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The purpose of this paper is to describe a variation of Paige's algorithm[28 ] for computing the

followinggeneralizedsingular value decomposition(GSVD) introducedbyVanLoan[33 ], andPaige

andSaunders [25 ]. This is also called the quotient singular value decomposition (QSVD) in [8 ].

e o r e m et A IR and B IR have rank (A ; B ) =n. 1 hen there are orthogonal
mat ri ces U, V and Qsuch that

U AQ= 1R; V BQ= 2R; (1: 1)

where Ri s a n� n upper t ri angul ar and nonsi ngul ar, and

1 =

n� �

1

1

� � O1

; 2 =

n� �

� n+ O2

2

n� � 2

; (1: 2)

1 IR and 2 IR � � � � are i dent i t y mat ri ces, O1 IR � � � � and O 2

IR � are ero mat ri ces,

1 =diag (� 1; . . .; � ); 2 =diag ( 1; . . .; ); (1: 3)

1 � 1 � � � � 0; 0 1 � � � �� 1; �2
i
+ 2

i
=1: (1: 4)
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Th e GSVD Al g o r i t hm 2

The GSVDis a generalization of the singular value decomposition (SVD) in the sense that if B is

the identitymatrix, then the GSVDof AandB is the SVDof A. Moreover, if B is nonsingular,

thenthe GSVDof AandBreduces to the SVDof AB �1. If (A ; B ) has orthonormal columns,

thenthe GSVDof AandBis theCSdecomposition[31 ]. The pairs (� i; i) de�nedbythe diagonal

elements of 1 and 2 are called the general i ed si ngul ar val ue pai rs S pai rs . The quotient

�i =� i= i is called a general i ed si ngul ar val ue S . Note that the � i are the square roots of

the eigenvalues of the symmetric pencil A A� �B B.

The GSVDof twomatrices AandB is a tool usedinmanyapplications, suchas the Kronecker

canonical formof ageneral matrixpencil [22 ], the linearly constrainedleast-squares problem[35 , 5],

the general Gauss-Markovlinear model [27 , 3], the generalizedtotal least squares problem[21 ], and

real time signal processing [30 ]. As a further generalization of the SVD, Ewerbring and Luk [13 ],

Zha [36 ] proposeda generalized SVDfor matrix triplets, andDe Moor, Golub andZha [8 , 9] have

generalized the SVDintoa factorizationof anynumber of matrices. For all these applications and

multi-matrix generalization of the SVD, the development of a stable and e�cient algorithmfor

computing the GSVDof twomatrices is a basic problem.

Stewart [31 ] and VanLoan [34 ] proposed two algorithms for computing the GSVD. Their al-

gorithms have two phases: The �rst phase is to compute the QRdecomposition (or the SVDif

necessary) of (A ; B ) . The second phase is to compute the CS decomposition. Paige's algo-

rithmis a Jacobi-Kogbetliantz approach [28 ], which applies orthogonal transformations toAand

B separatelywithout the CSdecomposition. It also has twophases:

(1) Reduce matrices AandB to the following forms

U A =

n�

A11 A12 A1

0 0 0

� 0 0 0

; V B =

n�

B11 B12 B1

0 B22 B2

� 0 0 0

; (1: 5)

where � matrix U and � matrix V are orthogonal, is a n� n permutation matrix,

A11 IR is nonsingular upper triangular, B 11 IR is upper triangular, = + , and if

0, B22 IR is nonsingular upper triangular.

(2) Compute the GSVDof twon� n upper triangular matrices of forms (1.5) bya generalized

Kogbetliantz algorithm 2.

Phase 1 canbe done �rst by the QRfactorizationwith column pivoting [17 ] of matrixAand

determine the rank of A, meanwhile permuting the columns of matrixB in the same way, and

then applying the QRfactorizationwith column pivoting to the block of the last � rows and

n� columns of B and obtain the rank of the block this yields the forms (1.5) [4 ]. Phase 2 is

iterative.

In this paper, we will present a variationof Paige's algorithmfor computing the GSVD. There

are twoinnovations. The �rst is as follows: in [28 ], it is assumed(without providingdetail) that in

(1.5) the nonzero part of V B has full rowrank. It is knownthat it is complicated to choose V

toguarantee this conditionand maynot be apermutationmatrix. However inthe preprocessing

step(1.5), wedonot require this condition, andsowe cansimplyuse conventional QRfactorization

with column pivoting. Moreover, note that the GSVDis independent of column scaling of Aand

B. The forms (1.5) preserve this property.

The second innovationis a new2by2 triangular GSVDalgorithm, whichconstitutes the inner

loopof Paige's algorithm. Wewill present proofs of stabilityandhighaccuracyof our method, and

demonstrate it using examples onwhichall previous algorithms fail. Hereafter, we assume that A

andBhave beenpreprocessed to the upper trapezoidal forms (1.5).

2



Th e GSVD Al g o r i t hm 3

The numerical technique developed in this paper can be extended to deal with the numerical

computationof other closely relateddecompositions suchas the CSdecompositionandthe product

SVDof twomatrices [20 , 15]. We will not go into the details.

The rest of the paper is organized as the follows: 2 reviews the Kogbetliantz algorithmfor

computingthe SVDof atriangular matrix, andPaige's generalizationof theKogbetliantz algorithm

for computingtheGSVD. 3explores the inner loopof Paige's algorithm, whichincludes theGSVD

of a 2� 2 matrix in terms of exact and 
oating point arithmetic. In 4, we describe the overall

algorithm. The last section reports the results of numerical experiments. In the appendix, we

include Demmel and Kahan's 2� 2 triangular SVDcode, which has not been published in its

entiretybefore, andplays an important role in our algorithm.

ai ge s S l gor i t

To describe Paige's algorithm, we �rst reviewthe Kogbetliantz algorithm[23 ] for computing the

SVDof an upper triangular matrix A. Then we describe Paige's algorithmfor computing the

GSVDof AandBwithBnonsingular. Finally, we discuss howto generalize the idea to the case

where B is i l l-conditioned or singular.

.

The Kogbetliantz algorithm[23 ] is a kind of Jacobi scheme. Assume that the th transformation

of the algorithmoperates on the rows and columns and of A, let A i be the 2� 2 submatrix

subtended by rows and columns and of A. Let the rotation matrices U =rot (cu; su) and

V =rot (cv; sv) be chosen so that

U Ai V =diag (
i i; 
 )

is the SVDof A i
, where c u =cos ; su =sin and c v =cos ; sv =sin . Let U and V be

identitymatrices with ( ; ), ( ; ), ( ; ) and ( ; ) elements replaced by the (1,1), (1,2), (2,1) and

(2,2) elements of U andV respectively. Then let

A 1 = U A V ;

where A =A. After the �rst sweepthroughall the ( ; ) in rowcyclic order, anupper triangular

matrix A will become lower triangular. The second sweep will restore upper triangular form,

and so on [20 , 19]. There is a literature on the di�erent sweep orders for sequential and parallel

computations besides the conventional rowandcolumnorder, for example [24 ].

Forsythe andHenrici [16 ] considered the convergence of the rowcyclic Kogbetliantz algorithm.

