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Abstract

This paper pr es ents t he conjugat e gr adi ent and Lanczos met hods i n a mat r i x

fr amewor k, f ocus i ng mos t ly on or t hogonal i t y pr oper t i es of t he var i ous vect or

s equences gener at ed. Var i ous as pect s of t he met hods , s uch as choi ce of i nner

pr oduct , pr econdi t i oni ng, and r el at i ons t o ot her i t er at i ve met hods wi l l be con-

s i der ed. Mi ni mi zat i on pr oper t i es of t he met hods and t he f act t hat t hey can

comput e s ucces s i ve appr oxi mat i ons t o t he s ol ut i on of a l i near s ys t emwi l l be

pr oved as cor ol l ar y.
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1 ntro ucti on

any articles ave al rea y een r i t ten a out t e con u ate ra i ent et o

an t e anczos al or i t . o e of t ese f ocus on recon i t i oners , so e t reat

i erent var i ants of t e as i c et o , an ot er s er i ve er ror or conver ence

s ee ro er t i es of t e et o s f or t e i s tory of t e con u ate ra i ent an

anczos et o s an an extens i ve i l i o ra y e ref er to [9] . In t i s ar t i cl e e

i l l i ve a uni e resentat i on of t e con u ate ra i ent et o an t e anc-

zos al or i t , an er i ve ro er t i es re ar i n ort o onal i ty an e ui val ence of

var i ous f or ul at i ons . e i l l s t res s s o i n at t e i ni al as su t i ons are

f or var i ous ro er t i es .

I n eneral e i l l onl y e concerne i t ual i tat i ve ro er t i es of t e et o s ,

l eavi n al l uant i tat i ve resul t s , suc as conver ence s ee , as i e. e con u ate

ra i ent an anczos et o s i l l ere e er i ve as ort o onal i zat i on et o s

f or ryl ov se uences , an i ni i zat i on ro ert i es i l l e er i ve f ro t i s

or t o onal i ty. l so, t e f act t at suc et o s can e use f or t e i t erat i ve

sol ut i on of l i near syste s i l l e resente as a corol l ary rat er t an as a

start i n oi nt of t e i s cuss i on.
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i t i onal l y, t e resentat i on ere i l l i er f ro ost ot er s i n t e l i t erature

i t t e exce t i on of [ 12] i n t at i t i s i ven i n ter s of at r i ces i ns tea

of vector se uences . l t ou an occas i onal art of t e i s cuss i on ay f eel

so e at f orce y t i s , i n eneral t e resentat i on i s very conci se.

2 Tool s : se uences as matri ces

ost of t e anal ys i s i n t i s a er i l l tal a out atr i ces , i ns tea of vector

se uences . e atr i x corres on i n to a se uence as t e el e ents of t at se-

uence as i t s col u ns . or i nstance, a atr i x i l l ave t e vectors x1, x2, . . .

as i t s col u ns . u scr i t e u ercase l et ter s i l l i n i cate i ni t i al ar t s of se-

uences : n i s t e atr i x i t col u ns x1 . . .xn. ou l y su scr i t e l o ercase

c aracter s enote el e ents of at r i ces :i i s t e - t el e ent of or t e ;

el e ent of .

o i nat i ons of t e el e ents of a se uence can e ex res se y u er t r i an ul ar

atr i ces : i f an are se uences an i s u er t r i an ul ar , t en

ex res ses t e f act xi

i

=1 i.

I n a i t i on to t e i ent i ty atr i x , e i l l of ten nee t e uni t l o er su i a -

onal atr i x

i ; 1 :

i t ul t i l i cat i on y s i f t s a atr i x l ef t one col u n, so corre-

s on s to t e rel at i on xi i 1 et een se uences . n u ate rel at i on

xi 1� xi i

can e ex res se as � .

Lemma n u p d a t e r e l a t i o n xi 1� xi

i

=1
i o r

�

i t h u p p e r t r i a n g u l a r c a n b e r e r i t t e n a s xi 1 x1
i

=1
i i o r

� 1

i t h u p p e r t r i a n g u l a r a n d
1 i 1

roof : t e se uences can e re r i t ten y al e rai c ani ul at i on. ere i s a roof

us i n atr i x anal ys i s . et e t e s uare atr i x i , t en �

1

�1
� . u ose � , t en us i n �1 � �

�1

e et

� 1 � � 1

�1

�

�1:
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ai n �

�1 i s an u er t r i an ul ar atr i x.

3 Kryl ov se uences

I n t i s sect i on e i l l l oo at ryl ov se uences , t at i s , vector se uences e-

r i ve f ro succes s i ve a l i cat i on of a atr i x ro uct . i near co i nat i ons of

su se uences of a ryl ov se uence can e associ ate i t an u er es sen er

atr i x an i t at r i x ol yno i al s i n t e enerat i n atr i x of t e se uence.

I t i s i or tant to note t at al l of t e ro er t i es er i ve ere are i n e en ent

of any conce t of or t o onal i ty.

ons i er t e ryl ov se uence xi 1 Ax i. i s s e uence can e r i t ten i n

atr i x f or as

A : 1

I ent i t i es suc as xi 2 A2xi f ol l o f ro

A A �1 :

a i n l i near co i nat i ons of ryl ov vectors i ves r i s e to es sen er atr i ces .

Lemma I f A a n d1 x1 t h a t i s1 x1 f o r s o me 0

t h e n i s a n i r r e d u c i b l e u p p e r e s s e n b e r g ma t r i x i � i t h t

r y l o v s e q u e n c e 1 a n d a n o n s i n g u l a r u p p e r t r i a n g u l a r ma t r i x s a t i
�1

roof : I f i s a nons i n ul ar u er t r i an ul ar atr i x an , t en

A �1

ere �1 i s of i r re uci l e u er es sen er s a e, so t ei vectors sat i s f y

a recurrence

i 1; ii 1 A i �

i

=1

i :

onversel y, i f i s an u er es sen er atr i x an A , t en an u er

t r i an ul ar atr i x can e eter i ne suc t at , na el y as to

sat i s f y

an t i s can e sol ve recurs i vel y. or i nstance, not i n t at t e r s t ro of

i s zero an i c i n 11 ar i t rar i l y :

11 11 12 21 0 12 . . .

11 12 12 22 1 2 0 1 . . .
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en f or t e secon ro

11 22 21 22 . . .

12 22 22 2 2 2 . . .

e see t at can e sol ve i f al li 1; i 0, t at i s , i f i s i r r e uci l e. o

A �1 �1 �1 �1

so i f 1 x1, t en .

co i nat i on of ryl ov vectors can e ex res se as a atr i x ol yno i al t i es

t e i ni t i al vector .

Theorem I f A a n d1 x1 t h e n i t h u p p e r t r i a n g u l a r

i f a n d o n l y i f

n 1 n A x 1

h e r en i s a n - t h d e g r e e p o l y n o mi a l i t h c o e c i e n t s i n t h e 1- s t c o l u

o f

roof : u ose , an cons i er t e s l i t t i n of t e u er t r i an ul ar

atr i x as

=

; i a 0; . . .; 0; 1 ; . . .;
� 1;

ere as i ni t i al zeros . or t e col u ns of i c are t e vectors

e n

; n 1

n

=

x ; n 1� n 1; n 1

n

=

x ; n 1�

n� n�
n 1� ; n 1

n

=

An� x ; 1 n 1� ; n 1

n

ere e use A an t e f act t at i s t e i ent i ty atr i x a art

f ro t e r s t i a onal el e ents , i c are zero. or t e i nverse asser t i on, rea

t e a ove roof ac ar s .

