satisfy  Rrthernare, it has been prowed that the
cyclic IKgpetliartz al gori thou timatel y comverges quadrati cally [29 , 2, 7].

®Throughout this paper, we use rot(c, s) to denote the rotation matrix ( : i )
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2.2 The Generalization of the Kogbetliantz Algorithm for the GSVD
Whegi n by comuting the (\Dd tvo upper triangd ar matrices Aand Bvth Bromsingd ar.

It is kow that this is eqivalent to copting the S\Dd the triangd ar mtrix C' = AB -1
0 corse, it is umse to famC' exlicitly Wrote that a sveep of the Kepetliantz al gori thm
apdied to €' wil mke it lover triangdar. Tis mears that there are orthogonal matrices U 1 and
V1 such that

vfcvy =C 4, (22
were C' 4 is lover triagdar. Reasting (22) as U T A=C 1V{'B ve see that if ve can deterrime

an orthogoral matrix Q) 1 satisfying
UF A=A, WH)=B,,

were A | and B 1 are lover triangd ar, then C 1 =A 1B1_1. Tis rears that wing a sweep of the
Kebetliantz al gori thmon the upper triangdar €' to get the lover triangdar ¢ 1 is equivalent to
the pro emdf findi g arthogonal matrices U LWadQ qsotht U JA) 1 andV TH) ¢ ave lover
triangdar. Rath et al [20 ], Rige [2 ] and Hri and ¥selic [19 ] hawe shown that ve my take
advartage of the triangd ar structures of A and B and the ordering of sveeps to get the desired

arthoponal tramsfarmations U 1, Y ad ) 1 wthowt formng AB ! exlicitly Specifially at the
(¢, j) tramsformation, the needed 2 x 2 submtrix C' iiof C'isgvenby

1
A4 p-1 | @i aq bi; Ui
Cz] =A ZJBz] - ( 0 a],], ) ( 0 bjj ) 9 (2‘ 3)

were @ ;; and b ;; are the elemants subtended by the row and cdlums ¢ and j of the updated A
and B respectively. B wing the S\DA C it U};Cijvijzdag (€4, €C55), ve hawe

UZQ;AU :dag (éiia Cij)ViJ;Bi]‘.

Tis show that the corresponding row of U };Aij and V' i:]FBij are parallel. Ince if ve chocse
rotation () ;; so that V' i:]FBijQij is lover triangd ar, then U ZQ;AMQM mst also be lover triangdar,
wWich is jwt the \Ddof the 2 X 2 triangdar mtrices A ij ad B ;. Wh this observation,
ve see that after comleting a sveep in roworder, the desired U 1, Vi ad () 1 are the prodicts
Ui2Urz s -Uniny, Vi2Vizs - Viorn ad @ 12Q13+ - Qro1,n, tespectively, B the end of the row
cydic sveep, ve obtain lover triangd ar ratrices A 1 and B 1.* Then the next sveep camsists of
zerd ng L over off di agoral el enants of ¢ 1 =A 1By incdum arder toretunit to upper triangd ar
form and so on. Qerall, ve are actwlly carrying out the Kebetliantz al gori thmto di agonalize
the inplicitly defired matrix C'. (fon comergence, this gives U T(AB —1)V =X, adiagoml matrix
That is
UrAaQ=x- v TBQ

i.e., theithrowof U TAQandV T H)are prallel, whichis the desired (\Dof Aand B

Ingereral, if Bis ill-condi tioned wth respect toimersion ar Bis singdar after phase 1, then

wing B i_jl is ot recomanded Paige [28 | suepests wing
A B = [ % i bjj —bij
ot = (5 ) (% ) "

*By incorporating Gentleman’s suggested row and column permutations [28] after each transformation, we need
only use an upper triangular array to carry out the computation. But for clearer exposition, we will use the entire
square array in this paper.
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imsteadof C Z’jin(23), were adj (Bij) stands for the adjugate of B ije Snce B i ad](B”) =det (BZ']‘)I,
it seem to be drect and matural to we adj (B;;) imtead of B 7', Te imarporation of (2.4) info

the abowe procedure ci rcumerts the nunari cal diffiu ties vhen B i ; 1s 111-cond tioned wth respect
toimersionor B ;; is singdar. Bt it alsointrodices tvo questions. Hrst, are there still rotation

mtrices U i W]‘ and ) ij swh that U };AMQ”‘ and V i?BijQij are the (\Dof 2 by 2 mtrices
A;jad B ;7 Second, does the schem comerge to our required (N\Dform of Aand B The

fdlowng section wll address these questiars.

3 The GSVD of 2 by 2 Triangul ar Matrices

Aveseeing 2 the kerrel of computing the (S\Dwing a gereralized Kebetliantz al gori thmis

the conmtation of the G\Dof 2 by 2 matrices. Inthis section, ve first discss the conmitati on

of the 2x 2 G\Dfar diffrent possible 2 2 mtrices A ijad B ;;inexact arithmatic, and then
ve wll discss the commitation in the presence of foating pant ari thretic.

3.1 The 2 x2 GSVD in exact arithmetic

Weén A and B are processed to hawe upper trapezoidal forma (1.5), ve see that at the (¢, j)
tramsformation, the 2 x 2 mtrices Aand Bare of the form 5

. a1 12 _ bll b12
A= ( 0 ) and B= ( 0 Doy ) , (3.1
were a 11 20, if Ais mozero. Whase the fdlowng lenma:

Le mma 1 There exist 2x 2 rotation natrices U, V and ¢) such that

~ T L~l11 0 7 T bll 0
A=U %Q_ ( L~l21 (~l22 ) ’ b=V BQ_ ( 621 622 )
1s the GSVD of Aand B Moreover,
(a) @11 20 if Ais nonzero,
(b) byy 20 if both Aand B are nonzero, except that
(c) if the first rous of Aand Bare parallel and the second rous are zero, then U=V =I, and
Q) can be chosento zero the (1,2) entries of Aand B sinultaneously.