Fernando [14 ] proveda global convergence theoremunder the assumption that one of the rotation

angles ; at each( ; ) transformationlies in a closed interval (� =2; =2), i.e.,

or ; =1; 2; . . . ; : (2: 1)

This is the condition that our algorithmwill satisfy. Furthermore, it has been proved that the

cyclic Kogbetliantz algorithmultimately converges quadratically [29 , 2, 7].

3



Th e GSVD Al g o r i t hm 4

.

We beginbycomputing the GSVDof twoupper triangular matrices AandBwithBnonsingular.

It is known that this is equivalent to computing the SVDof the triangular matrix =AB �1.

Of course, it is unwise to form explicitly. We note that a sweep of the Kogbetliantz algorithm

applied to will make it lower triangular. This means that there are orthogonal matrices U 1 and

V1 suchthat

U
1

V1 = 1; (2: 2)

where 1 is lower triangular. Recasting (2.2) as U 1
A= 1V1 B, we see that if we candetermine

anorthogonal matrixQ 1 satisfying

U
1
AQ 1 =A 1; V

1
BQ 1 =B 1;

where A 1 andB 1 are lower triangular, then 1 =A 1B
�1

1
. This means that using a sweep of the

Kogbetliantz algorithmon the upper triangular to get the lower triangular 1 is equivalent to

the problemof �nding orthogonal matrices U 1; V1 andQ 1 so that U 1
AQ 1 andV

1
BQ 1 are lower

triangular. Heath et al [20 ], Paige [28 ] and Hari and Veseli�c [19 ] have shown that we may take

advantage of the triangular structures of AandB and the ordering of sweeps to get the desired

orthogonal transformations U 1; V1 and Q 1 without forming AB �1 explicitly. Speci�cally, at the

( ; ) transformation, the needed 2� 2 submatrix i of is givenby

i =A i B
�1

i
= i i i

0
i i i

0

�1

; (2: 3)

where
i
and

i
are the elements subtended by the rows and columns and of the updatedA

andB, respectively. Byusing the SVDof
i : Ui i Vi =diag (ci i; c ), we have

U
i
Ai =diag (ci i; c )V

i
Bi :

This shows that the corresponding rows of U
i
Ai and V

i
Bi are parallel. Hence if we choose

rotationQ i so that V
i
Bi Qi is lower triangular, thenU

i
Ai Qi must also be lower triangular,

which is just the GSVDof the 2� 2 triangular matrices A i and B i . With this observation,

we see that after completing a sweep in roworder, the desired U 1, V1 andQ 1 are the products

U12U1 � � �U
�1 , V12V1 � � �V

�1 and Q 12Q1 � � �Q
�1 , respectively. By the end of the row

cyclic sweep, we obtain lower triangular matrices A 1 andB 1.4 Then the next sweep consists of

zeroing lower o�-diagonal elements of 1 =A 1B
�1

1
incolumnorder to returnit toupper triangular

form, and so on. Overall, we are actually carrying out the Kogbetliantz algorithmto diagonalize

the implicitly de�nedmatrix . Uponconvergence, this givesU (AB �1)V = , adiagonal matrix.

That is

U AQ= � V BQ;

i .e., the throws of U AQandV BQare parallel, which is the desiredGSVDof AandB.

In general, if B is i l l-conditioned with respect to inversionor B is singular after phase 1, then

usingB �1

i
is not recommended. Paige [28 ] suggests using

i =A i � adj(Bi ) =
i i i

0

�
i

0 i i

(2: 4)

4



Th e GSVD Al g o r i t hm 5

insteadof i in(2.3), whereadj (Bi ) stands for theadjugateof B i . SinceB i � adj(Bi ) =det (Bi ) ,

it seems to be direct and natural to use adj (Bi ) instead of B
�1

i
. The incorporation of (2.4) into

the above procedure circumvents the numerical di�culties whenB i is i l l-conditionedwithrespect

to inversionor B i is singular. But it also introduces twoquestions. First, are there stil l rotation

matrices U i ; Vi and Q i such that U
i
Ai Qi and V

i
Bi Qi are the GSVDof 2 by 2 matrices

Ai andB i Second, does the scheme converge to our required GSVDforms of AandB The

following sectionwill address these questions.

e S of r i angul ar at r i ces

As we see in 2, the kernel of computing the GSVDusing a generalizedKogbetliantz algorithmis

the computationof the GSVDof 2 by2matrices. In this section, we �rst discuss the computation

of the 2� 2 GSVDfor di�erent possible 2� 2matrices A i andB i in exact arithmetic, and then

we will discuss the computation in the presence of 
oating point arithmetic.

.

When A and B are processed to have upper trapezoidal forms (1.5), we see that at the ( ; )

transformation, the 2� 2matrices AandBare of the forms 5

A= 11 12

0 22

and B= 11 12

0 22

; (3: 1)

where 11 =0, if Ais nonzero. We have the following lemma:

e mm here e i st 2� 2 rotat i on mat ri ces U; V and Q, such that

A =U AQ= 11 0

21 22

; B =V BQ= 11 0

21 22

i s t he S of Aand B. oreover,

a 11 =0 i f A i s non ero,
b 22 =0 i f both Aand B are non ero, e cept t hat

c i f t he rst rows of Aand Bare paral l el and the second rows are ero, t hen U=V = , and
Qcan be chosen to ero the , ent ri es of Aand B simul t aneousl y.

Pr o o . The proof proceeds by considering all possible cases. If B is nonsingular, the lemma

follows immediately by 2.2. If Aor B is zero, the results are trivial. The remaining cases are for

B singular but not zero. This includes the following three cases, where =A� adj (B):

(1) B= 11 12

0 0
with 11 =0. In this case, =

0 12 11 � 11 12

0 22 11

0 c12
0 c22

.

If c12 =0, i.e., the �rst rowvectors of A and B are parallel, then if c 22 is also equal to zero,

U=V = . Q i is chosento zero (1,2) entryof Aandmust also zero the (1,2) entryof B, yielding

the result (c). If c 22 =0, thenbothU andV are chosenas permutationmatrices. Qis chosen to

zero the (1,2) entryof U A.

If c12 =0, thenU is chosen to zero (2,2) entry of andV =rot (0; 1). V B has second row

nonzero. The lemma follows bychoosingQto zero (1,2) entryof U A.

5
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(2)B=
0 12

0 22

with 22 =0. Hence = 11

22 � 12

0 0
: ThenU= , andV is chosen

tozero (1,2) entryof , i.e. to zero the (1,2) entryof B. The lemma follows bychoosingQtozero

(1,2) entryof A.

(3) B=
0 12

0 0
with 12 =0. We see that =

0 � 11 12

0 0
. Then we can choose

U= , V =rot (0; 1). Therefore the secondrowof V Bis nonzero. The lemma follows bychoosing

Qto zero (1,2) entryof U A.

It has been shownby induction (see [28 , 4]) that with the properties of Lemma 1, a sweep in

roworder withpossible reordering takes the initial upper trapezoidal forms (1.5) of AandB into

the forms

A1 =U 1
AQ 1 =

n�

A11 0

n� 0 0
; B1 =V 1

BQ 1 =

n�

B11 0

n� B21 B22

; (3: 2)

where A 11, B11 andB 22 are lower triangular, andA 11, B22 are nonsingular. B 11 maybe singular,

but there must exist nonzero diagonal elements in the nonzero rows of B 11.