I n t e context of i t erat i ve et o s f or l i near syste s , ere t esei vectors

i l l turn out to e res i ual s , t e easure of succes s of t e et o e en s on

o cl osel y t e ol yno i al s a roxi ate t e zero f unct i on. esul t s re ar i n
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t i s can e f oun f or i nstance i n [ 1] , [ 22] i n t i s a er e i l l not ay any

attent i on to t i s at ter .

e ol yno i al s er i ve a ove sat i s f y a s i l y recurrence.

Lemma De n o t i n g t h e p o l y n o mi a l s f r o m t h e p r e v i o u s l e mman a n d d e n i n g
�1 t h e p o l y n o mi a l s s a t i s f y

n 1n n 1 � nn n �

n�1

=1

n

roof : ro t e rel at i on rel at i n t e u er es sen er atr i x an

t e u er t r i an ul ar atr i x corres on i n to cer tai n s ans of ryl ov s aces e

see t at can e sol ve one col u n at a t i e. u ose t e - t col u nn

as een sol ve , t en

i n 1 n 1n i �1n�

n

=1

i n f or 1; . . .; 1. 2

i s rel at i on i l i es t e recurrence f or t e ol yno i al sn.

rtho onal i at i on

e con u ate ra i ent al or i t an t e anczos et o can e er i ve y

i os i n var i ous ort o onal i ty con i t i ons on t e se uence er i ve i n t e

revi ous sect i on. ui val ent l y, t ey corres on to a cer tai n construct i on f or t e

es sen er atr i x .

Simpleorthogonalization: the aler incondition

se uence e ne y A can e c osen se i - or t o onal to anot er

se uence y sui ta l e const ruct i on of t e es sen er atr i x .

lgorithm Le t
1
a n d a n y s e q u e n c e b e g i v e n a n d s u p p o s e i n d u c t i v e l y

t h a t
n n i s n o n s i n g u l a r S o l v e t h e 1 v e c t o rn f r o m

n
A n n n n: 3

h e n p i c k a v a l u e f o rn 1; n f o r i n s t a n c e 1 o r 1 An� n n a n d d e n en 1

f r o m

n 1 n 1; n A n � n n: 4

I n s e c t i o n 6 1 e s h a l l s e e f a c t o r s t h a t d i c t a t e c e r t a i n c h o i c e s o fi i ; i

6



Lemma l g o r i t h m 1 c o n s t r u c t s a s e q u e n c e t h a t i s s e mi - o r t h o g o n a l

i n t h e s e n s e t h a t
i

0 f o r t h e a l g o r i t h m i s e l l - d e n e d i fn i s n o t

a n i n v a r i a n t s u b s p a c e o f A a n d i f t h e b r e a k d o n c o n d i t i o n
n 1 n 1 0 d o e s

n o t o c c u r

roof : u ose i n uct i vel y t at
n n i s l o er t r i an ul ar an nons i n ul ar . n-

l es s n i s an i nvar i ant su s ace of A, t e vectorn 1 i l l e nonnul l . ur -

t er ore,
n n 1 0 so,

n 1 n 1 i s a ai n a l o er t r i an ul ar atr i x. I t i s

nons i n ul ar e en i n on et er
n 1 n 1 i s zero.

e con i t i on t at i i s or t o onal to t e � 1- i ens i onal s ace s anne y

i �1 i s of ten cal l e a al er i n con i t i on , or er a s ore correct l y, a et rov-

al er i n con i t i on [ 19] .

e cl as s i cal con u ate ra i ent et o ste s f ro t e c oi ce .

Lemma h e c o n j u g a t e g r a d i e n t me t h o d c o r r e s p o n d s t o a t r a n s f o r ma t

o f A t o u p p e r e s s e n b e r g f o r m I f A i s s y mme t r i c t h i s i s a t r i d i a g o n a l i z

A i s p o s i t i v e d e n i t e t h e b r e a k d o n c o n d i t i o n i l l n o t o c c u r

roof : I f , t en t e l o er t r i an ul ar atr i xi s i a onal , an A

A i s a t rans f or at i on of A to es sen er f or . I f A i s sy et r i c,

t en , so i s of ot u er an l o er es sen er f or , ence

t r i i a onal .

Lemma o r ma l i z i n g t h ei v e c t o r s i n t h e c o n j u g a t e g r a d i e n t me t h o d f o r a

s y mme t r i c ma t r i x A l e a d s t o a s y mme t r i c e s s e n b e r g ma t r i x

roof : i s f ol l o s i e i atel y f roA .

e ues t i on et er f or unsy etr i c at r i ces At e u er es sen er atr i x

can ta e on a an e f or i t a s al l an i t i s of ract i cal i or tance,

s i nce suc a f or l i i t s t e l en t of t e recurrence f or t ei vectors i n 4 .

i s ues t i on as ans ere l ar el y ne at i vel y y [ 25] an ore eneral l y y [ 6] :

t e con u ate ra i ent al or i t i ves a tr i i a onal atr i x i f t e s ect ru of A

l i es on a l i ne i n t e co l ex l ane f or ot er atr i ces t e an i t i s a l ar e

f ract i on of t e atr i x s i ze.

i orthogonalization

I f t e se uence n i s ase on a ryl ov recurrence i t A, t at i s ,
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A or A

i t of u er es sen er s a e, t e col u ns of can e sol ve i n a s i i l ar

anner to t ose of . s su e
n n i s i a onal an non- s i n ul ar . ol ven

f ro

n
A n n n n

so t at n 1 e ne f ro

n 1; n n 1 A n � n n

sat i s es
n 1 n 0, so t at

n 1 n 1 i s a ai n i a onal , ut ay e s i n ul ar .

vi ous l y, i f1 1 an A i s sy et r i c, t enn n f or al l , an
n 1 n 1

i s s i n ul ar i n 1 0. oos i n 1 an 1 i n e en ent l y corres on s to t e

anczos et o .

Theorem h e La n c z o s me t h o d g e n e r a t e s e s s e n b e r g ma t r i c e s a n d t h a t

a r e o f t r i d i a g o n a l f o r m u n d e r s o me n o r ma l i z a t i o n o f t h e a n d s e q u e n c

a r e e q u a l h e ma t r i xA i s t r i d i a g o n a l a n d i t i s s y mme t r i c i n d e p e n d e n t o f

t h e s y mme t r y o f A i f

roof : e ave t at i s a i a onal atr i x, so f orA e n

A

t at i s , i t i s ot e ual to an u er an to a l o er es sen er atr i x. eref ore

i t i s t r i i a onal . ote t at , unl i e a ove, t i s concl us i on oes not e en on

sy etry, or e ual i ty of t e se uences an .