Proof. Tepod proceeds by cosidering all possite cases. If Bis mosingdar, the lema
fdlows immad ately by § 2.2. If Aar Bis zero, the resuts are trivial. Te reraining cases are for

Bsimgdar bt ot zero. Tis includes the fdlowg three cases, were C' =A- adj (B

(1) B= ( b b ) Wb 11 A Tnths s 0= (0 b - anbe ) _ ( ) )
If ¢19 =0, i.e., the first rowvectas of A and B are parallel, then if ¢ 92 is also equl to zero,
U=V =I. Q ;;ischsentozero(1,2) ertryod Aand mst also zero the (1,2) ertry of B yieldng
the result (c). If ¢ 22 #0, then both U and V' are chosen as permatation matrices. ()is chosen to
zero the (1,2) entryof U~ TA

If ¢19 #0, then U is chosen to zero (2,2) entry of €' and V' =rot (0, 1). VT Bhes second row

norzero. The lemma fdlows by choosing Q) to zero (1,2) entry of U TA

For simplicity of exposition, we drop the subscript 5 from the 2 by 2 triangular matrices A;; and Bi;,.
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0 b1 by —0b
0 bos 0 0
tozero (1,2) entry of C', i.e. tozerothe (1,2) entryof B Te lema fdlow by chosing Qto zero
(1,2) ertryof A

(2) B= wthb 25 0. Rnce C' =a 11 120 PenU=I, and V is chosen

(3) B= (8 b(1)2 ) wthb 12 #0. Wsee that ' = (8 —61101(912 ) Then ve can chocse

U=I,V =rcet (0, 1). Terefore the second rowdf V' T Bis mozero. The lena fdlow by chocsing
Qtozero (1,2) entry of U TA 1

It hes been shown by induction (see [28 , 4]) that with the properties of lema 1, a sveepin
roworder wth possiHe reordering takes the initial upper trapezaidal forma (1.5) of Aand Binto
the form

roon—r roon—r
g T T A 0 T T By 0
ot (8 a8

were A 11, By ad B o5 are lover triangdar, and A 11, Boo are mosingdar. B 1 may be singdar,
bt there mst exist nozero dagomal el emrts in the mowero row of B 11
;fom(3.2), ve see that at (¢, 7) tramsformationin cdum ordering, the 2 x 2 matrices A and
B are lover triangdar matrices, were if Ais singdar, then Ais either the zero matrix ar its
second rowis zero, and rareover, if b 22 =0, thend 51 =0. Brasimlar arguant as in lema
1, ve can showthat there are 2 X 2 arthogomal matrices U, V' and ) such that A=UTAax
B =V T H)tothare upper triangd ar, and the G\Dof Aand B The proof of Terma 1 sugoests
the fdlowng al gori thm vhere far hrevity, ve omt the part for lover triangd ar ratri ces.

Al gorit hm1 (Te2x 2 G\WDalguithn).
JormC =A- o (B
conpute the SVD of C: UTCV =diag (o4, o);
formthe products G =U TA H =V TH
if Ais nonzero, then
deternine Q)to zero out (1,2) entry of G

el se
deternine QQto zero out (1,2) entry of H;
end if
A=GQ B=HQ a3 =0 by =0;
Mgin, from{ 2B, 4], at the end of the second sveep, ve have A o =U JA1Qy and B 5 =V ' B1Q,,
suwch that
™ T2 n—r ™ T2 n—r
T Ay A Az T 0 0 0
A2 = T2 0 A22 A23 5 5 = T3 0 B22 B23 5 (3 3)
n—r 0 0 0 n—r 0 0 B33
were A 11, A, By and B 33 are upper triangd ar ratrices and nosingdar, r 1+ 9 =r. Hnce

thereis awiqe (n—r 1) X (n— 1) upper trianguar matrix 7" such that

A22 A23 - B22 B23
0 0 0 Bss |-

Tis imlies that the rest of comptation is essentially equivalent to comuting the S\Dof the
impicitly defired ratrix 7. By the g ol cavergence theary of the cydic Kgbetliantz al gori thm
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(see § 2.1), ve hawe

T— 3, (3.4
were Y is a dagonal matrix, and the comergence is utimatel y quadratic, provided the rotation
argles of U and V obey (21). (3.4) implies that there exists diagoal matrices X 1 ad X o wth

%2 43 2 =1, and an upper triangdar matrix B such that
AQ — EIR and B2 — E?R

wi ch g ves the desited (B\Dof Aand B

3.2 The 2 x 2 GSVD in Floating Point Arithmetic

In this section, ve wll we the wwl mdl of flating pant ari thratic:  berring over /underflow

fi(z o y) =(140)(x o y) vere o is ore of the hesic operatios {4 —, x, ~} and| §] < € Were € is
the mchine romdff Tis mdel elinmmates rachines like Gays wthout guard digits, bt wth

sam efbrt all the resuts can be extended to these machines as vell.

Wén wsi rg foati ng pa it ari thrati ¢, romndoff can caise the rowvectars of Aad B copited
by Agorithml ot to be parallel. Tis maars Aand B are ot the GQ\Dof the 2 X 2 mtri ces
Aand B or inshart, the al gori thmis mot comvergent. Aother possihility is that the conmdation
may ot be backvard stable, becase the entries ~ a1y o byg (@g1 o byy) Wich are explicitly set
to zero by Agorithml my be mch larger than Qe)|| 4| and Q)| B] , respectively. 6 Ths, the
agorithm in[2R , 2, 4], vwichwe the S\Dof 2 hy 2 tri angul ar matrix to guarartee convergence,
are potertially mrarical wstable. @ the other hand, to gurartee mmarical stahility it is
swepested in [18  , 6] that after compating the S\DAf the 2 x 2 triagd ar mtrix C', oe wes U
(say) tofarm(G =U T A then deterrimes Qsuch that GQis lover triangd ar, and fiel 1y deterrimes
V swhthat VT His dsolovwer triagiar. Hwewr, in practice, U TOV mgt ot be dagoml
Wi ch resu ts in divergence. In § 5, ve wll present mmarical exarples illwtrating the failures of
these scheras. In this section, ve propose a rewal gori thmto overcam these shortcommes. W
first discwss the tvo fundanantal al gori thine huil ding Hocks: SIAR and SIARIG

SLAN2 camuites the S\Dof a2 X 2 upper triangul ar matrix

Cy Sy f g Cy —Sy _ op 0
—8, Cu 0 h S & | V0 oy )

Burring over funderflowy SIA2 comutes all of ¢ ws Sus Cyy Sy, 01 and o o torearly ful machire
precision.  Tis algorithmves described hriefly in [10 ], bt mot published in its entivety lor
comleteness, ve incdlude a listing of Iertran code in the appendix, and a staterant and proof

sketch of its error amalysis. A discissed in [10 ], the ligh accwacy of SIBW2 is based on the

fact that the al gori thmses farml as that only contai n prodicts, quotierts, squre roots, sum of
term of like sign, diffrences of commied quantities only when cancellation is impossible, and the
dffrence | f| —| h| of theinpt data, vwhich if cancellation occurs, is exact 7

SIRUGf, g, ¢, s, ) gererates a rotation matrix rot (¢, s) fromf ad g tozero g, i.e., ¢ =f/r
ads =g/r, r = /f?4g 2, bt this is subject to spurios over underfowif ve drectly conpte
themfromthese forml as.  Arore robist vay to commte ¢, s and r can be found in [17 |:

®Throughout, || - || will denote the matrix 2-norm.

