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Abstract

It is known that small relative perturbations in the entries of a bidiagonal matrix only
cause small relative perturbations in its singular values, independent of the values of the
matrix entries. In this paper we show that a matrix has this property if and only if its
associated bipartite graph is acyclic. We also show how to compute the singular values
of such a matrix to high relative accuracy. The same algorithm can compute eigenvalues
of symmetric matrices with acyclic graphs with tiny componentwise relative backward
error. This class includes tridiagonal matrices, arrow matrices, and exponentially many
others.

1 Imtroduction

In[9 ] it ws stom thet sl rdative pertutetias in the atries d a hdagrd mrix
Baly case sl rdative prtultias inits siiglar Wwes. s is tre indpendat
d the dws d the avao atries & B Hs popaty jwtifes tring to aampte the
srglar Wws & Bto ligh idative accracy and is essatid to the emar adyses o tle
caresprd g dgrithm [9 ]

Smee ths dtratie pgerty d hdagrd tetrices is imdpadat d the des d the
ravaro atries, it is redly jut a fuction d the spasity pttern  Bdagrd et ces.
In this mper w capetdy daateize thee spsity ptters wth the poperty tht
imbpenchit o the s o tle avao atries, sl rdative patuttias o the mtrix
atries aly case sl 1ddtive prtubtias d the sigla s, Te daataizioa
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is sirge a spasity pttern bes this praerty if ad aly if its assodated Batite gaph
is agdic
Wdiie ths udreded gah & fdlos. let S te a spadity pitan fa mby n
mrices; indler wrds, S'is alist o tle etries pritted to ke v let (§5) ke
a lipatite gragh With ae gop & s {r Ly «eey T} Tepresertitg the nuos ad ae
gap{c 1,...,¢,} repesatiigtle ndurs. Tae is aede betwen r ;ade ;if ad
alyif A ;; is pritted to be ravea  WHll sadtites wite (@4 istead o (§9),
vee S'is tle spasity ptand A WAl el amdrix Aad its spasity pattern S
biaydicif the gath (§9) is agdic.
Wi so presert adler eqivdeat prtatation poerty d hagdic mrices dichis
qite strag ndtifying ay sirde mrix atry by ay fata § #£0 cant incresse a
cherease ay sitglar e by e thn a fada o 5.
Sasity ptters wth ths poprty lme & ot n+m— 1 moweo atries. Tere
ae a ged tay swh spasity ptters. et ® aasidr aly mhby nspasi ty ptters S
Wich cart be perrted itto Hock d el fam(this reas (§9) is carected). TFen
the noter  dffrert swch spsi ty ptterrs is eqd to the nber  spming tress an
carected lipatite gags wth min vertices; this nrber is m = o BopN[B ]I
we aly vish to curt sparsity prtters Wich cant be mak idbticd by reording the
row ad adurs, averysime loa bond an tle nder  suwch eqivdee dasses is
m™ n™  [(drh). Intle sqae cze n=m Sidig's famales & aqyradme ths
lowr boad by e nf2rn 3), dichgos qidly
Sme w kowthe singlar dws o thee bagdic mirics ae dterrined to high
rdative accacy by tle dita, it 1Hes same to try to capte tlemthis accurady
Wiesat a hsedian dgrithnich des this. Te sam dgrithmean apte the
dedes d abitray ‘Syetric agdic” mrices with tiny capretise daiwe
ara. Wdlie syndric agdidty d a syetric mrix & fdlos. Gen a spasity
pttern S ann by nsymetric rbrix we dfie an ud rected graph G "(9) ytairg n
ros, ad caredting ok ¢ wthiok § # if ad alyif the (7, j) atryis owa Te
rarix Aad its syreiric spasity pttern S ae cdled symtric aydic if the gah
G'(9) is apdic. (WAl saetims wite G "(4imtead f G '(19) vere S'is tle spasity
pttand A) Te dgrithmedates tle irartia o swh a rtrix by ding syetric
Girsian dinietion, wth the adr o ditiration derrived by a postardsr traesd o
G'(9).
Insumy; the vdl-kom atracti ve properties d hd agrd et ess Band syiret-
ric tridegrd mrices T that the sirglar s I Bean e capited to ligh rd ative
avray ad the dgrrdws d T capted wth tiny capreivise rdative bdsad
ara, lee heen exterchd to hagdic ad syetric agdic mrices. Intle ase d aan
piirg sitglar s, ve lae slom thet this edarian is capete 10 dher spasity
pterrs tae ths poperty Weagedtue thet the st d syretric agdic matricess is
dso the aaylete st o synetric rices vise dgard s can ke capted wth tity
aaprrertwse rd ative backvard errar incbpercrt o the vdws o the mbrix ertries,
Oter dgritha fa the spdd case d “arod retrices ave dsassed in [ 1 ,2, B, 2].
Tis akgrerdizes the alytatias d hsediantoarosreri ees, adis drst catardy
e stale than the (Rhesed scheres.
Terest  this pper is agrized s {dlos. Sdtion 2 states the partutation theaem