From(3.2), we see that at ( ; ) transformationin columnordering, the 2� 2matrices Aand

B are lower triangular matrices, where if A is singular, then A is either the zero matrix or its

second rowis zero, andmoreover, if 22 =0, then 21 =0. By a similar argument as in Lemma

1, we can showthat there are 2� 2 orthogonal matrices U, V andQsuch that A =U AQand

B =V BQbothare upper triangular, andthe GSVDof AandB. The proof of Lemma1suggests

the following algorithm, where for brevity, we omit the part for lower triangular matrices.

Al g o r i t m (The 2� 2GSVDalgorithm).

f orm =A� adj (B)

compute the S of U V =di ag (�1; �2)

f ormthe product s =U A, =V B

i f Ai s non ero, t hen
det ermine Qt o ero out , ent ry of

el se
det ermine Qt o ero out , ent ry of

end i f

A = Q B = Q 12 =0 12 =0

Again, from[28 , 4], at the endof the secondsweep, we haveA 2 =U 2
A1Q2 andB 2 =V 2

B1Q2,

suchthat

A2 =

1 2 n�

1 A11 A12 A1

2 0 A22 A2

n� 0 0 0

; B2 =

1 2 n�

1 0 0 0

2 0 B22 B2

n� 0 0 B

; (3: 3)

where A 11; A22; B22 andB are upper triangular matrices and nonsingular, 1 + 2 = . Hence

there is a unique (n� 1)� (n� 1) upper triangular matrixT suchthat

A22 A2

0 0
=T

B22 B2

0 B
:

This implies that the rest of computation is essentially equivalent to computing the SVDof the

implici tly de�nedmatrixT. Bythe global convergence theoryof the cyclic Kogbetliantz algorithm
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(see 2.1), we have

T ; (3: 4)

where is a diagonal matrix, and the convergence is ultimately quadratic, provided the rotation

angles of U and V obey (2.1). (3.4) implies that there exists diagonal matrices 1 and 2 with
2
1
+ 2

2
= , andanupper triangular matrixR, suchthat

A2 1R; and B2 2R;

whichgives the desiredGSVDof AandB.

.

In this section, we will use the usual model of 
oating point arithmetic: barring over/under
ow,


( ) =(1+ )( ) where is one of the basic operations +; �; �; and j j � where is

the machine roundo�. This model eliminates machines like Crays without guard digits, but with

some e�ort all the results canbe extended to these machines as well.

Whenusing
oatingpoint arithmetic, roundo�cancause the rowvectors of A and B computed

byAlgorithm1 not to be parallel. This means A and B are not the GSVDof the 2� 2matrices

AandB, or in short, the algorithmis not convergent. Another possibil i ty is that the computation

may not be backward stable, because the entries 12 or 12 ( 21 or 21) which are explici tly set

to zero byAlgorithm1maybe much larger thanO( )k Ak andO( )k Bk , respectively. 6 Thus, the

algorithms in [28 , 20, 4], whichuse the SVDof 2 by2 triangular matrix to guarantee convergence,

are potentially numerical unstable. On the other hand, to guarantee numerical stabil ity, it is

suggested in [18 , 6] that after computing the SVDof the 2� 2 triangular matrix , one uses U

(say) toform =U A, thendetermines Qsuchthat Qis lower triangular, and�nallydetermines

V such that V BQis also lower triangular. However, in practice, U V might not be diagonal,

which results in divergence. In 5, we will present numerical examples il lustrating the failures of

these schemes. In this section, we propose a newalgorithmto overcome these shortcomings. We

�rst discuss the two fundamental algorithmic building blocks: SLASV2 andSLARTG.

SLASV2 computes the SVDof a 2� 2 upper triangular matrix

cu su
�s

u
c
u

f g

0 h

cv �sv
s
v

c
v

=
�1 0

0 �2
:

Barring over/under
ow, SLASV2 computes all of c u, su, cv, sv, �1 and � 2 to nearly full machine

precision. This algorithmwas described brie
y in [10 ], but not published in its entirety. For

completeness, we include a listing of Fortran code in the appendix, and a statement and proof

sketch of its error analysis. As discussed in [10 ], the high accuracy of SLASV2 is based on the

fact that the algorithmuses formulas that only containproducts, quotients, square roots, sums of

terms of like sign, di�erences of computedquantities onlywhencancellation is impossible, andthe

di�erence j f j � j hj of the input data, which, if cancellation occurs, is exact .

SLARTG(f; g; c; s; ) generates a rotationmatrix rot (c; s) fromf and g to zero g, i .e., c =f=

and s =g= , = f2 +g 2, but this is subject to spurious over/under
owif we directly compute

themfromthese formulas. Amore robust wayto compute c, s and canbe found in [17 ]:

6
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(handle f =0 andg =0 as special cases)

if j f j j gj then

=g=f = 1+ 2 c =1= s = c =f

else

=f=g = 1+ 2 s =1= c = s =g

endif

The same techniques used to analyze SLASV2 in the appendix can be straightforwardly used to

showthat the relative error in the computed c and s is boundedby6 .

UsingSLARTGandSLASV2, wepresent ahigh-level descriptionof analgorithmfor computing

the 2 by2 GSVD. Later we will showthat the proposed algorithmguarantees numerical stabil ity

andconvergence. We will use the notation j Xj =(j i j ).

Al g o r i t m : LetAandBbe 2�2upper triangular matrices. The followingalgorithm

computes the orthogonal matrices U=rot (cu; su), V =rot (cv; sv) andQ=rot (c ; s ), suchthat

A =U AQ= 11 0

21 22

; B =V BQ= 11 0

21 22

are the GSVDof AandB. For brevity, we omit the part for lower triangular matrices, whichcan

be described similarly.

compute =Aadj (B)

use S AS to compute the S of U V =

compute =U A =V B

compute =j Uj j Aj =j V j j Bj

/ he angl es of U and V are chosen to sat i sf y t he convergence condi t i on . 4 . /
i f j cuj j suj or j cvj j svj t hen

/ hoose Qt o ero out , ent ri es of U Aand V B /
i f g12=(j g11j +j g12j )�h12=(j h11j +j h12j ) t hen

cal l S A (�g11; g12; c ; s ; ) / ompute f romU A /
el se

cal l S A (�h11; h12; c ; s ; ) / ompute f romV B /

end i f

A = Q B = Q 12 =0 12 =0.

el se
/ hoose Qt o ero out , ent ri es of U Aand V B and then swap rows. /

i f g22=(j g21j +j g22j )�h22=(j h21j +j h22j ) t hen
cal l S A (�g21; g22; c ; s ; ) / ompute f romU A /

el se
cal l S A (�h21; h22; c ; s ; ) / ompute f romV B /

end i f

A = Q B = Q 22 =0 22 =0.
/ Swap, where =rot (0; 1) /

A A B B

U U V V

end i f

We nowpresent a theoremabout the stability and convergence of the above algorithm. Quan-

tities withbars (like �) denote actual computedquantities.
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e o r e m he A and B computed by Al gori t hm S have the f ol l owi ng propert i es.

a Both are t ri angul ar
b �U � �V i s wi t hi n 132 k �k of bei ng di agonal .

c he rows of �
A and �

B are wi thi n 87 k Ak and 87 k Bk , respect i vel y, of bei ng paral l el .
d hey are computed stabl y, i . e. , t here e i st Aand B, where k Ak � 377 k Ak and k Bk =

377 k Bk , and orthogonal U; V and Qsuch that

�
A =U (A+ A)Q; �

B =V (B+ B)Q;

Pr o o . We only prove abranchof the algorithmwhere Qis computed fromU Aandused to

zero out the (1,2) entries of U AandV B the proof for the other cases is similar. We will also

leave some of the more tedious details of error analysis to the ambitious reader.