I ns ect i n t e el e ents ofA , e n f ro t e ; os i t i on t at

n
A n n n nn nn n n nn nn

nA n

n n

an s i i l ar l y

1; : nn 1 n n n 1 n 1 n 1n

an

; 1 : n 1n n 1 n 1 n n nn 1:

e atr i ces an are rel ate y

�1

ere i s t e i a onal atr i x . e see a ai n t at nn nn f or any

nor al i zat i on of an i f e c oosen 1n n 1n, t en

nn 1 nn 1

n 1 n 1

n n
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so . I n eneral , any scal i n of t e or se uence t at a es

causes an to e e ual .

I f an are e ual , e can co i ne t e e ual i t i esA

an A to n t at A i s sy et r i c.

i erent choiceof inner product andthe symmetriza lecase

I f e on t ort o onal i ze an i rect l y, ut a e i a onal f or so e

atr i x i f t i s at r i x i s sy et r i c os i t i ve e ni te i t i n uces an i nner ro -

uct , o ever t i s f act i l l not e use i n t e f ol l o i n er i vat i on , t e a ove

f or ul as al ter s l i t l y. i r s t of al l , i f e s t i l l enerate f ro A , t en

n i s to e sol ve f ro

n
A n n n n

so t at
n n 1 0 i f e e ne

n 1 n 1n A n � n n:

or t e con u ate ra i ent et o , t e u er es sen er atr i x i s usual l y onl y

tr i i a onal i f A i s sy et r i c see t e re ar i n sect i on 4. 1 . o ever , i f A i s

sy et r i c, t en i t i s cl ear f ro

A 5

t at un er - or t o onal i zat i on t e u er es sen er atr i x i s a ai n tr i i -

a onal .

i erent choiceof inner product intheLanczos method

ons i er a eneral i zat i on of t e anczos et o i t a atr i x i n uci n t e

i nner ro uct i t res ect to i c t e se uences an are ort o onal i ze .

e ant to e a l e to r i te . i nce A ,

e ave to sol ve n f ro

n n n n
A n

an e ne

n 1 n 1n n
A �1

�

n n

so t at
n 1 n 0. arent l y, i s no l on er enerate f ro a ryl ov

se uence of A, ut f ro one of A �1 .

not er ore sy etr i c ay of l oo i n at t i s i s to i a onal i ze, an

l et an e enerate f ro

A ; :

9



e concl u e t at

A ; ;

so i n or er to concl u e t e t r i i a onal i ty c aracter i s t i c of t e anczos recur -

rence, e nee t at A , t at i s ,

A �1:

I n ract i ce, t i s l i i t s to o ers of A or o ers of A�1.

5 i ni mi ati on

e c oi ce of or t o onal se uences f or an i n t e anczos et o or

ort o onal to i t sel f f or t e con u ate ra i ent et o l ea s to so e i ni i za-

t i on ro ert i es . i t i onal l y, i ni i zat i on ro ert i es can e i ose y ta i n

vector se uences t at cons i s t of l i near co i nat i ons of t e se uence.

Lanczos Minimizediterations

Theorem Ch o o s i n g t h e s e q u e n c e s a n d t o b e o r t h o g o n a l mi n i mi z e s t h

i n n e r p r o d u c t s
i i mo d u l o s o me n o r ma l i z a t i o n o f t h e s e q u e n c e s

roof : et , e t e ryl ov se uences f ol l o i n f ro A an A

, an assu e t at 1 x1, 1 1, an A , A f or so e

u er es sen er atr i x , suc t at i s i a onal i t os i t i ve i a onal

el e ents .

et f urt er 1 1, 1 1 an A , A f or so e u er

es sen er atr i x . ro l e a 2 e n t at t ere are u er t r i an ul ar

atr i ces , suc t at , , , . a i n t e

su st i tut i ons �1, �1, e n A , A

. s su i n t at t e se uences ave een nor al i ze suc t at ,

can e r i t ten as , f or so e u er t r i an ul ar atr i ces

, , e n

; ;

ere i s t e u er t r i an ul ar atr i x � .

e no et

i n i c t e secon an t i r ter are s t r i ct l y u er an l o er t r i an ul ar

res ect i vel y. ere e use f or i nstance t at �1 i s u er t r i an ul ar

10



f ur t er ore, � �1. eref ore,
n n n n, i t e ual i ty onl y

i n t e case t at 0, t at i s , i f , .

or t e sy et r i c case of A A, , t i s says t at t e ort o onal i zi n

al or i t i ni i zes t e l en t of t en vectors i n eac i terat i on. or t e en-

eral anczos et o i t i ves t e i ni i zat i on of t e i nner ro uct
i i, ut

t i s i l i es no i ni i zat i on f or ei t er t ei or t e i vectors . i s i ni i za-

t i on ro erty l e anczos [ 13, 14] to na e t i s et o i ni i ze i t erat i ons .

not er na e i s t e i con u ate ra i ent et o [ 7] .

Symmetric : MinimizationintheA �1 norm

I n a i t i on to t eore 3 e can rove a f urt er i ni i zat i on ro erty f or t e

con u ate ra i ent et o f or s syste s .

Theorem r t h o g o n a l i z i n g t h e r e s i d u a l si f o r t h e c o n j u g a t e g r a d i e n t me t h o d

a p p l i e d t o s y mme t r i c p o s i t i v e d e n i t e s y s t e ms Ami n i mi z e s t h e i r l e n g t

A�1- n o r m mo d u l o s o me n o r ma l i z a t i o n c o n d i t i o n

roof : s su e t at A , A an 1 1 x1, t en t ere are

u er t r i an ul ar atr i ces ,suc t at , . u ose t e

se uences ave een nor al i ze suc t at ,a i t s a f actor i zat i on

� , � i t , u er t r i an ul ar i n sect i on 6. 1 e s al l

s ee t at t i s can e ac i eve y scal i n t e se uence, an t i s i s i n f act t e

convent i onal con u ate ra i ent et o e n t at � �A�1,

� �A �1, an us i n � �

�1
� 1 i t t e atr i x

1 f ro sect i on 2

� 1 A ; � 1 A

ere �

�1
�

�1, �

�1
�

�1 are u er t r i an ul ar

atr i ces .

a i n t e i erence e n A i t � , so us i n

t e sy etry of A

A�1 A�1 A�1A A A�1

A A�1A

A�1 A ;

i n i c t e secon an t i r ter are s t r i ct l y u er an l o er t r i an ul ar

ecause of t e u er t r i an ul ar i ty of �1. us
i
A�1 i i

A�1 i

i t e ual i ty onl y i f 0, t at i s i f .

11



I t i s easy to see t at ort o onal i zi n t e se uence un er t e Ai nner ro uct

i l l s i i l ar l y l ea to i ni i zat i on i n t e A�1 nor . or t e case of 1 t i s

even ol s f or t e nonsy etr i c case, as i l l e s o n i n t e next sect i on.

Minimizationinnonsymmetric conjugategradientmethods

ei t er of t e t o rece i n sect i ons s tate a i ni i zat i on ro erty f or non-

sy etr i c con u ate ra i ent et o s , t at i s , f or t e c oi ce i t A

not a sy etr i c at r i x. e can er i ve a i ni i zat i on ro erty f or t i s case i f

i s or t o onal i ze un er t e A- i nner ro uct .