far tle sirglar dws d hagdic rdrices, ad setion 3 poes it. Sdian 4 stow fow
to capte dgndws o syriic aydic mrics wth iy capratise rdative
backvard e, and alies this to capte the diiglar dws o Bagdic rrics to
high rdatiwe acray Sdian 5 gw san eayes d rics wth agdic spasity
pters. Sction 6 dsasses dgrithm ad gen pdlem
2 Statement of Perturbation Theoremfor Singul
In ths setion e dHie tw paerties o spasity patters o rices, ae dnt gah
theay ad ae dnt prtuttion thay  Qr mwn resdt, dich v poe in the et
sectian, is thet these poparties are eqivdert.
let Ale an mlby n rarix wih a foed spasi ty pttern S

Property 1 . &9 is aydic

Property 2 . Guensmrsity piternsS, let Abe aymiriz wih this sprsity, ad A i ay
roceroatry Let 8 be ay roeero cstat. Let A " =Aeawgt for A 1 =BA . Tenfor
dl siqla wweso  L(A')

i (| B B aA<o (A <m (| B L FE e

If p atris & Aare sindtasasly pertubed by pesily dffrat fatas G, dl o
Wichstisfy | f— 1 < € < 1, Bgaty 2 cn le aglied p tims to slowio sirglar

die cn dage ly a fata atsick tle iterd fran(1— | ¢ ) P =1-p| g —Qc?)to
(1H ¢ P =14p] ¢ +Qe 2). Swe the mimmte o wees is min— 1, the
rdative prtutation in ay simlar e is boudkd by (metn— 1) €| +Qe 2).

Or mnresdt is

Theoreml  Fgerties 1 ad 2 o a sprsity pittern S ae epudert.

@k ald skif aveder prtubiian praerty thin Raerty 2 gt ldd fa- een
rare spasi ty patterts thn haodic aes. Inprticdar, v cald arsider restricting the
adtim sothat 5 st be dose to 1 far sam rd dive prturhtion bard toldd - @e
canstill stostlet eenasling far this restri cted partutation ppapertylinits ® tohagdic
TET e,

3 Proof of Perturbation Theoremfor Singul ar \
Brst wvill poe tht Roperty 1inlies Roperty 2 and then tle camerse,

Lemm 1 Le Ahae sprsity pitern S, ad sypose (§5) is aydic.  Fen there are

dapod ririces R ad C' suh thi each etry f RAC is either 0 o 1. Hch dagord

etryR ; f R o C ; o C isaqutiat o roonds inthe etries f A Ineach roond

arh dstind fator A i Undh qpeas Ies it egoet. i A i an qpear aly in
nuardas o ertries f R ad derovdlors of ertries f C') ar vice versy, inderonivitors

o etries f R ad nuadoas o etres of C.



Hagre I (apting R and €

if ¢ is rowmoce ; then
if r; is tle ratt then
R; =1
dse
syppe ¢ ; is tleprat d ¢
R; =lfA ;C;5)
end
dse (¢ nst be cdun ok ¢ ;) then
if ¢; is the rat then
C; =l
dse
supme 4 is the prat o ¢
Cj =lf(A R)
end
end if