"This exact cancellation property, which is essential for the accuracy claim of SLASV?2, requires a guard digit and
so fails on machines like the Cray. On a Cray we retain backward stability of SLASV2, but lose forward stability.
Since the proof uses forward stability of SLASV?2 in an important way, it does not apply to Cray. However, there is
a more complicated proof which does work on the Cray. The reader is invited to try to find it.
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(tende f =0 and g =0 as special cases)
if | fI > gl then

t=g/fitt= VIH 2;c=1/tt; s =t xc; r =f * tt
ese

t=f/g;tt = V1H 2; s =1/tt; c =t * s; 7 =g * t1;
end f

Te sam techni ques wed to aml yze SIHWV in the appendix can be strai ghtfarvard y wed to
showthat the rel ative errar in the conuted ¢ and s is bounded by 6e.

i ng SIARIGand SIAN2, ve present aligh-level deseription of an al gori thmfor conmuti ng
the 2 by 2 G\D later ve wll showthat the proposed al gori thmguarantees mmari cal stahility
and comergence. Wwll we the motation | X =(| z il )

Al gorit hmGSVD22: let Aand Bbe 2x 2 upper triangd ar matrices. The fdlowngal gori thm
comutes the orthoepral matrices U =rot (Cu» &), V=1t (cy, ) ad Q=rat  (cg, 5), suchthat

" i1n 0 - by 0
A=UTxH= [ Y ), B=vTm= (1 .
IAQ ( o1 Q22 BQ b21 b22
are the G\Dof Aand B Ior hrevity, ve omit the part far lover triangd ar matrices, which can
be described similarl y.

compute C' =Aady  (B);
use SLASV2 to conpute the SVD of C: U TCV =X%;
conpute G =U 1A H =V TBH
comute G =| U] A1 = VIT| B ;
/* The angles of U and V are chosen to satisfy the convergence condition (3.4). */
i 1d > b or Lk > Lok then

/¥ Choose Qto zero out (1,2) entries of U' Aand V T B */

762/ 1 H ] ) <hus/(| bl H dol ) then

call SLARTG(—g11, %2, G» S, T) /* Conpute Q froml TA*/

else
call SLARTG(—h11, ha, ¢, §, 1) /* Conpute Q fromV 1B */
end if
A IGQ B IH@ - a1o :O; (;12 =0.
else
/* Choose Qto zero out (2,2) entries of U' Aand V' T B and then suap rous. */
ifg2/(| @1l H @l ) <hao/(| Bl H k| ) then
call SLARTG(—g21, %2, G, &, T) /* Conpute Q froml TA*/
else
call SLARTG(=ha1, Ina, ¢, §, 1) /* Conpute Q fromV 1B */
end if
A IGQ B IH@ - a9o9 :O; (;22 =0.
/* Suup, uhere P =rat (0, 1) */
A~ PA; B~ PB;
U—~UP;V — VP;
end if

Wiowpresent a theoremabout the stahility and camergence of the above al gori thm Qeane
tities wth bars (like ') denote actual comuted quarti ties.
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The or e m Zhe A and B conputed by A gorithmGSVD22 have the fol l ouing properties.
(a) Both are triangul ar;
(b) UTCV is wthin 13| C|| of being diagonal .
(c) The rous of A and B are within Sie|| A| and St B| , respectively, of being parallel.
(d) They are conputed stably, i.e., there exist §Aand 6B uhere || 64| < 37| Al and || 6B
3tte|| Bl , and orthogonal U, V and () such that

A=UT(A+64Q B =V T"(B+BQ

Proof. Walypoeahranch o the al gori thmvhere ()is compted froml/ T Aand wsed to
zero ot the (1,2) ertries of U TAad V' TR the proof far the other cases is simlar. Wwll also
leawe som of the more ted o details of error amalysis to the anhitiows reader.

Wrirst note the fd lowng facts about the al gori thm

Fact 1C =(A+6A 1) ad(B+6B 1) were 64 1 and 6B 1 are smll comporertwse rel ative
perturbations of Aand B
C = aribaa(l4¢ 1) —a11bi2(142% 2) 4a 12011 (142 3) _ a11ba2  —aj big 4 12b7y
0 azbi1(l4¢ 4) 0 a0,

were « /11 = a 11(1 +€ 1), blll =0 11(1 +e€ 4), a’12 = a 12(1 —|—2€ 3)/(1 +e€ 4) and
by =b 12(142 2)/(14€ 1). (Te e ; are independent quantities bounded in ragnitude by

the machite precision €.) So there is at mwst a 3 ulp perturbetion in any ertry, and also

[6ANl < 4| A ad || 6B < 4ef| H| .

Fac t 2T capted Uad V fronSI82 satisfy U=U+U, V =VHV, verelU Tovis
the exact S\Dof C ad §U (§V) is asmll comporentwse rel ative perturbation of U (V)),
bounded by 46. B¢ in each comorent (see the propesitionin the appendix). Tis alsoinplies
| 6Vl <V/2- 46,5 < 66 and || §V[| < 6.

Fac t 3Te errar inthe = g;; (hy;) is bomkd by 48 5 g;; (48 5 ;LZ]) In the factor 48. 5, 2 comas
fromthe romdoffin compting fl (UTA o i (VTB), ad 46.5 coms fromthe errars in U
and V.

Fac t 4l$ing simple geomatry, oe can showthat charging f to f +6f and ¢ to g +6¢ can
chaee ¢ =f/ VfiP4g?2ads =g/ Vfi4g ? toc +6c ad s +6s, respectively, were
Vbe2 +6s 2 < 2(((5f2—|—6g 2)/(f2—|-g 2))1/2‘

Fac t 5Sibrotire SIRIGeonptes ¢ =f/ VIitg 2ads =g/ /s?+4g 2 wthrelative errars
hounded by 6e. This mars the 2 by 2 mtrix rot (¢, s) has an error bounded in rormhy
V2 6 < %

Fac t 6If XandY are 2by-2mtrices, then|| (X Y)—-X Y| <4- e [N - Y]

Wiote that triangiarity (a) holds by comstruction. Wprow (b) as fdlow. Near diagomlity
o UTCV hdd by the high accuracy of Uad V:

UTCv =(U46U) TC(V+V)=U TCV4F
were Iact 2 tells w that to first arder in e

I B <1 60CV] H UTCV]| < 6| Cl| +66]| O =13 C] -
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Nxt. ve prowe assertion (c). The top row of Aad B are trivially parallel by construction
(their second comporents are zero), so ve ol y caisi der the hottomrows. Wkowhy corstruction
thet the bottomrow of U T(A+6A 1)adV T(B46B 1) are parallel. Ths the hottomrow of

G=A(UTA= UTAHF o (U T U TYA+6A | = §A)+F o =U T(A+6A 1) 4F 5

ad H =V T(B+B |)+F 4 arevitlin || F 3| < e|| A and || Fy|| < He|| H| , vespectively, of being
parallel. Hre ve have wed Iacts 1, 2 and 6.