We �rst note the following facts about the algorithm:

c t .� =(A+ A 1) � adj(B+ B 1) where A 1 and B 1 are small componentwise relative

perturbations of AandB:

� = 11 22(1+ 1) � 11 12(1+2 2) + 12 11(1+2 )

0 22 11(1+ 4)
= 11 22 � 11 12 + 12 11

0 22 11

where
11

= 11(1 + 1), 11
= 11(1 + 4), 12

= 12(1 +2 )=(1 + 4) and

12
= 12(1+2 2)=(1+ 1). (The i are independent quantities bounded in magnitude by

the machine precision .) So there is at most a 3 ulp perturbation in any entry, and also

k A1k � 4 k Ak and k B1k � 4 k Bk .

c t .The computed �U and �V fromSLASV2 satisfy �U =U+ U, �V =V + V , where U �V is

the exact SVDof � and U ( V) is a small componentwise relative perturbation of U (V),

boundedby46: 5 ineachcomponent (see the propositioninthe appendix). This also implies

k Uk � 2 � 46: 5 66 andk Vk 66 .

c t .The error in the � gi (�hi ) is bounded by 48: 5 �g
i
(48: 5

�
hi ). In the factor 48: 5, 2 comes

fromthe roundo� in computing 
 (U A) or 
 (V B), and 46: 5 comes fromthe errors in U

andV .

c t .Using simple geometry, one can showthat changing f to f + f and g to g + g can

change c =f= f2 +g 2 and s = g= f2 +g 2 to c + c and s + s, respectively, where

c2 + s 2 � 2(( f 2 + g 2)=(f 2 +g 2))1 2.

c t .Subroutine SLARTGcomputes c =f= f2 +g 2 and s =g= s2 +g 2 with relative errors

bounded by 6 . This means the 2 by 2 matrix rot (c; s) has an error bounded in normby

2 � 6 9 .

c t .If Xand are 2-by-2matrices, thenk 
 (X� )�X� k � 4� � k Xk � k k .

We note that triangularity(a) holds byconstruction. We prove (b) as follows. Near diagonality

of �U � �V holds bythe high accuracy of �U and �V :

�U � �V =(U+ U) �(V + V) =U �V +F 1

where Fact 2 tells us that to �rst order in

k F1k � k U �Vk +k U � V k � 66 k �k +66 k �k =132 k �k :
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Next we prove assertion (c). The top rows of �
A and �

B are trivially parallel by construction

(their secondcomponents are zero), sowe onlyconsider the bottomrows. We knowbyconstruction

that the bottomrows of U (A+ A 1) andV (B+ B 1) are parallel. Thus the bottomrows of

� =
 ( �U A) = �U A+F 2 =(U + U )(A+ A 1 � A1) +F 2 =U (A+ A 1)+F

and � =V (B+ B 1) +F 4 are within k F k � 74 k Ak and k F4k � 74 k Bk , respectively, of being

parallel. Here we have usedFacts 1, 2 and6.

So for any �Q =Q+ Qthat is within 9 in normof an orthogonal matrixQ, the bottomrows

of �
A and �

B are the same as the bottomrows of


( � �Q) = � �Q +F 5 =(U (A+ A 1) +F )(Q+ Q)+F 5 =U (A+ A 1)Q+F 6

and
 ( � �Q) =V (B+ B 1)Q+F , whichare within k F 6k � 87 k Ak andk F k � 87 k Bk of being

parallel we have usedour bounds onk F k andk F4k , andFacts 5 and6. This proves assertion(c).

Let = �g12 =(j �g11j +j �g12j ), and =
�
h12 =(j�h11j +j�h12j ). Then ( ) is an approximate

bound on relative error of Qi f it is computed fromU A( V B). In the branchof the algorithm

we consider, � , and the algorithmchooses to compute QfromU A. The remarkable fact is

that even if , so that the forwarderror inQis large, the backwarderror inB is small.

To�nally prove this assertion (d), we need to showthe (1,2) entry of 
 ( � �Q), which is zeroed

out to get B, is at most 286 k Bk . (Qis chosento accurately zero out the (1,2) entry of 
 ( � �Q).)

Earlier we showedthat �h11 =h 11 +74 k Bk and �h12 =h 12 +74 k Bk , where h 11 andh 12 are the

exact entries of V (B+ B 1). Nowwrite � c =c + c and �s =s + s , where c and s are the

exact cosine andsine computed fromU (A+ A 1). Then

j 
(( � �Q)12)j = j (h11 +76 1 k Bk )(s + s ) +(h 12 +76 11k Bk )(c + c )j

= j (h11s +h 12c ) +(h 11 s +h 12 c ) + 2 � 7612k Bk )j

� j h11j j sj +j h12j j cj +108 k Bk (3.5)

There are two cases, and . In the �rst case, we will show s and c are both

bounded by175 , and so j 
 (( � �Q)12)j � 286 . To see this, use Fact 3 towrite

(48: 5 �g11)
2 +(48: 5 �g12)

2 =(48: 5 � g11)
2 +(48: 5 �g12)

2 � (48: 5 ) 2(�g2
11
+(j �g11j +j �g12j )

2)

so byFacts 4 and5, j sj2 +j c j2 canbe at most

9 +2� 48: 5
�g2
11
+(j �g11j +j�g12j

2)

�g2
11
+�g2

12

1 2

� 178 :

Nowwe use this bound in inequality (3.5) to get j 
 (( � �Q)12)j � 286 as desired.

In the secondcase, we bound j sj2 +j c j2 by

9 +2
48: 52(( �g11)2 +( (j �g11j +j �g12j ))2)

�g2
11
+�g2

12

1 2

� 178 :

Plugging in to inequality (3.5) andusing

j�h11j +j�h12j =
�
h12 �

k Bk
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yields the upper bound

j 
(( � �Q)12)j � (j h11j +j h12j ) � 178 +108 k Bk �
k Bk

� 178 +108 k Bk =286 k Bk

as before, since .

This means that we canwrite the �nal output

�
B =V (B+ B 1)Q+F +F =V (B+ B 1 +VF Q +VF Q )Q V (B+ B)Q

where F zeroes out the (1,2) entryof �
B and leaves the others unchanged. We just showedk F k �

286 k Bk andcombingthis withour earlier bounds of k F k � 87 k Bk andk B1k � 4 k Bk yields the

�nal result k Bk � 377 k Bk . We cansimilarly showthat �
A =U (A+A)Qwithk Ak � 107 k Ak ,

using the fact thatQis computedtodirectly zeroout the (1,2) entryof �
A. This complete the proof

of assertion(d).

The constants in these error bounds could doubtless be decreasedbyamore detailed analysis.

Su ar of t e o pl et e l gor i t

Inthis section, we present ahigh-level descriptionof our versionof Paige's algorithmfor computing

the GSVDof two upper triangular matrices AandB of the forms (1.5). Let be a user chosen

parameter specifying the maximumnumber of cycles the algorithmmayperform(say, =20). Let

i be the identitymatrixwith rows and interchanged.