Proor. Sme §9) is agdic, it is a faest o tres. Wy ausidr each tree
inbpencatly  Wiraerse each tree via dyth fist seach ad eeate tle ppogramin
Fare 1 ven fist visiting rak ¢.
Te dith fist search visits each rok are. Sne the gah is hpatite, rowmods
ard cdun 1ocbs dterrete, so tle pret  arommod is a cdun rok and vice versa
Sme each ek is isited awe, the dhoe pogamis eeated are far exch ede in tle

tree, i.e are far each mawero atry A ij, aarespud g to the ede carecting 1ods 7 i
are ;. TisexhR s adC  isset eadlyare Snetled, j atryd RA is R iAGC;, e
see ined ady frartle wy R ;adC ; ae dfied thet this qatityis 1if A ij 70 (ad

0 dlerise). Sme exh A i; 1s wed axe drirg tle gaph traersd, each R ;adC' ; st
te ke a qdiat  moids. If A ij is fist wedin B ;, then the fandas in the dioe
pregramad the fat the rowad adum rods dtermite ren thet A i; Wl aly appear

in draietas d atries R ad meatas o atries d C'. Aterdidy if A i; is fist

wedinC' ;, then A ; Wil aly agpear in droiretas  atries d ¢ ad mmatas o
atries d R. O

Te rest  tle pof thet Rgerty 1irdies Roperty 2 tivics thet o [4 , T 1.
Tet I be the tatrix d aes and 2 wthspasity S, sotht RA =F. We R =5 r| R
dere | R| is tlemtixd dsduedws f R, ad S r is adagd mrixwth| S r| =l

Silaly wite C' =5 ¢l C| . Fen
A=R P ECT =S R | REE|CHSE =S R 48
sotlet Ais idatedto| A bype adpstrdtiication by degrdl artheers retrices.

Inpticdar, Aad| 4 lee tle samsirglar Wwes. Wil ferefath ssua what
loss o grerdity thet Ais ramegtive adso R ad €' ae dso noregtive.



It is komthet the sirglar s o Aare the sam s the pritie dgndws d the

perdl
0 A

Wich ae in tun the sam & the poitie dgndes o the eqivdet syretric diite
perdl

R 0 0 A R 0| | 0 FE R 0 | _ 2

Nwsypre w patub Aly dagg awo atry A ij o BA 4, resdting in tle
perturbed tHrix A . Agly the dgrithmin lerr. 1 to capite atew R TadC . W
ssuawtlot los o grerdity tht A i; apears innreratas d R i (ctlervise ausichr
AT). B lam 1dthr R "' =Ry a R} =BR i, addtle C [ =C aC}] =3 ? C}.
Nte v my idtipgy R by ay avero v ad dvide C' by v vithat dagrg the fat
tht RA =FE, ow dicd R by| 3] 12 admdtigy C ly| S| 12 Wtin R ' adC

rerices exch d ioe atries dffs frantte cresprdig ety d R ad C' by fatas
d| pRE2 . nmtiala, ths irdies

| 6t S%glﬂl ad | S%SWI
fa ay mweo weda 22 It D "'=dg (R, () s w doe died D=dag (R, C).
Ten TD2y
| 6t < ijﬂy < gl
far ay ravero vectar y. Wiay rowagly [4 , lem 2 to cadub the
T
Uk(A:ﬁnsk xrg(sk %
| 2 =1
w o
7x(4") :ﬁnsk xrgxsk 2TD?y
| 2 =1
vere tle nrim ae oer dl k+mx (n, mpdrasiad suspees S k. can dffr by o

ne thnafata o 5. Hs poes tht Raparty 1imies Roerty 2

Lemm 2 La Ahwe smsity pitern S, ad let dl its moeeo atries be irdeperdart
irdtermrdes. Ten(@S) is aydic if ad alyif dl nvos of Aae ether 0 o oo
s

Proor. Whgn by mtirg that to each termin the dtearrivat o an s by s sqae
rix Marrespas a wiqe pafect mding in gagh 3) Hs is becase exch



termin the dterrivat carespa toa ddee o s etries M lasted in dgjdrt 1om
ad cdurs, adexchswchddce d s atries sdects a parfect rchin @)

Nwsugpse a sqare sthitrix Md Abes & lest tw term in its dterrivnit.
Tese caresprd to two d et pafedt rtding. He tle symiric dfrece d tle
eces inthese tcitgg. Hs symetric d ferae famacgde, Wichvegt byfdloing
edes o the twrading indterstion Fis (M) aatdrs agde, ad sonst (4
siree it irdubs (M)