Sofa any Q =Q+6Qthat is wthin % in mormof an orthogoml matrix @ the hottomrows
o Aaxd B are the sam as the bottomrows of

(GQ) = GQ +F 5 =(U T(AHA 1)+ 3)(QHQ+F 5 =U T(AHA )Q+F ¢

adfl (HQ)=V T(B+6B 1)Q+F 7, Wicharevithin || F' || < 87| A and || F7|| < 87| B o being
parallel; ve hawe wsed o bouds on || || and || Fy|| , and Fcts 5and 6. Tis proves assertion (c).

let 7o = gro¢/(lgn| izl ), ad gy = haze/([har| Hhaiz| ). Tenn o (p) is an approxmte
bound on rel ative errar of Qif it is commted froml/ TA(V TB. Inthe branch of the al gori thm
ve casider, B, < 1, and the al gori thmchosses to conute Q) fromly T A Te rerarkable fact is
that evenif e <, sothat the farvard errar in Qis large, the ackvard error in Bis small.

B fielly prowe this assertion (d), ve meed to showthe (1,2) entry of fl (HQ), Wichis zeroed
at toget B, is at mst 26¢|| B| . (Qis chosen to acawately zero ot the (1,2) entry of fl (GQ).)
Erlier ve shoved that Bll =h 11 —|—74€ SH E’ and Bl? =h 12 —|—74€ 9H E’ 5 were h 11 and h 12 are the
exact ertries of V' T(B—I—(SB 1). Nwwite = ¢, =¢ , +0¢ 4 and s, =s ;05 4, Were ¢ 4, ads , are the
exact cosire and sire conputed froml/ T(A+6A 1). Ten

| WHQ)12)l = | (B +T6¢ 10l Bl )5 +9s ¢) Hh 12 476 11]] H| ) +oe o)
= | (hisq +h 12¢0) Hh 11655 +h 126¢) + V2 - Toaz H] )|
| Bl | gls H fel | gle H0%]| B (3.5)

Tere are tw cases, n o < €adn 4 > e Inthe first case, ve wll showos g axd oc , are both
bounded by 175, and so | 1l ((HQ)12)] < 26¢c. Dsee this, we Rt 3 to wite

IN

(48- 5 !511)2 4‘(48 5 !512)2 :(48- 5 911)2 4‘(48 5 !512)2 < (48 55) 2(!7%1 +(| !711| ‘|‘|gf2| 2))

so by Bcts 4 and 5, v/ 0812 H bc¢y|? can be at most

—2 — ~ 2 1/2
9 +2. 48 5 (911 H| g1l Horol )) < I

9t + 9t
Nowve we this boud inirequlity (3.5) toget | fl (HQ)12)] < 26c as desired
In the second case, ve bound | 6512 H b¢y]? by

o - B 1/2

o 42 (48.5 ((eg11) j;(n (i(|2911| Ho 12 )%)) <1 4 .
911 + 912

Pruggi g in to i equel ity (3.5) and wing

[l A

Ul

_ _ € =
|hi1| Hhaal =—hi2 <
Ul
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vields the upper bound

S R e A R e A L

as befare, since 4 > 1,
Tis mars that ve can wite the fial output

(BB )Q+F +F s =V T(B+B | VF QT VF Q1)@= V T(B+BQ

were F' g zeroes ot the (1,2) entry of B and leaves the otlers urchanged. Wjwst shoved || s|| <
26¢|| B| and coningthis wthow earlier bounds of || £ 7| < S|l Bl and|| 6B < 4el| H| yields the
fiel resut || 6B < 377e|| H| . Weansimlarly showthat A =U T(A AQwith|| 64 < 107 4],
wig the fact that Qis conputed to divect]y zero ot the (1,2) entry of A. Tis conglete the proof

of assertion (d). ]

Te costarts in these errar bounds could doubtless be decreased by a nore detailed anal ysis.

4 Summary of the Complete Algorithm

Inthis section, ve present a high-level description of o versionof Rige’s al gori thimfor conpti ng
the (\Ddf tvo upper triangilar mtrices Aand Bof the fam (1.5). et x be a wer chosen
pararater speci fyi ng the raxi nummmber of cycles the al gori thmmay perform(say, © =20). let

P; ; be the identity ratrix wth row ¢ and j interchanged

Al gori t hm GSVD
/¥ Initialization */
cycle : =
E:=r+q+L; /*r and q are defined in (1.5) */
U:=I; V:=I; Q:=I if desired;
/* Mainloop */
o f moncanvergence and cycle < k do
cycle :=cycle H;
do (1, j)-loop
/¥ 2x2GSVD */
Use GSVD22 to ﬁnd UZ']‘, W]‘, Qij froma“', G; 5, Ujy andb“', bl']‘, bjj,‘
/* Updating */
A=l T@ i
B:=V TH2 h
U:=U0U ;5 V:=VV 5 Q=) ;i if desired;
/¥ reordering */
if the (j, j) entry of Bis nonzero, uhere j > 1, then

end if
end of (i, j)-loop
camergence test 1 f cycle is even.
end if
conpute o ; and 3 ;.
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Te (7, j)-loop can be simply chosen as the standard cyclic pivot sequence. It is matural to we
the parallelism(lirear dependency) of the corresponding rowwectors of Aand B at the end of an
even cycle as the stopping criterion of the iteration B reasure the parallelismof tvo k-vectars a

and b to li gh accuracy and despi te possi He over funderfow ve propose the fo lowng schema: first
comute the QRfactarization of the k£ x 2 matrix (||?T||’ ﬁ)

M1t Hi2

a b

or (it ) =0 ).
0 0

and then conpute the singd ar values y 1> 72> 0d the 2X 2 upper triangdar (p ;i) It is dear

that
pr (O by
Ty = 2
Tall T3

raasures the parallelismaf these tvo vectars. ¥ctors @ and b are exactly parallel iffy o =0
ing the abowe described schem as the stopping criterion in Agori thm(SM) let a ;andb

be the ¢-th rowvectars of Aand B respectively, at the end of an evencyde. lor a g ven td erance
e 7, ve take

n
a;
arar = < nr.
2w i ) S

Thi's raars that there are perturbations of size at st nr|| @ il inrowa ; andnr|| b ;|| inrowd ; that
rakes themesactl y parallel. This mears that after naking these perturbations, there vould exist
scalars @ ; and 8 ; such that

Bia; = ;b;, i=l ..., m, (4.1)

were o ; and 3 ; can be chosen so that o 243 2 =1. Hom(4.1), it is seen that there is an upper
triangd ar ratrix B such that

UTQ=dag  (aj)B VI W=dag (5)R
Wichis the desired G\Dof matrices Aand B were o ; and B are the BVpairs.