Al g o r i t m

/ Ini t i al i at i on /

c c :=0

:= + +1 / and are de ned i n . 5 /

U := V := Q:= i f desi red
/ ai n l oop /
i f nonconvergence and c c � do

c c :=c c +1

do ( ; ) l oop

/ 2� 2 S /
se S to nd U

i
; V

i
; Q

i
f rom

i i, i
, and

i i, i
,

/ pdat i ng /
A:=U

i
AQ i

B:=V
i
BQ

i

U :=UU i V :=VV i Q:=QQ i i f desi red
/ reorderi ng /
i f t he ( ; ) ent ry of B i s non ero, where , t hen

A:=A

B:= B

V :=VV Q:=Q i f desi red
:= +1

end i f
end of ( ; ) l oop

convergence test i f c c i s even.
end i f

compute � i and i.
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The ( ; )-loop can be simply chosen as the standard cyclic pivot sequence. It is natural to use

the parallel ism(linear dependency) of the corresponding rowvectors of AandB at the end of an

evencycle as the stopping criterion of the iteration. Tomeasure the parallel i smof two -vectors

and tohighaccuracyanddespite possible over/under
ow, we propose the following scheme: �rst

compute the QRfactorizationof the � 2matrix ; :

Q
k k

;
k k

=
11 12

0 22

0 0

;

and then compute the singular values 
 1 
2 0 of the 2� 2 upper triangular ( i ). It is clear

that

par (
k k

;
k k

) 
2

measures the parallel i smof these twovectors. Vectors and are exactly parallel i�
 2 =0.

Using the above described scheme as the stopping criterion inAlgorithmGSVD, let
i and i

be the -throwvectors of AandB, respectively, at the endof anevencycle. For a giventolerance

value � , we take

error =
i 1

par (
i

k ik
;

i

k ik
)� n�:

This means that there are perturbations of size at most n� k ik inrow i andn� k ik inrow i that

makes themexactly parallel. This means that after making these perturbations, there wouldexist

scalars � i and i suchthat

i i =� i i; =1; . . . ; n; (4: 1)

where � i and i can be chosen so that � 2

i
+ 2

i
=1. From(4.1), it is seen that there is an upper

triangular matrixR, suchthat

U AQ=diag (�i)R; V BQ=diag ( i)R;

which is the desiredGSVDof matrices AandB, where � i and i are the GSVpairs.

u er i cal xper i ent s

The numerical experiments we discuss here �rst compare AlgorithmGSVD22 withprevious algo-

rithms developedbyPaige [28 ], Heathet at [20 ], Bai [4 ], Hammarling [18 ] andBojanczyket al [6 ].

Thenwewill evaluate AlgorithmGSVDfor di�erent cases of randommatrices AandB, measuring

the backwardstability, accuracy, average total number of sweeps, rate of convergence, elapsedtime

when computingGSVpairs only, or bothGSVpairs and transformationmatrices.

All tests were performed using FORTRAN77 on a SUNsparc station 1+. The arithmetic

was IEEE standard double precision [1 ], with a machine precision of =2 �5 � 10�16 and

over/under
owthreshold 10 . We use � =10 �14 as the stopping criterion.

.

Before we proceed, it is appropriate to state what we mean by the bac ward stabi l i t y and the

accuracy of AlgorithmGSVD. The backward stability is de�ned as follows: Let the computed

orthogonal matrices be �U , �V and �Q, the diagonal matrices be �
1 and �

2, andthe upper triangular

matrix be �R. Then the following conditions should be satis�ed:

k �U �U � k � k �V �V � k � k �Q �Q� k � (5: 1)
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k �U A �Q� �
1
�Rk � n k Ak k �V B �Q � �

2
�Rk � n k Bk ; (5: 2)

where k � k is Frobenius norm. These assertions saythat towithin roundo�error, the computed

matrices �U , �V and �Q are orthogonal, andthe rows of �U A �Q and �V B �Q are parallel.

The accuracy test of computed GSVpairs by AlgorithmGSVDis based on Sun and Paige's

perturbation bound of the GSVpairs [32 , 26], which says that: if rank ( ) =rank ( ) =n, where

=(A ; B ) , and =( A ;B ) =((A+E) ; (B+F) ) , and the GSVpairs (� i; i) of A

andB, and( �i; i
) of A and B are ordered as in (1.4), respectively, thenwe have

i 1

[(�i � �i)2 +( i � i
)2] � 2min k k2; k k2

E

F
: (5: 3)

If we generate the matrices AandBwith knownGSVpairs, then the above perturbation bound

canbe used tomeasure the accuracy of the computedGSVpairs.

.

Several versions have been proposed for computing the 2 by 2 GSVD. There are essentially two

kinds of schemes:

Scheme I: First compute the SVDof =A� adj (B): U V = , then formthe product of

=U Aand =V B, and�nally compute Qfrom suchthat the (1,2) or (2,1) entryof Q

is zero. Mathematically, it is knownthat the (1,2) or (2,1) entryof Qis automatically zero. The

algorithms proposedbyPaige [28 ], Heathet al [20 ], andBai [4 ] fall in this category.

Scheme II: First compute the SVDof =A� adj (B): U V = , formthe product of

=U A, computeQso suchthe (1,2) or (2,1) entryof Qis zero, and�nally compute V tozero

out the (1,2) or (2,1) entry of BQ. The algorithms proposed byHammarling [18 ] andBojanczyk

et al [6] fall in this category.

Todemonstrate the failure of the �rst kindof scheme, the followingexample shows that in�nite

precision, the (1,2) or (2,1) entryof the �nal Bmaybe muchlarger thanO( )k Bk :

A=
2 0

1 10�
; B=

1 0

3 1
:

Withthe scheme described byPaige [28 ], Heathet al [20 ] andBai [4 ], for the computed �U , �V and
�Q, we have

�U A �Q =
�1
�2

=
0: 70710677509009934E+00 0: 21213203455917919E+01
0: 00000000000000000E+00 0: 28284271491319831E� 07

;

�V B �Q =
�
1

�
2

=
0: 31622776518779000E+00 0: 94868330465141837E+00

�0: 33959487444334968E� 08 0: 31622776582710133E+01
:

If we nowset the (2,1) entry of �B = �V B �Q to zero, the backward stability condition (5.2) is

violated for matrixB, eventhough

�U �V =
0: 22360679640833827E+01 0: 00000000000000000E+00

0: 17888543605335784E� 16 0: 89442719636647925E� 08
:

To showhowScheme II can fail for the same example, using Hammarling's method [18 ], we have

�U A �Q =
�1
�2

=
0: 70710677509009934E+00 0: 21213203455917919E+01

0: 00000000000000000E+00 0: 28284271491319831E� 07
;

�V B �Q =
�
1

�
2

=
�0: 31622776518778994E+00 �0: 94868327069193081E+00

0: 11102230246251565E� 15 �0: 31622776684588585E+01
:
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Thus the stability is achieved, but for the computed �U and �V , we have

�U �V =
�0: 22360679640833823E+01 �0: 24012983681642603E� 07

0: 78163392273857838E� 16 �0: 89442719636647908E� 08

which is not within O( )k k of diagonal form. This means that the computed �A = �U A �Q and
�B = �V B �Q are not the GSVDof AandB. Infact, par ( 1 ; 1 ) � par ( 1

1
; 1

1
)� 7: 59� 10 � .