Nwsuppoe ((A caatdrs acde. Asuavithot los o grerditythet it is asinde
agde, i.e it is careded ad vsits exh ok are et Mhe tle aarespadig sqae
sitrix s gde dterires tw pafect mding in @), amisting o dterrate
ades o tle ade. Hs reas &t (M es & lesst twterm O

‘bpoetlat Roerty2imlies Raety L vewll sloatle catragsitive. S assun
({A aatdrs agde, adlet Mie an s by s suratrix e dterrivat les o lesst
2 tarn s ras v my duse dl tle atries & Mto te razero bt swh tht
Mis exadly sitglar. hs its siiglar Wws irdud & lest ae dichis esdly 7o

Sde Meo tlet its atry d srlest dsdue dweis 1 adlet o =|| M 2 > 1 Nwlet
AMn) datte the rarix wth spasity S, suetrix M ad gler ravero atries eqd
ton. Fen AMO) il lese ot lesst 1in (m, n)— s H modgla dws, 1in (mmn)— s
frartle 7o rog ad dums atsicd M ad 1 frantle sglaity f M B starded
prtutation thaay AMn) Wil hae & lest in (mn) — s Hsimlar des o lagr
than ). Nwdage aslest ety d Mranl to 14 togt M «; ths zis dsotle
rdaive dag inths etry Fen| &t (M) >xadsoo (M) >] o fot) *~1. Hs
w5 UM )2 | d fod) -y e (AM) < . T

A ) | G e

as(AMm) m) mota) R

If Rgerty 2 ldd then this last qatity wald be bordd in dsdte We by 14 4f
rotter bowsid] 1) vae, dichis imssibe Hs arpetes the prod that Roperty 2
irdies Rgerty 1, and so dso capletes the pod o Teareml

4 A bisection algorithmfor computing eigenvw
tinybackward error

It ¢ 5 dade tle mdite predsiocn Whill sssum the wd ol o fhting pitt
ara, fl(a @ b) =a® b)(140) th| o] < e ar, and assura e ther udsfbwnr oerfow
aar. (@ cuse, a paticd dgrithmwld reed to acout fa oerfbw Hs cn
te die adanirly to the vy oerfbris aarted far in staded tridagrd hsetion
B,
In ths sedion we wll stowlowto capte the dgendes d a syric agdic
rerix T wth tiny caprertvise rd ative bckad errar. G rain resdt is

Theorem 2 Te dguithminEque 2 coples aart (1, @), the nuter of eigendes of
T less thinz, wth a backwrd errar 61 wth the fdlaery prgerties:

6B < (L3 ] T dmi A



Egre 2 (ptirg cart (1, z)

dl @t (i,ads)deedisaymb 1< i< n

praedre G (i, % d )
[t adx aeimt prades, d ad s ae atpt prases */
d=l' ,; —x
s=)
far dl dildenj & 7 d
dl & (j,d’,d)
d=d—T 2/d’
s=s+s '/
el far
ifd<( thns=sH
rebun d and s
el procedre

673 < @42 ul o .

Heev < n— 11is the rmwimamdagree f ay rak inthe gaph o 1. Indler wok, the
arpled coat (1, 2) is the ewrt wie of cart (T'+01; 2) wbere 8T is bowdkd a5 dore.

His is essatidlyidaticd totle stadad errar adysis d Sunseqare edwio
far symetric trid e rebrices [9 , S g [B ] (thisis stragr thn tle resdt in[D

)
Or dgrithmsirgy pafarm syreric Gesian didtion oo T'— af: KT —
a)P T =1L 7T vee Pis aptation wrix Lis uit low tiagla ad Dis
dagrd. TFen by Shester’s Trertia Fearem| 16 ], cut (1) 2) is sirgy tle nrber
regtive dagrd etries D Teady d dirmtianis the sanas apstady traesd
d the ks o tle agdic gaph  Stee lemes, dich bme dgee 1, ave dirirated fist,

thereis ofll-indrirgtleditmtion addl dfdagrd edries 1 i d Leanke capited
by sigly dvidg L ij =T /D j;.
Wessun tle grath G '(5) is carected, sitre cthervise the retrix can ke rardred to
e Hockdagrd (ae dagrd Hock per carected acapat G '(9), adtleiretiad
each dagrd Hok can be capited sepratd y Fe dgrithm(t (7, 2, d, s)in ligre 2

soues the rarix is staed in gah fam It des a pstady traesd d the agdic
gah G (9, admyle dled statiiga ayok 1 < ¢ < n Inalltimtor, zis a
it prader. Te waidles d ad s ae atpt prades; o retun s is the dsired
we d aut (1, @)