Theorem h e s e q u e n c e h e r e i s t h e r y l o v s e q u e n c e s a t i s f y i n g

A i s A- o r t h o g o n a l i f a n d o n l y i f t h e n o r ms o f t h en v e c t o r s a r e

mi n i mi z e d s e e a l s o 1 9t h e o r e m 1

roof : s i n t e roof of t eore 4 e er i ve t at any c oi cei n t e sa e

ryl ov s ace as i s rel ate to y A , so e n t at

A A A A :

ro i a onal i ty of A e n t at A A �1 i s u er t r i an ul ar ,

so t e secon an t i r ter i n t e a ove r i t an s i e are s t r i ct l y u er an

l o er t r i an ul ar res ect i vel y. eref ore
n n n n i t e ual i ty onl y i f AA

i s s e i - e ni te or i f 0.

onversel y, f or any nons i n ul ar u er t r i an ul ar atr i x t e f unct i on

A i s i ni i ze f or 0. i erent i at i n an su st i tut i n 0

i ves A nn 0, t at i s , i s A- or t o onal .

Minimal residual methods: M Sand M

o et o s ave een ro ose t at enerate a vector se uence sat i s f yi n

a i ni i zat i on ro erty y rs t enerat i n t e se uence i n t e usual ay,

an su se uent l y ta i n co i nat i on of t i s se uence. i s roce ure can e

a l i e ot to t e anczos et o an t e con u ate ra i ent et o .

et t en sat i s f y A , an construct a se uence y

� 1 �A ; 1 1

ere i s an u er t r i an ul ar atr i x.

Lemma h e e l e me n t s o f t h e s e q u e n c e a r e l i n e a r c o mb i n a t i o n s o f t h e s

r y l o v s e q u e n c e t h a t u n d e r l i e s

12



roof : et ere i s i s u er t r i an ul ar an i s a ryl ov se uence

see l e a 2 , t en �1 �A �A � . i nce 1

1 1, e n

1 � 1 � :

I n t i s e uat i on, i s t e i ent i ty atr i x exce t f or a zero 1; 1 el e ent , an

1 � i s an u er t r i an ul ar atr i x i t a zero 1; 1 el e ent . us

e can au ent t e r s t col u n of t i s at r i x e uat i on to n i t

1 � , i c i s a nons i n ul ar u er t r i an ul ar atr i x.

ro t e c oi ce 1 1 e n t at 1 � , an t e col u ns n

of can e er i ve y sol vi n t e l east s uares ro l e

i n n n �
n 1

1 2:

I f i s const ructe y t e con u ate ra i ent et o t i s et o i s cal l e

eneral i ze i ni al es i ual [ 20] , an s i nce i s or t o onal t i s

i ni i zes t en vectors i c i l l turn out to e res i ual s i n t e 2- nor .

or a atr i x const ructe y t e anczos roces s t i s et o i s cal l e

uas i i ni al es i ual [ 8] t e aut ors ro ose as i n on a l oc -

anczos roces s cal l e l oo - a ea anczos , ut t at i s not rel evant f or t e

current i scuss i on , an i t oes not i rect l y i ni i ze t e res i ual , onl y t e

coe ci ent vector .

Lemma h e GM S me t h o d i s e q u i v a l e n t t o t h e c o n j u g a t e g r a d i e n t me t h o

u n d e r t h e A- i n n e r p r o d u c t

roof : i s f ol l o s i e i atel y f ro t eore 5 an l e a 7, us i n t e f act

t at t e et o i ni i zes t e nor s of t e res i ual vectorsn.

e l eas t s uares sol ut i on to 1 can f or i nstance e f oun y a i n a

eco os i t i on i t or t onor al an u er t r i an ul ar . or

t e et o t i s i l l r esul t i n ei n u er t r i i a onal . e n t at
�1 , ere i s f or e f ro as

11 11 11

12 12

. . .
...

1n

:

e res i ual s are t en co ute as

� 1 �A ere �1:

or an u at i n f or ul a f or e n t e even s i l er f or ul a

13



� �A i a 1i :

e el e ents of can e eas i l y u ate f ro t en vectors , i n t e case of

i t a t ree- ter recurrence. I n u at i nn re ui res al l r evi ous

suc vectors to e s tore . ence, eo l e ave cons i ere t runcate or res tarte

vers i ons of t e et o .

6 The i terat i ve f ormul at i on of the conj u ate ra i ent

an anc os metho s

e atr i x e uat i on A i l i es i n cases ere i s t r i i a onal a t ree-

ter recurrence

n 1 n 1n n nn n�1 n�1n A n:

ra i t i onal l y t i s as t e ay anczos [ 13] er i ve i s i - or t o onal i zat i on

et o . e con u ate ra i ent et o , o ever , as resente y i t s i s -

coverer s es tenes an t i ef el [ 11] as t o cou l e t o- ter recurrences . uc a

f or ul at i on as l ater i ven y l etc er [ 7] f or t e anczos et o , o cal l e

i t t e i con u ate ra i ent et o .

I n t i s sect i on e i l l s o o t e t o f or ul at i ons are e ui val ent , an o

t e vi e as cou l e t o- ter recurrences ar i ses f ro f actor i n t e es sen er

atr i x.

Searchdirections andthe solutionof linear systems

e enerat i n recurrence A can e s l i t i nto t o cou l e recurrences .

actor as �

�1
� ere i s a s t r i ct l y l o er i a onal

atr i x, an i s s t r i ct l y u er t r i an ul ar s i n l e u er i a onal f or sy et r i c

con u ate ra i ents or t e anczos et o . I ntro uci n �

�1 e

et t e cou l e recurrences

A � � :

e el e ents of t e se uence are usual l y cal l e searc i rect i ons .

I f vectorsn are re l ace y scal ar ul t i l esn n of t e sel ves , t i s corres on s

to a trans f or e recurrence f or t e se uence ere i ai

A �1

of t e or i i nal f or . I n art i cul ar , f or �

�1
� e can e ne a

scal ar recurrence

1 1 i 1 i 1i i

so t at

14



�1

� � :

s a resul t ,

�1

�

�1 �1

�

�1

�

�1

�

�1

i s a f actor i zat i on of t e es sen er atr i x of t e t rans f or e recurrence f or .

ote t at t e atr i x i s i nvar i ant un er scal i n s of t e se uence.

a l e 1 i ves ort o onal i ty ro er t i es f or t e ra i ents an searc i rect i ons

t us er i ve .

uat i on a e el at i on al i f or

i a onal
i

0

A

u er es sen er
i
A 0 1

sy : t r i i a onal
i
A 0 � 1

A �

�

�

�1

l o er t r i an ul ar
i
A 0

sy : i a onal
i
A 0

�

�

i i i i

l o er t r i an ul ar
i

0

A �

�1

l o er i i a onal
i
A 0 , 1

A � A
i
A i i

A i

a l e 1: r t o onal i ty ro er t i es of t e con u ate ra i ent al or i t .

or t e t rans f or e recurrence, no s i l y enote , e t us et cou l e

f or ul as as a ove:

A � ; � : 6

In t i s e reco ni ze t e cl as s i cal f or ul at i on of t e con u ate ra i ent et o :

i f xn are i terates1, an n i s a searc i rect i on, t en scal ar snn are c osen suc

t at

xn 1 xn � nn n; 7

i t f or t e ra i entsn Ax n � :

n 1 n � nnA n;

i c i s t e r s t al f of t e cou l e recurrence. I n or er to ensure cons i s tency,

e o ave to c oose ex l i ci t l y1 Ax 1 � . i nce t e res i ual si are ort o -

onal , f or so e val ue e i l l aven 0. or t at , xn i s t e sol ut i on of t e

l i near syste Ax . ote t at t i s i s t e t eoret i cal exact conver ence of t e

1. n sect i on 3 we used to denote e ements o a ry o se uence romnow on wi

denote so e y the - th i terate.
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con u ate ra i ent et o , i s covere y [ 11] i n ract i ce t e et o usual l y

conver es to a i ven tol erance i n f ar f e er i t erat i ons . i s s ee of conver ence

e en s ost l y on t e ei enval ues of t e atr i x see f or i nstance [ 1] or [ 22] .