But using AlgorithmGSVD22 in 3.2, we have

�U A �Q =
�1
�2

=
0: 70710677736817096E+00 0: 21213203448324349E+01

0: 30374288814267665E� 16 0: 28284271491319831E� 07
;

�V B �Q =
�
1

�
2

=
0: 31622776620657461E+00 0: 94868330431182346E+00

0: 00000000000000000E+00 0: 31622776582710133E+01
;

and

�U �V =
0: 22360679640833827E+01 0: 00000000000000000E+00

0: 17888543605335784E� 16 0: 89442719636647925E� 08
:

Thusbothstabilityandconvergenceconditions are satis�ed, wherepar ( 1 ; 1 )� par ( 1

1
; 1

1
)�

7: 02� 10 �1 .

Recently, Bojanczyket al [6 ] proposedavariationof Scheme II, whichwe refer toas the BELV

scheme. The BELVscheme was originally designed for treating amatrix-triple (A 1; A2; A ). It is

easyto see that the 2� 2GSVDof twomatrices is a special case whenone of the matrices (say, A

is the identity). The BELVscheme does signi�cantly improve Hammarling's method, but it stil l

su�ers frompossible nonconvergence. For example, using the BELVscheme, we see that for the

following 2� 2matrices

A=
100000 10000

0 0: 0001
B=

100000 10000: 0000000001

0 0: 003
;

the computed orthogonal matrices �U , �V and �Q by BELVscheme satisfy the stability conditions

(5.1) and(5.2):

�U A �Q =
�1
�2

=
0: 99503719020998935E� 04 �0: 12189168086858831E� 03

0: 00000000000000000E+00 0: 10049875621120891E+06

�V B �Q =
�
1

�
2

=
0: 29851115706299699E� 02 �0: 36499576550546638E� 02

0: 00000000000000000E+00 0: 10049875621120886E+06

However, the computed �U and �V do not diagonalize the matrix :

�U �V =
0: 99999999999999964E+01 �0: 67590597725531451E� 09

0: 20277179317658482E� 07 0: 30000000000000023E+03
;

since the o�-diagonal elements are much larger thanO( )k k � 10 �14, par ( 1

1
; 1

1
) =6: 44�

10�4, and even par ( 1 ; 1 ) =1: 43� 10 �12, so that the �rst rows of �A and �B are not parallel.

8 6
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But AlgorithmGSVD22yields

�U A �Q =
�1
�2

=
�0: 10049875621120894E+06 0: 00000000000000000E+00

�0: 12189168086858835E� 03 �0: 99503719020998963E� 04

�V B �Q =
�
1

�
2

=
�0: 10049875621120886E+06 �0: 18189894035458565E� 11

�0: 36567504260576521E� 02 �0: 29851115706299699E� 02

and

�U �V =
0: 30000000000000028E+03 0: 16940658945086007E� 20

0: 00000000000000000E+00 0: 99999999999999982E+01

withpar ( 1 ; 1 ) =par ( 1

1
; 1

1
) =0, andpar ( 2 ; 2 ) par ( 2

2
; 2

2
) =1: 72� 10 �16.

The above examples showthat AlgorithmGSVD22 is superior to all previous schemes.

.

To test the backwardstability of AlgorithmGSVD, we used the LAPACKtest matrix generation

suite [11 ] to generate di�erent types of upper triangular matrices AandB. The conditioning of a

generatedupper triangular matrix canbe controlledbythe following parameters:

speci�es the type of probability distribution to be used to generate the randommatrices:

=U: uniformdistribution on ( 0, 1 )

=S: uniformdistribution on( -1, 1 )

=N: normal distribution on( 0, 1 ).

speci�es the reciprocal of the condition number of generatedmatrix, 1.

describes howthe singular values i of generatedmatrix are to be distributed:

=1: sets 1 =1and i =1= , =2; . . . ; n

=2: sets i =1, =1; . . . ; n� 1 and =1=

=3: sets i = � i�1 �1 , =1; . . . ; n

=4: sets i =1�
i�1

�1
1� 1

c
, =1; . . . ; n

=5: sets
i
to randomin ( 1/ , 1 ), their logarithms are uniformly distributed

=6: sets i to randomnumbers fromsame distribution as the rest of the matrix.

We generated 12 separate classes of upper triangular matrices AandB according to di�erent

choices of parameters and , since this allows us toformdi�erent types of matrices

to fairly test the behavior of the algorithm. The 12 classes are listed in Table 5.1. Thus classes

1 to 6 consist of well-conditioned matrices B, and the conditioning of matrixA is changed from

well to il l-conditioned. Classes 7 to 10 consist of well-conditionedmatrices Aandthe conditioning

of matrixB is changed frommoderate to il l-conditioned. Classes 11 and12 consist of moderately

conditionedmatrices AandB.

.

We tested the above 12 classes of matrix pairs of dimension of n =5; 10; 20; 50. In each class of

dimension 5we generated401matrixpairs, in eachclass of dimension 10we generated301matrix

pairs, in eachclass of dimension 20we generated201matrix pairs, and in eachclass of dimension

50we generated101matrix pairs. This makes a total of 12,048test matrix pairs.
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A B

class

1 U 10 6 U 10 6

2 U 10 2 2 S 10 6

3 U 10 5 1 N 10 5

4 S 10 3 S 10 6

5 S 10 12 4 U 10 5

6 S 10 14 4 N 10 6

7 N 10 6 N 10 5 1

8 N 10 6 U 10 2

9 N 10 6 S 10 12 2

10 S 10 6 N 10 14 4

11 S 10 5 4 N 10 5 4

12 S 10 3 N 10 4 4

Table 5.1: Test matrices

Class 1 2 3 4 5 6 7 8 9 10 11 12

n 5 2.29 2.40 2.02 2.00 2.19 2.18 2.07 2.05 2.00 2.12 2.01 1.93

10 3.00 3.01 2.99 2.01 3.01 3.00 2.97 3.01 2.00 2.99 3.00 2.00

20 3.26 3.50 3.07 2.19 3.53 3.30 3.05 3.21 2.98 3.23 3.21 2.20

50 4.00 4.01 3.99 3.00 4.00 4.00 3.89 4.01 3.00 4.00 4.00 3.00

Table 5.2: Average Number of double sweeps

Table5.2il lustrates the averagenumber of double sweeps requiredtoconvergewiththe tolerance

value � =10 �14, where a double sweepconsists of a sweepof rowordering anda sweepof column

ordering. None of 12,048 test matrix pairs failed to converge. The observed largest number of

double sweeps required to converge was 5. The backwardstability conditions (5.1) and (5.2) held

throughout the test. The following quadratic convergence rate of the algorithmis typical of what

we observed:

cycle 2 4 6 8

error =
i 1

par ( i; i) 1.5094 1: 0252� 10 �2 9: 4356� 10 � 6: 4874� 10 �16

where AandBare 50� 50matrices, the conditionnumbers for bothmatrices are about 10 4.

. .