D poe Teaem?, w Wl egdt the symtric agdidty o T to stowthet each
capted qatity ad aigil atry o T'is wed (drectly) jut ace drirg the etire
captaion and then we this to ‘el the rard g arar tadkto the aige dta



Wkee tht each ertry d Tis wed jut are & fdlos. T i ¢1s aly wed ven vsiting
wek o, adT  ; ;is wedaly are, dennisiting ¢ if 7 is adildd ¢ a denvsiting 7 if ¢ is
adildd j intle pstardr traersd tree.

Nwdrte the d copited ven visiting ok ¢ by d i Te flating pirt qperatias
perfarmad Wile visiting rok ¢ ave then

T2
_ .. vJ
di =fl | Tii—a— > & 41
dl dilden
jd
B adye this fanda w Wl le sisaipted €’s dade indyadet qutities
bodd in dsdite dwe by e - Whill dso e staded qprattias lile

(I+ e 1) (14 )* =142 5.

Sree ve bt kowtle miter o tama the ady o the smineqetion (41), we
Wil e the vast cse ssupian thet there are v < n— 1 term dere v is the mmm
dgee f ay rock in tle gath & '(5). 'Hs lead to

2

T2
di =(14vHe Wi — (HoHEe ) > (4o ij)d—j (42

dl dilden
jd
a
d; (1Hv42e i)
o L i e K42 fel— — 4
1~|—(?J—|—1)€ ia $~|-( —|—)€ t Z d]‘ ( 3)
dl dilden
jd
Iet ¢, betle randtffeara caresprdrg to e i camitted vien capting d ;. Fen
d; ((1~|-(].5U—|—25)€ i‘“)Ti')z
—— I - $~|-(QU—|—2)€ iel— Z J J (4;4)
1Hv+H ia d;/(1Hv+H o
ot LI )
jd
a, fidly
1HL w425 AT
d =T i — e Ho 4 - > (415 )gd/, i) 45
dl dilden !
jd
deed L=d /(14 i) Hstion(45) tdls s tht tle d t ae tle exact dogd attries
Din P(THT—ahP T =M1 7. Sue they dhiasly lme the sansigs  the d i, ths
proes TFeaen?



Fe praf chperds strady an there 1t g ay fil-in ad on each dfd agrrd. entry
g aaptdle by asitde dision Sree these prgerties lddif ad aly if the gah
G'(T) is symetric agdic, vestragyswpct thet this is the aly dess o retrices e
dgerrdes can dvas e capted wth tiny caprertvise d ati e backvard errar,

Wiowapy Teaem?2 to amte sirglar Wws d hagdic rarices to ligh
rdative acway D supse B is a mrix voe gah (8 is adic. @ridr tle

syrretric rebrix
0 B

viose pi ti e dgerd es are the sirglar es I B It is dsoimed e thet the garh
G'(A =((B. Fadae Bis hagdic if ad alyif Ais syreric agdic, so we cn
aly the dwe dgrithmto capte Bs sirglar s to ligh rdative acoracy
@k dler dgrithnis wrthmtiaing If Ais symtric pritive dfiite ad sym
mwric agdic, tlenits Qdesky fatar Lis Bagdic (poidd ve o tle dinmtion in
the sam prstardr & the dgrithmGl ), Ies the Yoer Hf” o tle spasity ptern o
A Tt my axsiadly be nre acrate to aapte As dgrsdes by fist capting
I captingits sirglar vdwes by hsetiany ad then squaring the sirglar vd s to gt
As dgennd s [4 |. Bsis the cae, fa eae, far the tridagrd mrixth 2s antle
deagrd ad s an the dfd e .