The scalars inthe algorithm

I f t e es sen er atr i x i s f actore �

�1
� i t s t r i ct l y

u er t r i an ul ar , t en f or t e con u ate ra i ent et o t ere are onl y t o

set s of scal ar s t at e nee to no : t e uant i t i esi i an i � ; i 0 f or

sy etr i c ro l e s onl y 1 i s nee e .

lgorithm Co n j u g a t e Gr a d i e n t Me t h o d I n o r d e r t o s o l v e Ax c h o o s e

x1 a r b i t r a r i l y Ch o o s e1 1 Ax 1 � h e n p e r f o r m t h e f o l l o i n g s t e p s f o r

1; . . .:

c o mp u t ei i 8

p d a t e t h e i t e r a t e

xi 1 xi � i i i 9

a n d t h e r e s i d u a l

i 1 i � A i i i 10

c o mp u t ei 1 f o r 1: : 11

p d a t e t h e s e a r c h d i r e c t i o n

i 1 i 1

i

=1

i 1 12

I f Ai i s c o mp u t e d Ai c a n b e d e r i v e d r e c u r s i v e l y f r o m

A i 1 A i 1

i

=1

A i 1 13

h e r e e n o t e t h a t A
1

A
1

e scal ar s i i, i � ; if ol l o i n var i ous ays f ro t e ort o onal i ty con i t i ons .

ro t e rel at i onA � e et , us i n t e f act t at
i

0 f or :

i
A i i i i i � i i 1 i i

i i

i
A i

i i

i
A i

14

an al so

i
A i i i i i � i i 1 i i

i i

i
A i
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o ar i n el e ents i n t e l ef t an r i t an s i e ofA , e n

f ro t e l o er i a onal

i 1
A i i 1 i 1 i 1; i �

i 1 i 1

�1

i i i i �

i 1 i 1

i 1
A i

i c i s not a usef ul f or ul a ecausei i i s nee e to co utei 1 an f ro

t e u er t r i an l e e n f or 0

i �
A i �

i � i �
�1

i � ; i � i � i i � i �

i �
A i

i � i �

i � ; i �:

I f A i s sy et r i c e n f ro
i �1

A i i
A i �1 t at

i ; i 1

i 1 i 1

i i

: 15

or nonsy etr i c ro l e s t e el e ents of can e co ute y recurs i on

i n eac col u n. servi n t atA i s l o er t r i an ul ar e n f ro A

� A t at f or

�

i

=1

i
A

i
A : 16

Iterativeformulationof theLanczos method: i

ost aut ors resent t e anczos et o as a t ree- ter recurrence see al so

sect i on 9. 2 , an reserve t e na e i con u ate ra i ents f or t e at e at i cal l y

e ui val ent f or i nvol vi n t o cou l e t o- ter recurrences .

I n or er to l et t e resentat i on e as f ar as oss i l e anal o ous to t at of t e

con u ate ra i ent et o , e i l l ta e t e l at ter a roac . at i s , e ar r i ve at

an i terat i ve f or ul at i on f or t e anczos et o y i ntro uci n searc i rect i ons

corres on i n to t e l ef t ryl ov vectors . o t i s ur ose e s l i t t e rel at i on

A i nto

A � ; � :

lgorithm La n c z o s Me t h o d I n o r d e r t o s o l v e Ax c h o o s e x1 a r b i -

t r a r i l y Ch o o s e1 1 Ax 1 � a n d 1 1 a r b i t r a r i l y h e n p e r f o r m t h e

f o l l o i n g s t e p s f o r 1; . . .:

c o mp u t ei i 17

p d a t e t h e i t e r a t e

xi 1 xi � i i i 18

a n d t h e l e f t a n d r i g h t r e s i d u a l s

17



i 1 i � A i i i; i 1 i � A i i i 19

c o mp u t ei i 1 20

p d a t e l e f t a n d r i g h t s e a r c h d i r e c t i o n s

i 1 i 1 i i i 1; i 1 i 1 i i i 1 21

e resul t i n ort o onal i ty rel at i ons f or t e t o se uences of i t erates an searc

i rect i ons are i n ta l e 2.

uat i on a e el at i on al i f or

i a onal
i

0

A

t r i i a onal
i
A 0 � 1

A �

�

�

�1

�1
� �

�1

i a onal
i
A 0

�

�

i i i i

l o er t r i an ul ar
i

0

�

�1

i i i i

u er t r i an ul ar
i

0

A �

�1

l o er i i a onal
i
A 0 , 1

A �1
�

u er i i a onal
i
A 0 , 1

A � A
i
A i i

A i

A A �

i
A i i

A i

a l e 2: r t o onal i ty ro er t i es of t e anczos et o .

e scal ar se uencesi i an i i 1no can e er i ve as f ol l o s . a i n t e

i nner ro uct of i t A � e n t at

i i
i i

i
A i

22

f ro A �

�1
� e n t at

i 1
A i �

i 1 i 1

�1

i i
;

i
A i 1 �

i i
�1

i i i i 1

i c , i t t e sy et ry ofA see t eore 2 i ves

i i 1

i 1 i 1

i i

: 23
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7 recon i t i oni n

e i ea of recon i t i oni n i s usual l y s i l y resente as re l aci n an i terat i on

on t e syste A y one on A . o ever , f or con u ate ra i ent

et o s i t i s rel evant et er t e i t erat i on atr i x i s sy et r i c or not . ence

e o not ant to i terate i rect l y i t A, i c usual l y i s an unsy etr i c

syste , even i f A an are sy etr i c.

I n t i s sect i on e i l l er i ve o t e f or ul as f or t e con u ate ra i ent an

anczos et o s ave to e al tere to i ncor orate a recon i t i oner . e actual

const ruct i on of t e recon i t i oner i l l e l ef t un i scusse , t i s ei n a ol e

el of sci ence i n i t sel f .

reconditionedconjugategradients

I f i s sy et r i c an os i t i ve e ni te, e can s l i t i t t eoret i cal l y, not co -

utat i onal l y as , an e f or ul ate t e con u ate ra i ents et o

as i terat i n on t e syste

A �1x ;

t at i s , n vectors are enerate f ro t e e uat i on

A

ere i s a ai n f actore as �

�1
� .

e r s t of t e cou l e recurrences i n sect i on 6. 1 i s no re l ace yA

� , an e et f or t e f ul l et o

A �

� ; � � �1

� :

I ntro uci n trans f or e se uences � an , e et t e cou l e

recurrences

A � ; � : 24

o utat i onal l y, t e al or i t i s exten e y a s i n l e s te of f or i n t e

ro uct , an t e s l i t t i n of i s never ex l i ci t l y re ui re .