To test accuracy of AlgorithmGSVD, we generated randommatrices AandBwith knownGSV

pairs. Speci�cal ly, let 1 =diag (�
i
) and 2 =diag (

i
) be the givenGSVpairs. Thenwegenerated

randomorthogonal matrices U; V andQuniformly distributedwith respect toHaar measure, and

a randomupper triangular matrixRwith speci�ed smallest singular value, and�nally formed

A=U 1RQ and B=V 2RQ : (5: 4)

Hence the GSVpairs of AandBare knownto be (� i, i).
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Type �i, i �mi n(R)
dou le sweeps for di erent n

�1

5 10 20 40

1 U(0,1), U(0,1) 10 2.28 3.02 3.53 4.02 1:51� 10 �14

10�6 2.02 3.00 3.23 4.00 1: 21� 10�15

10�12 2.07 3.04 3.45 4.21 8: 64� 10�15

2 1= 2; 1 10 2.01 2.62 3.00 3.00 2: 56� 10�15

10�6 2.00 2.61 3.00 3.00 2: 65� 10�15

10�12 2.00 2.61 3.00 3.10 9: 99� 10�15

3 ; 1 10 2.48 3.06 3.99 4.06 2: 52� 10�14

10�6 2.07 3.01 3.99 4.02 9: 71� 10�15

10�12 2.75 3.38 4.01 4.53 3: 89� 10�16

4 1+mod ( ; n=4+1); 1 10 1.03 2.03 3.00 4.00 7: 33� 10�14

10�6 1.00 2.26 3.04 4.02 5: 11� 10�15

10�12 1.08 3.51 3.50 4.59 1: 95� 10�15

5 1� i�1

�1
(1� 1

c
); 1 10 2.06 3.00 3.55 4.14 3: 29� 10�14

10�6 2.01 3.01 3.62 4.18 4: 23� 10�15

10�12 2.01 3.01 3.62 4.20 6: 05� 10�15

6 1; � i�1 �1 10 2.28 3.00 3.28 4.00 1: 51� 10�14

10�6 2.00 2.77 3.00 3.17 2: 98� 10�16

10�12 2.00 2.00 3.00 3.20 1: 14� 10�15

Table 5.3: Average double sweeps andaccuracy of computedGSVpairs

In this waywe can generate randomtest matrices having any distribution of the GSVpairs,

and

k k�1
2

=� mi n( ) =� mi n(R):

Hence � mi n(R) (the smallest singular value) gives the conditioning of the designedtest matrixpair.

If ��
i
and �

i
are computed the GSVpairs byAlgorithmGSVD, thenthe quantity

�1

i 1

[(�i � ��i)
2 +( i � �

i
)2]

1 2

�mi n(R) (5: 5)

should be O(� ), where � =10 �14 is our stopping criterion.

We designed six di�erent distributions of the GSVpairs as il lustrated in the second column

of Table 5.3, where � i and i are normalized so that � 2

i
+ 2

i
=1 for =1; . . . ; n i f necessary,

(U(0,1),U(0,1)) means that GSVpairs (� i; i) comes fromthe normalization of a pair of random

numbers froma uniformdistribution on the interval (0,1). is the reciprocal of the smallest

singular value of the matrix R in (5.4). Note that some of the distributions of GSVare well

separated, some of themare highly clustered or multiple.

.

We generated several categories of matrix pairs according to three parameters: the dimension n,

the smallest singular value of R(� mi n(R)), andthe type of distributionof GSV. We �rst separated

test matrices with three possible values of � mi n(R) =1; 10 �6; 10�12, i .e., corresponding to well,
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moderatel y, and i l l - condi t i oned GSVDprobl ems. For each �min(R) , we testedmatr i ces of di mens i on

n = 5; 10; 20; 40 wi th s i x di �erent di str i but i ons of GSVpai rs as showed i n tabl e 1. Thi s makes a

total of 3� 4� 6 =72 di �erent cl asses of matr i ces . I n each cl ass of di mens i on 5 we generated 301

matr i ces , i n each cl ass of di mens i on 10 we generated 201 matr i ces , i n each cl ass of di mens i on 20 we

generated 101 matr i ces , and i n each cl ass of di mens i on 40 we generated 51 matr i ces , f or a total of

10, 772 test matr i x pai rs .

Tabl e 5. 3 i l l ustrates the average number of doubl e sweeps and accuracy of the al gor i thmf or

di �erent s i ze of matr i ces . The preprocess i ng orthogonal transf ormati ons of A and B to upper

trapezoi dal f orms (1. 5) are perf ormed usi ng LINPACKQR decomposi t i on subrout i ne DQRDC

[ 12] . I n al l tests , the backward stabi l i ty condi t i ons (5. 1) and (5. 2) are sat i s�ed, so we do not report

the detai l s here. Gi ven the backward stabi l i ty, we can assume that the backward errors E of A

and F of B sat i s f y O(kEk ; k F k ) =O(10�14) . For each type of GSV di str i but i on, we l et the

condi t i oni ng ( i . e. , �mi n(R)) of the GSVDprobl ems vary f romwel l to moderate to i l l - condi t i oned,

as i ndi cated i n col umn 3 of Tabl e 5. 3. The numbers i n col umn 4 to 7 are the average numbers

of doubl e sweeps needed f or convergence. The l ast col umn of the tabl e i s the l argest val ue of �1

computed f romthe f ormul a (5. 5) . We see that al l computed resul ts are as accurate as predi cted.

Fi nal l y, we br i e
y report t i mi ng resul ts . The codes have not been pol i shed i ntens i vel y i n order

to reduce the execut i on t i me. The f ol l owi ng tabl e i l l ustrates the requi red t i me f or a 50 by 50 matr i x

pai r A and B wi th 5 doubl e sweeps to sat i s f y the stoppi ng cr i ter i on.

Ti mi ng i n seconds wi th � =10�1 4

wi thout U , V , Q wi th U , V , Q

preprocess i ng 0. 28 1. 11

i terat i on 13. 11 20. 99

ppen ix: e S of 2 2 r i angular atr i x

In this appendix, for the convenience of the reader, we include Demmel and Kahan's 2 by 2

triangular SVDalgorithm. The algorithmwas used in their high relative accuracy bidiagonal

SVDalgorithm[10 ], but the algorithmdetails were not presentedthere.

It is known that the singular values of the 2 by 2 upper triangular matrix
f g

0 h
are the

values of the unobvious expression 1

2
j (f + h) 2 +g 2� (f � h) 2 +g 2j , of whichthe bigger is 
 1 and

the smaller is 
 2 =j fhj =
1. The right singular vector row(�s v
; c

v
) turns out tobe parallel to(f 2�


2
1
; fg). After computingaright singular vector, the correspondingleft singular vector is determined

by (c
u
; s

u
) =(fc

v
+gs

v
; hs

v
)=
1. But computing the singular values/vectors directly fromthese

expressions is unwise because roundo�can destroyall relative accuracy, and they can su�er from

over/under
owin the squared subexpressions evenwhen the singular values/vectors are far from

over/under
owthresholds. Demmel and Kahan have carefully reorganized the computation as

describedinthe followingsothat barringover/under
owandassumingaguarddigit insubtraction,

all output quantities are correct towithin a fewunits in the last place (ulps). In IEEEarithmetic

[1], the code works correctly even if one matrix entry is in�nite. Over
owis impossible unless the

largest singular value itself over
ows, or is withina fewulps of over
ow. (Onmachines withpartial

over
ow, like the Cray, over
owmay occur if the largest singular value is within a factor of 2 of

over
ow.) Under
owis harmless if under
owis gradual. Otherwise, results may correspond to a

matrixmodi�edbyperturbations of size near the under
owthreshold.