5 Exanpl es

W wios eape d aydic spasity ptters, egming wth agdic 9). Ghen
ay agdic spasity ptten dlers cn be grerated dther by prnting os adiar
odurs, a by atlg mae zas. Sre dl sqare Bagdic mricss we rooid (o
710) Hterirarts, ths reas we can perite themto be uper triaglar. Inadition
tobhdagrd Hrices, sandler exayles ae

x x
x x
x x
x x
x x
x x ad
x x
r
r
x
L x_
B ot syrdric aydic mries 4 ae cn dvas tde an aydic B ad st
A= l;)T g]—AI. Sradler eayles ae
x x
x x
x x
x x
x x
x x ad
x x x
r
x r
r x or T o
L r x x x|




6 Agorithm and Open Problem

In[8 ] aprtutation thearemfar sirglar vectas o Bdagrd rices is poen dich
stos tht the qrariate cadtion nater far the o-th sirglar wedar is the redpocd
d tle rdative dffrere bebwen the ¢-thsirglar e ad et dosest ae It wld ke
irterestitg to exterd this to the hagdic cse.

Gen the prtuhtion tleay; it vald ke tiee to capte the digla wdas &
acuratdy & they dsere. Amtud cad dite is imerse iteratian, bt evenin tle sirpe
cxe d symdric tridegrd rArics, gen pdlan radn In prticdar there is
dsdte gratee th the capted d gasectas are athogrd, dthoghin pradice the
dgrithmean be tack qite rdst [11 ]

In the “etrad s d tidegrd ad atowvrics, w kovlovto ampte
tle irrtiain O (leg n) tim wig tle socdled prdld-pefi dgrithmin the tridagrd
coe [I7 |, 9], ad e sindy in the artovese  Te stdility in tle tridagrd cse
is wkom hit in patice it apeas to ke stdle. Wean extend this to tle grerd
symeric aydic cxe in twvas. First, the tree dsaibing the expession wose fid

Wweisd ; les & ot nleass. Iinf6 | ve kowary suchexressian tree can be exd wated

ina rot 4leg o nwdld step, dthogh stahility ray te lot. Adtler appreach, dich

iduts prdld pefk ad tle dgrithmin [15 | & spdd ceses, is wed an [U ]. Te
idais tosirgy edwte tle tree geedly suriig £k leaes  asitge ok in Qleg o k)

steps derever posible, ad ddlaping a dand & rads itto a sirde ok va padld
pefkin Qleg o k) steps viereer prsile. If we cald udbstad the nraicd stalility
d pdld pefix w cald pdally adyze this nore grerd sdemas wl.
Ik ad cager [7 , 10, 18, 2] hs been wlly wed far the tridsgrd dgrprdlem
ad hdagid siiglar We dapsition Hs cn ke stragifawdy ededd to
the agdic cse Intamm d the tree, just raoe tle rat by a ‘vak tw teaitg’, sdwe
the inchpenchrt il d schtress recusivdy and in pardld, and rerge the resd ts by sdving
tle seadar eqation [21 |. Aviok canbe the rat, adtote effidat it is imprtat thet
1o stiree te lage. In the tridagrd cse, tle raktw teaitg aarespads to zdg
at twadaet dlagrd atries; e this is digily df&ert frarthe dgrithyin the
literature Wich wes rakeae tearitg, dthagh the scadar eqetian to be sdedis vary
srla. Asointle tridegrd case, there ae dvas twsittress d waly eqd size In
agrerd tree ae can aly e sue thet 10 sitree bes nore than W the rods d the
aigrmd tree (this is eaily dre in () tiravia dyth fist search).
QRatss 1 qyrar to eterd bsad the tridaggrd cse. Te case d arondtrices
ws adyzed in [2 |, dere it ws stom tht 10 Rdgrithiold edst. Adirger prod
arises framntirg thet twstes o LL T is eqivdet to ae step d @Qin the pitive
dftite coe, arlso tle qestianis dether the spsity mtteernd T o= 1L T is tle sam
st d T =L T tlis is esily sen toirduk aly tridegrd T o augdl syric
agydic retr ces.
Fmly w axjectue tht tle set o symetric agdic mbrios is the capete set
syetric teirices Woe dgrndes can be capted wth tiny caprernivise 1d otive
backwrd errar ichperchrt f the s o the mbrix ertries.
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