I n or er to co ute t e scal ar uant i t i es of t e al or i t e note t at

. ere t e con u ate ra i ent al or i t uses
i
A i, e no et , ecause

of t e t rans f or e syste ,
i

A i, i c i s e ual to
i
A i. or t e et o s

i n sect i on 9. 3 e f urt er note t atA eco es i n t e t rans f or e syste

A A .

I f e l etx e t e sol ut i on of A x , t en i n t e en e are i nteres te

i n o tai ni n x x. ot i n t at t e u at i n f or ul a � f ol l o s

f ro e uat i on 24 , e n t at

� � ; 25
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t at i s , us i n t e t rans f or e searc i rect i ons e can actual l y u ate a rox-

i at i ons to t e sol ut i on of t e or i i nal syste .

u ar i zi n , e et t e f ol l o i n al or i t ere e no s i l y r i t ei f or

t e i of t e a ove t eory .

lgorithm r e c o n d i t i o n e d Co n j u g a t e Gr a d i e n t me t h o d Ch o o s e x1 a r b i -

t r a r i l y a n d l e t1 Ax 1 � a n d 1 1 1 h e n p e r f o r m t h e f o l l o i n g

s t e p s f o r 1; . . .:

c o mp u t ei i i i i
A i 26

p d a t e t h e i t e r a t e

xi 1 xi � i i i 27

a n d t h e r e s i d u a l

i 1 i � A i i i: 28

p p l y t h e p r e c o n d i t i o n e r

i 1 i 1; 29

c o mp u t ei i 1 i 1 i 1 i i 30

p d a t e t h e s e a r c h d i r e c t i o n

i 1 i 1 i i i 1: 31

reconditioningas a changeof matri andinner product

e s tarte f or ul at i n t e recon i t i one i terat i on as ar i s i n f ro a ryl ov

se uence i t t e atr i xA . o ever , t e resul t i n se uence sat i s f yi n

A i s never f or e . I nstea e co ute a se uence � .

i s s e uence can e i nter rete as ar i se f ro a ryl ov se uence of anot er

syste , or t o onal i ze un er anot er i nner ro uct .

Lemma h e s e q u e n c ec o n s i s t s o f l i n e a r c o mb i n a t i o n s o f a r y l o v s e q u e n c e

o f t h e ma t r i x A a n d i t i s o r t h o g o n a l u n d e r t h e - i n n e r p r o d u c t

roof : e se uence sat i s es A , t at i s , i t ar i s es f ro a ryl ov

se uence of t e atr i xA see l e a 2 . or a eneral sy et r i c c oi ce f or

t i s at r i x i l l e nonsy etr i c, ut not i n t at t e scal ar s i n t e i terat i ve

et o are eter i ne f ro t e e uat i on

A

e n y co ar i n to e uat i on 5 t at e ave ort o onal i zeun er t e

i nner ro uct , i c sy et r i zes t e atr i x A a ai n.

20



l t ou t e i scuss i on so f ar use a sy etr i c recon i t i oner , i t

i s easy to see t at ta i n an i terat i n on a syste i t coe ci ent

atr i x A i l l al so l ea to a f or ul a � , t at i s , i nvol vi n

onl y t e unf actore recon i t i oner .

reconditionedLanczos

recon i t i oni n t e anczos i terat i on i s l ar el y anal o ous to recon i t i oni n

t e con u ate ra i ent et o as escr i e a ove. e onl y ex os i t i on of a

recon i t i one anczos et o i n t e l i t erature t at e are a are of i s i n [ 4]

a art f ro an i l e entat i onal etai l i t i s i ent i cal to t e et o er i ve

ere.

i nce t e anczos et o can an l e nonsy etr i c at r i ces , as su e t at t e

recon i t i oner i s nonsy etr i c too, an t at e i terate on a syste i t at r i x

A . ro

A � ; A �

e n

A � ; A �

ere

� ; � ; ; :

or t e scal ar uant i t i es e n rs t of al l t at

ere i s t e recon i t i oner . urt er ore, t e uant i ty
i
A i i n t e

con u ate ra i ent et o no eco es
i

A i, i c i s e ual to
i
A i.

e u ate rel at i ons � an � f or t e searc i rect i ons

eco e

� ; �

f or t e t rans f or e se uences . e see t at a l i cat i ons of ot t e recon i -

t i oner an i t s t rans ose are neces sary.

ol ynomi al s uari n metho s: C S

I t as een o serve [ 21] t at t e anczos et o co utes otn n A 1

an n n A 1, ere n i s an � 1- s t e ree ol yno i al , ann, n are

t e r i t an l ef t res i ual s . i nce resu a l y ot res i ual s ten to zero, an

n n n A 1 n A 1 1

2

n
A 1

21



n
A n 22 ;

n n 22 an 23 :

ro t e a ove i t i s easy to see t at

n n 1

2

n
A 1 1

n

n
;

n
A n 1

A 2

n
A 1 1

A n

n
:

us t e l ef t se uence can e el i i nate co l etel y, an onl y i t s r s t el e ent

i s ever nee e . s i n t e a ove t o ex res s i on, t e el e ents of can e co -

ute , f or i nstance as i n e uat i on 34 .

ere i s i n f act an unuse e ree of f r ee o i n t e a ove et o : e can c oose

a i erent u er t r i an ul ar atr i x to f or t e l i near co i nat i onsn , so

t at

n n A n n

ere �1 . e i l l not f urt er ursue t i s a roac ere.

9 ther aspects of the i terat i ve sol ut i on process

Iterativesolutionas solvingreducedsystems

I n e uat i on 7 e sa t at t e ort o onal i zat i on roces s of a ryl ov se uence

can e use to co ute i terat i vel y a roxi at i ons of t e sol ut i on of a l i near sys -

te . r i t i n t i s vector recurrence a ai n i n l oc f or � , e n

t at t e i terates can e co ute i terat i vel y or f ro an i ni t i al a roxi at i on

as

� �

�1 or 1 �

ere �

�1
�

�1 i s an u er t r i an ul ar atr i x. us , every

i terate i er s f ro t e revi ous an f ro t e i ni t i al one y a s an of res i ual s .

or t e col u ns n of e n af ter so e el e entary t ro i n aroun of

f or ul as t at

A 1 �

so

n
A n n 1

2 n

1

ere
n

1
i s t e r s t l en t uni t vector . e see t at eac of t e col u ns of

f ol l o s f ro t e sol ut i on of a re uce syste t at i s er i ve f ro t e revi ous

y t e a i t i on of a ro an col u n.