5 Numerical Experiments

Te muari cal experirarts ve discwss here first campare Agori thm(SMX2 wth previos al go
rithra devel oped by Rige [28 ], Rathet at [20 ], Bi [4], Humarling [18 | and Bjanczyk et ol [6 .
Then ve Wl eval vate Agori thm(E\Dfor di fErent cases of randommatri ces Aand B maasuring
the backward stahility, accuracy, average total mmher of sveeps, rate of comergence, el apsed tim
wen conuiting Vpairs anly, ar both (GVpairs and transformati on matri ces.
Al tests vere parforrad wing KRIBN 77 on a SN spare station 14+ The arithmatic
ves [HHE standard doe precision [1 ], wth a mchire precision of € =2 =3~ 10716 and
over funderflowthreshd d 10 307 Wwse 7 =10 ' as the stoppng cri terion.

5.1 Backward Stability and Accuracy

Bfare ve proceed, it is appropriate to state vwhat ve man by the backunrd stability and the

accuracy of Agorithm(@\M) Te backwrd stahility is defired as fdlow: Iet the conmted

arthogonal matrices be U,V ad @, the dagonal matrices be Y1 and X, and the upper triangd ar
mtrixbe  R. Ten the fdlovng condi tions shou d be satisfied:

HUTU —1I|lr =~ € HVTV —1I|lr =~ € HQTQ —1I|lr =~ € (5. 1)
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107 AQ = S4Rlle ~ nell Alpi V7 BQ = SRl ~ nell Hr. (52
were || - ||p is Ifobenivs morm These assertioms say that to wthin roundofferrar, the computed
matrices U, V and @ are orthogpral, and the rows of UTAQ and VT BQ are parallel.
Te acaracy test of commted (BVrirs by Agori thmG\Dis besed on Sm and Rige’s
perturbation bound of the (BVrirs [32 , 6], wichsap that: if rak  (G) =rak (G) =n, were
G=AT B ad G=(AT,BTY =((A+) T, (B+F) )T, adthe @Vpirs (a4, G) of 4

ad B and (~ a;, 3;) of Aand B are ordered as in (1.4), respectively; then ve hawe

(7)

If ve gererate the mtrices A and B wth kiowm (SVirs, then the abowe perturbation bound
can be wed to maasure the acaracy of the commted (SVpeirs.

JZH:[(% =62 HB i = 52 < V2um {]| Gz, 672 (5.3)

1=1

F

5.2 The numerical comparison of different 2 x 2 GSVD algorithms

Several versians have been proposed for compting the 2 by 2 G\ There are essentially two
kind of scheras:

Schera 1: Hrst comqmte the S\Dof ¢ =A-  adj (B: UTCV =X, then famthe prodict of
G=UTAad H =V TR and firelly comte QfromG such that the (1,2) ar (2 1) entry of GQ
is zero. Mtheratically, it is koow that the (1,2) or (2,1) entry of H Qis automtically zero. Te
al gori thra proposed by Rige [28 ], Rathet al [20 ], and Bi [4 ] fall inthis category.

Schera 11: Hrst comqmte the S\Dof ¢ = A-  adj (B: UTCV =%, famthe product of
G =U T A comte Qsosuchthe (1,2) or (2 1) entry of GQis zero, and firel 1y commte V' to zero
ot the (1,2) or (21) ertry of B2 Te a gorithm proposed by Himarling [ 18 | and Byjanczyk
et al [§ fall inthis category.

B dermnstrate the failure of the first kind of schera, the fdlowng exanple shows that in fii te
precision, the (1,2) or (2,1) entry of the firl B ray be mchlarger than Je)|| H| :

2 0 10
A_(l 10_8)7 B_(3 1)'

WiEh the schem described by Rige [28 ], Rathet al [20 | adBi [4 ], for the comuuted U,V ad
Q, ve hawe

0TAG = ap y _ [ 0 071067 7300000940 0. 212130345591 7919E+01
a9 (0. 00000000000000000EAO0 0. 2887149131931 E— 07 ’

VIB) = @1 _ 0. 31627765187 7900000 0. 9863336511830
by —0. 3395USAABHARE— 08 0. 3162776532710133E+01

If ve rowset the (2,1) entry of B = VTBQ to zero, the Teckward stahility condition (5.2) is
vid ated for ratrix B even though

0. 23606796A0833327EAH0L (0. 000000000CO000000EA00 )

vtev =
0. 13B53605335734E— 16 0. SOUTI6IBATIBE~ (8

B showhowSchera 11 can fail for the sam exanple, wing Hmarling’s mathod [ 18 ], ve hawe

(0. 071067 750000993400 0. 2121320345501 B19F+01
~\ 0. 0000000000000C00OEAH0 0. 8807149131983 E— 07 ’

) _ ( — 0. 3I62TTISTTRIMEAD — 0. QS6B2ENBRIEHD )

=1
—

UTAQ = (

=l
)

Replisl]
[

VvIiBQ =
0. 111023046251565E— 15 — 0. 3162774801

13
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Thus the stahilityis achieved, bt for the compted Uad V, vehae
0TOV = — 0. 2360679640833323F+01 —0. 24012983R1642008E— 07
N 0. RIGBRBHERE— 16 —0. 80M271963664M908E— (B
wWichis mt wthin Je)|| C|| o dagoal fom Tis mans that the comuted A=UTAQ ad
B =VIBQ a by ) oy a by -9
B=V BQ are@ the(S\D.Of Aand B Infact, par (||A||’ ||B||) par (ﬂfi—ﬂ[’ ||b1||) 7.5x 10
Bt wing Agori thm(SMR in § 3.2, ve hawe
0TAQ = ap \ (0. 7071067773631 T06EAH0 0. 21213203148324319F+01
N ay |\ 0. ABURRIGHHE- 16 0. 2232714913193 F— 07 ’
VTBO = @1 0. 3162766065M461E4+H00 0. HSEI3U3LS2B346E+00