The error analysis of the main path of the code depends on the fact that all the operations

except twoare
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mul t i pl i cat i on and di vi s i on, where the rel at i ve error of the resul t i s at most 1 ul p l arger

than the sumof the rel at i ve errors of the i nputs ,

addi t i on of pos i t i ve quant i t i es , where the rel at i ve error of the resul t i s at most 1 ul p

l arger than the maxi mumof the rel at i ve errors of the i nputs , and

square root , where the rel at i ve error of the resul t i s at most 1 ul p more than hal f the

rel at i ve error of the i nput.

There are al so two subtract i ons i n the mai n code path. The �rst subtracts or i gi nal data D=FA-HA,

and so has a 1 ul p error . I n the second, T=2-L wi th 0 � L� 1, the rel at i ve error i n T can onl y

be 1 ul p l arger than the rel at i ve error i n L. These rul es are su�ci ent to strai ghtf orwardl y bound

the error i n the mai n code path, provi ded we i gnore second order terms. There i s another path

correspondi ng to the case where the o�di agonal g i s much l arger than the other two matr i x entr i es ,

whi ch i s anal yzed much more eas i l y. Summari zi ng al l these cons i derat i ons we can eas i l y prove the

Propositi on. Ba r r i ng o ve r /und e r 
ow, a nd a ss umi ng t h e r e i s a g u a r d d i g i t i n s u bt
r e l a t i v e e r r o r s i n t h e c ompu t e d s i ng u l a r v a l u e s a r e a t mo s t 7 u l p s , a nd t h e r

c omp u t e d s i ng u l a r v e c t o r s a r e a t mo s t 46.5 u l p s i n e a c h c ompo ne nt .
The comments i n the f ol l owi ng code i ndi cate the error bound i n ul p of each computed quant i ty.

SUBROUTINESLASV2( F, G, H, SSMIN, SSMAX, SNR, CSR, SNL, CSL)
REALCSL, CSR, F, G, H, SNL, SNR, SSMAX, SSMIN

C
C Computes singular value decompositionof 2 by2 triangular matrix:
C [ CSLSNL] . [ FG] . [ CSR-SNR] =[ SSMAX0 ]

C [-SNLCSL] [ 0 H] [ SNRCSR] [ 0 SSMIN]
C Absolute value of SSMAXis larger singular value, Absolute value of SSMIN
C is smaller singular value. BothCSR**2+SNR**2=1 andCSL**2+SNL**2=1.
C
C .. Parameters ..

REAL ZERO, HALF, ONE, TWO, FOUR
PARAMETER( ZERO=0.0, HALF=0.5, ONE=1.0, TWO=2.0, FOUR=4.0 )

C .. Local Scalars ..
LOGICAL GASMAL, SWAP
INTEGER PMAX
REAL A, CLT, CRT, D, FA, FT, GA, GT, HA, HT, L, M,
REAL MM, R, S, SLT, SRT, T, TEMP, TSIGN, TT

C .. Intrinsic Functions ..
INTRINSICABS, SIGN, SQRT

C
FT=F
FA=ABS( FT)

HT=H
HA=ABS( H)
PMAX=1 /* PMAXpoints to maximumabsolute entryof matrix */
SWAP=( HA.GT.FA)
IF( SWAP) THEN

PMAX=3
TEMP=FT
FT=HT
HT=TEMP
TEMP=FA
FA=HA
HA=TEMP

ENDIF /* NowFA.ge. HA*/
GT=G
GA=ABS( GT)
IF( GA.EQ.ZERO) THEN /* Diagonal matrix */

SSMIN=HA
SSMAX=FA

CLT=ONE
CRT=ONE
SLT=ZERO
SRT=ZERO

ELSE
GASMAL=.TRUE.
IF( GA.GT.FA) THEN

PMAX=2
IF( ABS( FA/ GA).LE.EPS ) THEN /* Case of very large GA, EPS is machine epsi lon */

GASMAL=.FALSE.
SSMAX=GA /* 1 ulp error */
IF( HA.GT.ONE) THEN

SSMIN=FA/ ( GA/ HA) /* 2 ulps error */
ELSE

SSMIN=( FA/GA)*HA /* 2 ulps error */
ENDIF
CLT=ONE /* 1 ulp error */

SLT=HT/GT /* 1 ulp error */
SRT=ONE /* 1 ulp error */
CRT=FT/GT /* 1 ulp error */

ENDIF
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END IF
IF( GASMAL ) THEN /* Normal case */

D= FA- HA /* 1 ulp error */
IF( D.EQ.FA) THEN /* Copes with in�nite For H*/

L=ONE /* 0 ulps error */
ELSE

L=D/ FA /* 2 ulps error */
ENDIF /* Note that 0� L� 1 */

M=GT/ FT /* 1 ulp error; Note that jMj � 1/EPS */
T=TWO- L /* 3 ulps error; Note that T� 1 */
MM=M*M /* 3 ulps error */
TT=T*T /* 7 ulps error */
S=SQRT( TT+MM) /* 5 ulps error; Note that 1� S� 1 +1/EPS */
IF( L.EQ.ZERO) THEN

R=ABS( M) /* 0 ulps error */
ELSE

R=SQRT( L*L+MM) /* 3.5 ulps error */
ENDIF /* Note that 0� R� 1 +1/EPS */
A=HALF*( S+R) /* 6 ulps error; Note that 1� A� 1+j Mj */
SSMIN=HA/A /* 7 ulps error */
SSMAX =FA*A /* 7 ulps error */
IF( MM.EQ.ZERO) THEN /* Note that Mis very tiny */

IF( L.EQ.ZERO) THEN
T=SIGN( TWO, FT)*SIGN( ONE, GT) /* 0 ulps error */

ELSE

T=GT/ SIGN( D, FT) +M/ T /* 6 ulps error */
ENDIF

ELSE
T=( M/ ( S+T)+M/ ( R+L) )*( ONE+A) /* 17 ulps error */

ENDIF
L=SQRT( T*T+FOUR) /* 18.5 ulps error */
CRT=TWO/ L /* 19.5 ulps error */
SRT=T/ L /* 36.5 ulps error */
CLT=( CRT+SRT*M) / A /* 46.5 ulps error */
SLT=( HT/ FT)*SRT/ A /* 45.5 ulps error */

ENDIF
ENDIF
IF( SWAP) THEN

CSL=SRT
SNL=CRT
CSR=SLT
SNR=CLT

ELSE

CSL=CLT
SNL=SLT
CSR=CRT
SNR=SRT

ENDIF
C Correct the signs of SSMAXand SSMIN

IF( PMAX.EQ.1 ) TSIGN=SIGN( ONE, CSR)*SIGN( ONE, CSL)*SIGN( ONE, F)
IF( PMAX.EQ.2 ) TSIGN=SIGN( ONE, SNR)*SIGN( ONE, CSL)*SIGN( ONE, G)
IF( PMAX.EQ.3 ) TSIGN=SIGN( ONE, SNR)*SIGN( ONE, SNL)*SIGN( ONE, H)
SSMAX=SIGN( SSMAX, TSIGN)
SSMIN=SIGN( SSMIN, TSIGN*SIGN( ONE, F)*SIGN( ONE, H) )
RETURN
END
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