Three termrecurrence for iterates

o e aut ors [ 5, 10] , ave cons i ere a t ree- ter recurrence f or t e i t eran s

i n t e con u ate ra i ent al or i t , cor res on i n to t e t ree- ter recurrence
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i t ay see l i e a oo i ea to co ute to co ute t e se uence2

n
A 1 s i nce,

i eal l y, t i s se uence oul ave ou l e t e conver ence s ee of t e or i i nal

se uence. ere i s y co ut i n t i s se uence i s os s i l e.

et e a ryl ov se uence of A, t at i s , A , an l et cons i s t of l i near

co i nat i onof t e se uence: . ro t e f ore oi n i scuss i on e no

t at e ave A i t �1 . u ose t at i s t r i i a onal , f or

i ns tance ecause i s enerate i t t e anczos i terat i on. or t e - t res i ual

e ave n n A x 1 ere t e ol yno i al sn are rel ate y

n 1 n 1n n nn n�1 n�1n n 32

see l e a 3.

e no e ne i n eac - t s te a ne ryl ov vector se uencen y

n
n A A n n :

s i n a ai n t e u er t r i an ul ar atr i x to ta e l i near co i nat i ons , t i s

t i e f ro n , e e ne n y

n n A n n : 33

ote t at t e atr i x i s t e sa e as a ove, an i n art i cul ar i n e en ent

of .

e ust i cat i on f or t ese ne se uences i s t at

n

1 n;
n

n n A
n

1

2

n
A 1

atural l y, e o not i s to ui l t e ol e se uencen i n t e - t s te . I t

turns out t at of eac n e nee onl y f our el e ents . ro 32 e n t at

n 1

n 1n
n

nn
n�1

n�1n A n

an co i ni n t i s i t 33 e n t e f ol l o i n co utat i on:

n 1

n�1 n 1n A
n

n�1
�

n

n�1 nn

n�1

n�1 n�1n

n 1

n n 1n A n

n
�

n

n nn
n�1

n n�1n

n 1

n 1 n 1n A n 1

n
�

n 1

n nn

n 1

n�1 n�1n

n 1

n 2 n 2n 1 A
n 1

n 1
�

n 1

n 1 n 1n 1

n 1

n nn 1

f eac e uat i on, t e l ef t an s i e i s t e co ute resul t . i t i onal l y, i n

t e l as t t o s te s e er f or a atr i x- vector ro uct t e resul t s of t ese can

e reuse i n t e r s t t o s te s of t e next i terat i on. e see t at t i s et o

re ui res t o atr i x- vector ro ucts , ut nei t er i s i t t e t rans ose of t e

atr i x.

or t e co utat i on of t e coe ci ents of e ave to o ac to t e anczos

et o . I n sect i on 6. 3 e sa t at e nee t e ex res s i ons no enot i n t e

l ef t se uence of res i ual s yn
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f or t e res i ual s . uc a t ree- ter recurrence i s t e usual o e of resentat i on

f or t e anczos et o an t e e ys ev se i - i t erat i ve et o [ 10] .

ro t e s l i t t i n �

�1
� of t e es sen er atr i x i nA

e et

� n 1

�1

nn n
�1

nn

�1

n�1n�1 n�1n � n�1
�1

n�1n�1 n�1n A n: 34

e note an el e entary f act a out .

Lemma h e c o l u mn s u ms o f a r e z e r o

roof : i nce � 0 ere 1; . . .t e col u n su s of are zero.

i nce t e su of t e ei t s of t e res i ual s i n e uat i on 34 i s zero, e can

extract t e atr i x A f ro t i s e uat i on an er i ve f or t e i t erates

xn 1 1 n�1n nn n�1n�1 xn � n � n�1n nn n�1n�1 xn�1:

onversel y, a i erent c oi ce of , or e ui val ent l y a i erent scal i n of t e

n se uence, i l l not ave an anal o ous rel at i on f or u at i n i terates . us ,

l e a 10 i s seen to e a cons i s tency con i t i on f or sol vi n l i near syste s i t .

e i l l r eturn to t i s at ter i n sect i on 9. 5.

t ree- ter recurrence can al so i rect l y e er i ve f ro t e el e ents of t e

es sen er atr i x:

i 1 i 1i i i i i �1 i �1i A i 35

ere f ro ort o onal i zat i on ro ert i es e et t e ex res s i ons

i i
i
A i

i i

; i i 1

i
A i 1

i i

; i 1i

i 1
A i

i 1 i 1

: 36

ote t at t e i 1i are ar i t rary nor al i zat i on f actors .

I f A i s sy et r i c, t e scal ari i 1can e er i ve as

i i 1

i 1 i 1

i i

i 1i; 37

i c can e s o n [ 16, 17] to e a ore s ta l e var i ant of t e et o .

e t ree- ter f or 35 i s of ten r i t ten as t o cou l e t o- ter recurrences

i 1 i 1i i i i i ere i A i � i �1 i �1i:

l t ou t i s s l i t t i n i s of l es s at e at i cal s i ni cance t an t e i ntro uct i on

of searc i rect i ons i n 6 , i t oes al l o f or a s l i t var i ant of t e co utat i on

y not i n t at
i
A i i i, i c i s use i n t e co utat i on ofi i. i s var i ant

i s as s ta l e as t e or i i nal et o [ 16] .
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quivalent formulas for the scalar quantities

I n a aral l el i l e entat i on, t e con u ate ra i ent al or i t as f or ul ate

a ove as t o sync roni zat i on oi nts er i t erat i on, l ocate at t e i nner ro uct

cal cul at i ons . ese sync roni zat i on oi nts cannot e coal esce i e i atel y: t e

scal ar i inee e to co ute i 1nee s an i nner ro uct i t i, an t e scal ar

i i 1neces sary to co utei 1 re ui res an i nner ro uct i ti 1. us t e

t o i nner ro ucts are i nter e en ent . o ever , f or t e con u ate ra i ent

et o f or s syste s t e scal ar s can e co ute i n ays t at el i i nate one

sync roni zat i on oi nt , er a s at t e ex ense of so e extra co utat i on.

t t e o ent , t o co l e entary a roac es are no n. ne can ei t er

el i i nate t e i nner ro uct
i i an ex res s i t i n ter s of i nner ro ucts i t

t e searc i rect i ons , or one can try to el i i nate t e i nner ro uct
i
A i an

ex res s i t i n ter s of i nner ro ucts i nvol vi n ra i ents .

e f or er a roac as i scovere y aa [ 18] . ro t e ort o onal i ty of ,

t e e uat i on A � l ea s to

i 1 i 1 i i
2

i i
A i A i ; 38

so t e nor s of i can e co ute recurs i vel y i t out t e nee f or an i nner

ro uct . o ever , a s i l e anal ys i s s o s t at t i s et o i s unsta l e, so extra

easures are neces sary. ence, eurant [ 15] ro ose co ut i n
i i ex l i ci t l y,

to et er i t Ai A i . us , t e
i 1 i 1val ue serves onl y as a re i ctor i t

i s l ater co ute exact l y. e resul t i n et o ta es t ree i nner ro ucts er

i t erat i on, an i s as s ta l e as t e cl as s i cal f or ul at i on of t e con u ate ra i ent

et o .

ecent l y, t o et o s ase on el i i nat i on of co ut i n
i
A i i c i s

nee e f or i i i i i
A i ave een i scovere . i r s t of al l , co i neA

� A an A A � to

� A A A

an cons i er t e i a onal of t e l ef t an r i t an s i e. ro

i
A i i

A i i
A i �1 i �1i 39

e see t at
i
A i can e co ute f ro

i
A i an i

A i �1 i �1
A i . ence,

one extra i nner ro uct i s nee e , an Ai i s co ute i nstea of Ai. i s

l at ter vector can e co ute recurs i vel y as i n e uat i on 13 .