N by / \ 0. 00000000000000000F-H00 0. 31627765%2710133F401 ’

and
o ] . 00000000000000000.
0TV = (0. 23606796408332271 01 0. 00 ‘
0. 1788360533574k~ 16 0. 4271963647925 — (R
Thus hothstahi i ty and comergence cond tioms are satisfied, where par (”‘%” , ”%”) A2 par (ﬂ%ﬂ’ H%—in) ~
7®x 10 17,
Recertly, Bjanczyk et al [6 | proposed a variation of Schera 11, i ch ve refer to as the HIV

schera. e HIVschern ves origimelly desigred for treating a matrixtrige (A 1, A, &) Ttis
easy to see that the 2x 2 (B\Dof twomatrices is aspecia case wen o of the mtrices (say, A 3

is the identity). Te BIVschera does sigificantly inprove Humarling's rathod, but it still
sufbrs frampossi He noncomergence.  Ior example, wing the HiVschern, ve see that far the
fdlowng 2 x 2 natrices

Lo oo oo Y (000 10000 cooooonoon
N 0 0.0001 ’ N 0 0.om J’
the comuted orthogoral matri ces U,V and Q by HlVschem satisfy the stahility cond tions
(5.1) and (5.2):
UTAQ _ a; \ 0. 9903719009093 E— —0. 12190163R6363331F— (3
N a / '\ 0. 00000000000000000EAH00 0. 100498621 1T20001 406
VIR 0 = @1 0. 29B1115706299099E— (2 —0. 3649956500566 — (2
N by / '\ 0. 00000000000000000EA0 0. 1004987621 TRGBEAH6
Iwewer, the comted Uad V ot dagonalize the mtrix C:
0TeV = 0. 999999999999999641 01 —0. 67590597726531451F— (9
0 2RITBITRIRE~ 07 (0. 30000000000000023EA+03 ’
sizce the off dagorel elernnts are mch larger 8 than Qe)|| C|| =~ 10 14, par (ﬂ%ﬂ’ Hg—in) =6. 4 x
10 =%, and even par (”‘%H,”%”) =L43x 10 ~'2, sothat the first row of A and B are mot perallel.

®In [6] it is proven that the off diagonal elements should be O(e)||A||||B|| = 107°, which is attained. Since
IC|| = ||Aadj(B)|| < ||A||||B||, our bound is much tighter.
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Bt Agori thnVR yiel &

0T AQ ar |\ [ —0 J00498TR2II08HEH6 (0. 000000000CO00000AEA0
az |\ —0 1218016086583 E— (B —0. 99503719009R63E— 04
VTBO = @1 [ =0, 10049872NAR6EH6 —0. 1818RABH30PE— 11
B by |\ —0 366HA05H21E- (2 —0. 29951115706299099E— (2
and
7 0. 30000000000000028EAH03 0. 16940655HH030007E— 20
UCV_(O.(IIIIIIIIIIIIIIIDE—HD (0. 9999999999909902F (1

a an 52

: b _ a b b a _
st (s i) = Cagps ) =0 adme (s ) < e (e ) =1 210
Te abowe exarpl es showthat Agori thmGMX2 is superiar to all previos scheras.

5.3 Test matrix generation for testing backward stability

B test the backvard stahility of Agori thm(SM) ve wsed the IANKtest matrix generation
sute [11 ] to gererate difBrent types of upper triangdar ratrices Aand B Te conditioning of a
gererated upper triangul ar matrix can be cotrdled by the fdlowng pararaters:
dist specifis the type of probahility distribation to be wed to gererate the randomratri ces:
=U wifamdstribtionon ( 0, 1);
=S wifamdstribtionon( -1, 1);
=N mormal dstribtionon( 0, 1).
cond specifies the reciprocal of the condition mirher of gererated ratrix, cond > L

mode describes howthe singd ar val ves d ; of gererated matrix are to be distri hited:
=l setsd | =ladd ; =l/cond ,i=2 ..., n
=2 setsd ;=L i=lL ... ,n—ladd , =l/cond ;
=3 sets d ; =cond ~-V/(n=1) =1 . n
=4 setsd ; =1— éj (1— ﬁ), =L ..., m
=5 sets d ; torandomin ( 1/cond , 1), their logarithm are unifornhy distri bited;
=06: sets d ; to randommmhers fromsam distribition as the rest of the matrix

Weererated 12 separate classes of upper triangu ar natrices A and B according to difErent
choi ces of paramters dist, cond andmode, since this allow ws toformd fErert types of mtrices
to fairly test the behavior of the algorithm e 12 cdlasses are listed in BHe 5.1. Tws d asses
1 10 6 comsist of vell-conditioned matrices B and the conditioning of matrix Ais changed from
vell toill-conditioned. (Lasses 7 to 10 carsist of vell-conditioned matrices A and the cond tioning
of matrix Bis changed frommoderate toill-conditioned (asses 11 and 12 corsist of mderatel y
condi ti oned matrices Aand B

5.4 Test Results

Wrested the above 12 classes of matrix pairs of drmasion of » =5, 10, 20, 0. In each dass of
dimansion 5 ve gererated 401 natrix peits, in each dass of dinarsion 10 ve gererated 301 matrix
peirs, ineach dass of diransion 20 ve gererated 201 matrix pairs, and in each dass of diransion
50 ve gererated 101 ratrix pairs. This makes a total of 12,048 test ratrix paits.

15
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A B
cdass | dist cond mode | dist cond mode
1 U 10 6 U 10 6
2 U 102 2 S 10 6
3 U 10° 1 N 10 )
4 S 108 3 S 10 6
) S 1012 4 U 10 )
6 S 1014 4 N 10 6
7 N 10 6 N 10° 1
8 N 10 6 U 108 2
9 N 10 6 S 1012 2
10 S 10 6 N 1014 4
11 S 10° 4 N 10° 4
12 S 103 3 N 104 4

"BHe 5.1: Bst matrices

(lass 1 2 3 4 5 6 78 9 10 1 12|
n| 5220 240 202 200 219 218 200 206 20 212 200 19 |
1030 300 29 200 300 30 29 30 20 2% 30 20
0 3% 330 300 219 353 33 306 32 28 3B 32 22

H 400 400 39 300 400 40 38 400 300 400 40 30 |

BHe 5.2 Aerage Ninher of doubl e sweeps

BHe 5.2illwstrates the average nunber of doull e sveeps requi red to comerge wh the td erance
wte r =10 ~!4 vere a dute sveep casists of a sveep of rowardering and a sveep of cdum
ordering,  Nre of 12,048 test mtrix peits failed to comerge. The okserved largest mumber of
douhle sveeps required to comerge vas 5. Te backvard stahility conditias (5.1) and (5.2) held
throghot the test. Te fdlowng quadratic camvergence rate of the al gori thmis typcal of what
ve observed:

cyle ‘ 2 ‘ 4 ‘ 6 ‘ 8
errar =y r_qpar (ag, B) | L5004 | LO22- 10 =% | 9.43%- 10 ~Y | 6.4874- 10 716

were Aand B are 50 X 50 ratrices, the condition mmhers for both mtrices are abot 10 4,

5.5 Test matrix generation for testing accuracy.

B test accuracy of Agori thm(SM) ve generated randommatrices A and B wth know (§V

pirs. Specifically, let ¥ =diag (a;) ad¥ o =diag (/;) be the g ven (SVmirs. Then ve gererated
randomarthogomal matrices U, V'oand Qi farrhy distri bited wth respect to Har maasure, and

a randomupper triangd ar ratrix Rwth specified srallest singdar valwe, and firally forrad

A=Y T ad B=VY R T. (5.4)

Hnce the (SVpairs of Aand Bare kniow to be (a i Bi)-

16
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double sweeps for different n

Type a;, B Onin (R) Aq

5 10 2 40

1 0,1), [{0,1) 10 28 [3m [33 [ 402 [151-10 14
06 |20 |30 [328 | 40 |12 1071
1012 | 207 | 304 | 345 | 421 | &64- 10715
2 1/i2, 1 10 200 | 262 |30 | 30 | 2% 1071
10-6 |20 | 261 |30 | 300 |26 10715
1012 200 | 261 | 300 | 310 |99 - 10715
3 i, 1 10 248 | 306 |39 | 406 |25 104
10-6 | 207 | 300 |39 | 40 |97 1071
1012 |27 | 338 | 400 | 45 |38 10716
4 | 14mod (4, n/4+), 1 10 L0B | 208 |30 | 400 |73 107
10-6 | L0 | 2% [304 | 402 |51 1071
1012 | 108 |35 | 350 | 4% | 1% 10715
5 I— =1 (1= hq) 1 10 206 | 300 | 3% | 44 |39 107"

10-6 | 200 | 300 |36 | 418 |42 1071
10-12 | 200 [ 300 |36 | 420 |60 10715
6 1, cond—(i-1)/(n=1) 10 28 |30 | 3R | 40 | L5 10714
10-6 |20 |27 |30 | 317 |2%. 10716
1012 200 | 200 |30 | 320 |14 10715

‘Bhe 5.3 Aerage dulle sweps and acaracy of canpated (5Vpeits

In this vay ve can gererate randomtest matrices having any distribtion of the SV paits,
and
I Al3" =0 win(G) =0 win(R.

Hice 0 iy (R) (the smallest singdar valve) g ves the conditioning of the desigred test matrix pair.
If a; and f3; are conmted the (SVpeirs by Agori thm($\D) then the quantity

n 1/2
Ay = {Z[(az’ — ) Hp i - ﬂi)z]} rin (B (5.5)
1=1
stodd be (1), were 7 =10 14 is o stopping criterion
Wbesigned six diffrent distributions of the (SVpairs as illwtrated in the second cdum
o BHe 5.3, were @ ; and § ; are mormalized so that « 2482 =1far ¢ =1, ... , nif mecessary,
(10,1),1{0,1)) mars that SV peirs (o i» ) coms fromthe rormalization of a pair of random

nhers froma wiformd stribition on the interval (0,1). cond is the reciprocal of the srallest
sigdar valwe of the mtrix Rin (54). Nte that som of the dstribtios of GV are vell
separated, som of themare highly o wstered ar mltipe.

5.6 Test Results

Weererated several categries of matrix peirs according to three paramaters: the diramsion n,
the smallest sitgidar valwe of R(o min (), and the type of distribation of (8V Wiirst seperated

test matrices wth three possile valwes of o mn(R =110 —¢ 10712 i.e., corespondig to vell,

17
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noderatel y, andill-condi tioned GSVDprobl ens. For each@( R), ve tested matrices of di nension
n = 5,10, 20, 40 with six di flerent distributions of (SVpairs as showedin table 1. This makes a
total of 3 x4 x6=72different classes of matrices. In each class of dinension 5 we generated 301
natrices, ineachclass of di nension 10 ve generated 201 natrices, ineach class of di nension 20 we
generated 101 natrices, and in each class of dinension 40 we generated 51 natrices, for a total of
10,772 test natrix pairs.
Table 5.3 illustrates the average nunber of double sweeps and accuracy of the al gori thmfor
di flerent size of matrices. 'The preprocessing orthogonal transformations of A and B to upper
trapezoidal forms (1.5) are perforned using LINPACK QR deconposition subroutine DQRDC
[19. Inall tests, the backwardstability conditions (5.1) and (5.2) are satisfied, so we do not report
the details here. @ ven the backward stability, we can assune that the backward errors F of A
and F of B satisfy O(||E], || F]) =00 Tor each type of SV distribution, we let the
condi tioning (i.eny §R)) of the (BVDproblens vary fromwell to noderate toill-conditioned,
as indicated in colum 3 of Table 5.3. 'The nunbers in colum 4 to 7 are the average nunbers
of doubl e sweeps needed for convergence. The last columm of the table is the largest valjue of A
conputed fromthe formil a (5.5). W see that all conputed results are as accurate as predicted.
Finally, we briefly report ti mng results. The codes have not been polished intensivelyin order
toreduce the execution tine. The followingtableillustrates the required tine for a 50 by 50 natrix
pait A and B with 5 double sweeps to satisf{y the stopping criterion.

Tininginseconds withr =10"11

wthout U, V, @ withU, V, (

preprocessing 0.28 1.11
iteration 13.11 20.99

Appendix: The SVD of 2 2 Triangular Matrix

In this appendix, for the comenience of the reader, ve include Iémmal and Iahan's 2 by 2
triangdar S\Dalgorithm e al gorithmvas wed in their high relative accuracy hi diagonal

S\Dal gori thm[ 10 ], hut the al gori thmdetails vere ot presented there.

It is koowm that the singular valves of the 2 by 2 upper triangd ar natrix ( '(]; z ) are the
val tes of the unohvi os expression W +0)24g 22/ (f = h)24g 2| , o dichtlehigerisy 1 and
thesmllerisy o= fh| /9. Terigt sirgdar vector row(—s v, G) turms ot to be parallel to(f 2

72, fg). Ater comutingaright sing ar vectar, the correspond g left singd ar vector is deternined
by (¢ u, ) =(fc » 49 v, hsy)/71. Bt copting the singular val ves/vectors directly fromthese
expressias is umwse becawse roundoff can destroy all rel ative accuracy, and they can suffr from
over funderfowin the squared subexpressions even wen the singdar val wes/vectars are far from
ower funderfow threshol s, Tommel  and Téhan have carefully reorgarized the conpatation as
descri bed in the fd lovimg so that barri ng over funderflowand assuring a guard digj t in subtracti on,
all otpt quantities are correct to wthin afewunts in the last Jace (ds). In IHEari thmtic
[1], the code varks carrectly evenif ore matrix ertryis infiite. Qerfowis inpssiHe wless the
largest singd ar val we itself owerflw, or is wthinafewu s of overflow (Onrachives wth partial
owrfow like the Gay owrfowmay ocour if the largest singdar valwe is wthin a factar of 2 of
owrfow) Uderfowis harnhess if underfowis gradual . Qlervise, resuts may correspond to a
matrix mod fied by perturbations of size near the underfowthreshd d

Te error amalysis of the min path of the code depends on the fact that all the operatioms

except tvo are
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mul tiplication and di vision, where the rel ative error of the result is at nost 1 ul plarger
than the sumof the relative errors of the inputs,

addi tion of positive quantities, where the relative error of the result is at nost 1 ulp
larger than the naxi mumof the rel ative errors of the inputs, and

square root, where the relative error of the result is at nost 1 ul p more than half the
rel ative error of the input.

There are also two subtractions in the main code path. The first subtracts original data p=mm

and so has a 1 ulp error. In the second, =erwith 0 < £ 1, the relative error in T can only

be 1 ul p larger than the relative error in . These rules are suffcient to straightforwardly bound
the error in the main code path, provided we ignore second order terms. There is another path
correspondi ng to the case where the offdi agonal ¢is michlarger than the other twonatrix entries,
whi ch is anal yzed mich nore easily. Sunmarizing all these considerations we can easily prove the

Proposition. Barring over /underflow, and assuming there is a guard digit in subt
relative errors in the computed singular values are at most 7ulps, and the r
comput ed singul ar vectors are at most 46.5ulps in each component.

The comments in the foll owi ng code indi cate the error bound i n ul p of each conputed quanti ty.
SURMITNE SV K G H SNIY SMX S\ GR SN, GL)

FAGL GR E G H SN, B SMX SN

Gorputes singul ar val ve decorposition of 2 by 2 triangular ratrix:

[GLSL] . [ FG] . [ GRS\ =] SSMXO0]

[SLGL] [O0H [SRGR] [0 SMN]

Asolute value of SSMXis larger singuar value, Asolute value of SSNIN
is smaller singdar value. Bth GRE24ENR2=1 and GEEF24ENE*2.

aaaaaaaa

.. Piramsters ..

RAL 7ZFR) HNF, QE TW) FIR

PARAFIFR( ZFRD=0.0, FAF =0.5, QB =1.0, TW=2.0, RKIR=4.0)
.. Iocal Scalars ..

IC3CL GEML, SWP
INIEFR PMEX

BAL A TP @& D B
RAL MIR 5 SO SR
C .. Intrimsic Fmctions ..
INRMNICH, SI& S@C

Q

F Gy G By HD L M
T T TG 0

FI'=F

A=A FT)

H'=H

X =1 /* PMX poi nts to maxi mrmbsol ute entry of matrix */

/¥ NwH. ge. HA*/

IK ARQZERD) THEN /* Dagomal matrix */

BX =2
IK A B\/ Q\).IEFS ) THN /* Gise of verylarge Gy FFSis machine epsilon */
GSML =. BISE

SSMX =G /* 1 dp error */
IK HACGTQE ) TEEN
SNIN=RA/ ( A/ HA) /¥ 2 dps error */

SSNIN=( BA/ GA MR /¥ 2 dps error */
BDIF
ar=Qr /* 1 dp error */
SIIT=HT'/ & /* 1 dp error */
SR'=Q% /* 1 dp error */
@C=FT/ & /* 1 dp error */
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END IF
IK GASMAL ) THIN /* Mrmal case */
D= BA- HA /*1 ulp error */
IK DEQ.R\) THN /* Copes with infinte For H*/
L=0N /¥ 0 ups error */
HBE
L=D/ B /* 2 dps error */
BDIF /¥ Mote that 0 < L< 1%/
M=/ FT /¥ 1 dp error; Mte that [Nl < 1/EPS*/
T=TWO- L /¥ 3 ups error; Mte that T> 1%/
NV=NIM /* 3 dps error */
TT =TT /* 7 dps error */
S =SQRT TI}MI) /¥ 5 ups error; Mte that 1 < S< 1 +1/KS*/
IK LEQZERO) THN
R=8BY M) /¥ 0 dps error */
R=S@I LTANM) /¥ 3.5 dps error */
BDIF < Mote that 0 < R< 1 +1/EES */
A=HIF{ 5R) /¥ 6 ups error; Mte that 1 < A< 14| M */
SSNIN=TA/ A /* 7Tdps error */
SSMX =EXFA /* 7Tdps error */

TR NURQ7ZFFRO ) THN
IR LE7FD) THN
T=SI® TR FT)*SIQ QF )

T=/ I ) FT) +M/ T
BDIF
HSE

T=( M/ ( SH)PI/ ( B P QBR)
BDIF

L =S FRFUR)
@T=TW/ L
SEr=T/ L
QAT=( EESEFM) [ A
SIT=( H/ FT)SEL/ A
BDIF
BDIF
IK SWP) TN
CGSL =5RT
SN =T
CGRR=38IT
SMR=7T
HBE
GL=dT
SNL =500
GR=@ET
SNR=SRT
BDIF
C  Correct the sigms of SSMXand SSNIN
I RMXEQL ) BIGN=SIGY QF GR)*SIG{ QF L )*SIGY
I RXFQ2 ) BIG=SIGY QF SNR)*SIG QF GL )*SIGY
IK RMXEQ3 ) BIGI=SIGY QF SNR)SSIGY QF SN )*SIQ{
SMX =SIG{ MK TIQN)
SMN=SG{ SMN BEG QF FSIQ{ QF H) )
RIRY
D

/* Note that Mis very tiny */
/¥ 0 dps error */

/* 6 ups error */

/* 17 ups error */

/* 18.5 ups error */
/¥ 19.5 ups error */
/* 36.5 ups error */
/* 46.5 s error */
/* 45.5 U ps error */

aE F)
aE G)
QF H)
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