x an i n A one ste f urt er i nto � A � i ves

A A A A � A :

s i n t e A- or t o onal i ty of an t e f act t at t e secon an t i r ter i n

t e r s are s t r i ct l y u er an l o er t r i an ul ar res ect i vel y, e n t at

i
A i i

A i �
2

i �1i i �1
A i �1: 40
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or t e resul t i n var i ant of t e con u ate ra i ent et o [ 3] A i i s a ai n

co ute recurs i vel y f ro Ai, t e i nner ro ucts
i i an i

A i are co ute

s i ul taneous l y, an t e scal ar
i
A i nee e f or i i i i i

A i i s co ute

f ro t e a ove recurrence.

ere i s a f ai r l y s t ron ar u ent f or t e s ta i l i ty of t i s l as t rearran e ent :

us i n e uat i ons 36 , 37 an 14 t e recurrence f or
n
A n can e er i ve

f ro t e recurrence

�1

nn n 1n 1 � n 1n nn nn 1

f or i vot enerat i on i n t e f actor i zat i on of t e es sen er atr i x. or sy et r i c

os i t i ve e ni te syste s t i s i s a s ta l e recurrence.

not er var i ant of t i s sc e e resul t s f ro cons i er i n t e i a onal of

� A A A �

�1:

i nce A i s t r i i a onal t e i n ni te ex ans i on of �

�1 ter i nates ui c l y,

an e n t at

i
A i i

A i i
A i �1 i �1i:

o ever , i n t e resence of roun i n errors t i s et o , ei n ase on an i n -

ni te nu er of or t o onal i t i es , eco es unsta l e i n contrast to t e t o revi ous

et o s i c onl y use a s i n l e ort o onal i ty rel at i on.

et o s f or re ovi n a sync roni zat i on oi nt eneral i ze to t e anczos et o .

e n t at

i 1
A i 1 i 1

A i 1� i
A i i i 1

f ro � A A A

i 1
A i 1 i 1

A i 1�

2

i i 1i
A i

us i n A- or t o onal i ty of an i n

A A A A � A ;

an e et

i 1 i 1� i i
2

i i
A i A i

f ro t e e uat i ons A � an A � us i n ort o onal i ty

of an .

not er a roac f or a re uce sync roni zat i on over ea as ro ose y [ 23]

an [ 2] , ase on co ut i n a nu er of ryl ov vectors an ort o onal i zi n

t ese as a l oc . o ever , t i s a roac see s i na vi sa l e f ro a oi nt of

s ta i l i ty.
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Stationaryiterationandthe steepest descentmethod

e atr i x f ra e or t at as use t rou out t i s a er can al so e a l i e

to t ra i t i onal s tat i onary i terat i ve et o s an t e s tee es t escent et o see

f or i nstance [ 24] an [ 10] .

tat i onary i terat i ve et o s i n t ei r os t as i c f or u ate an i terate as

xn 1 xn � n 41

ere n Ax n� an a roxi ates A�1. e s i l es t et o , i c ar -

son i terat i on, resul t s f ro c oos i n a i a onal atr i x i ti i f or

so e scal ar . e u at i n f or ul a can e r i t ten i n atr i x f or as

�

f ro i c e n � A , an t us

A �

�1: 42

o ar i n t i s to t e con u ate ra i ent et o , e see t at 42 can e

er i ve f ro 6 y ta i n or e ui val ent l y 0 an l et t i n e

constant .

e see t at t i s et o enerates a es sen er atr i x �

�1 of l o er

i i a onal f or . ro l e a 2 an t eore 1 e n t atn 1 n A 1

ere n i s an - t e ree ol yno i al . i s f act coul of course al so ave een

er i ve i n a ore cl as s i cal ay.

ore eneral i t erat i ve et o resul t s f ro c oos i n an a roxi at i on

to A�1, an i terat i n

xn 1 xn � nn n 43

ere nn i ves a eneral s tat i onary i terat i ve et o , an t e s tee es t

escent et o resul t s f ro c oos i nnn suc t at i t i ni i zesn 1 . r i t i n

t i s u ate e uat i on as � , e n t at t e res i ual s are

enerate y

A ere �

�1:

e note t e cl ose rese l ance et een t i s f or ul a an t e enerat i n f or ul a

f or t e recon i t i one con u ate ra i ent et o i n l e a 9.

I n t e case erenn e can i e ot an i n a trans f or e syste ,

turni n e uat i on 41 i nto

xn 1 xn � n: 44

Lemma h e r e s i d u a l s c o r r e s p o n d i n g t o t h e i t e r a t i v e me t h o d 4 4 a r e

l o v v e c t o r s o f t h e ma t r i x �A t h e i t e r a t i v e me t h o d c o n v e r g e s i f �A
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roof : e res i ual s sat i s f y � A , i c can e re r i t ten as �

A , s o i n t at t ey are a ryl ov se uence of t e atr i x �A. i nce

n 1 �A n t e i t erat i ve et o i l l conver e i f t e s ect ral ra i us

i s l es s t an 1.

olynomial acceleration

et o s suc as con u ate ra i ents are so et i es cons i ere to e an accel -

erat i on of a as i c i t erat i ve et o . u ose i terates xn ave een enerate

y 44 , t en t e i ea e i n accel erat i on i s to ta e co i nat i ons

xn

n

i =1

xi i n 45

i t t e cons i s tency con i t i on

n

i =1

i n 1: 46

ar a [ 24] cal l s 45 t e se i - i t erat i ve et o corres on i n to t e as i c i t er -

at i ve et o . e res i ual sn Axn � are seen to sat i s f y ere

i s an u er t r i an ul ar atr i x contai ni n t ei n coe ci ents ecause of t e

a ove cons i s tency con i t i on.

r i t i n t e as i c i t erat i ve et o as A � e n f or t e accel erate

res i ual s A ere i s t e u er es sen er atr i x �

�1 .

Lemma h e c o n s i s t e n c y c o n d i t i o n 4 6 i mp l i e s t h e c o n s i s t e n c y c o n d i

o f l e mma 1 0 f o r �

�1

roof : e can ex res s e uat i on 46 as . i nce t i s i l i es�1 ,

an s i nce , e n t at 0.

ese accel erat i on et o s are al so cal l e ol yno i al accel erat i on et o s

ecause of t e f ol l o i n f act .

Lemma h e a c c e l e r a t e d r e s i d u a l s a r e r e l a t e d t o t h e o r i g i n a l r e s i d u

n n � A n

h e r en i s a n �1- s t d e g r e e p o l y n o mi a l i t h i t s c o e c i e n t s i n t h e - t h c o

o f h e r e c o n t a i n s t h ei n c o e c i e n t s o f e q u a t i o n 4 5

roof : e a 11 esta l i s e t at t e res i ual s of t e as i c et o are ryl ov

vectors i n a se uence i t at r i x �A. I t t en f ol l o s f ro t eore 1 t at t e
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co i nat i ons are o tai ne y ul t i l yi n y a atr i x ol yno i al as s tate

a ove.

10 Concl usi on

e ave resente t e con u ate ra i ent - l i e et o s i n a atr i x f ra e or .

cl ear se arat i on et een t e es sen er atr i x associ ate i t ryl ov se-

uences , or t o onal i zat i on un er i erent i nner ro ucts , r econ i t i oni n , an

i ni i zat i on ro ert i es as a e. act s nor al l y ta en f or rante , suc as

t e t ree- ter f or of recurrences , or t e f act t at t ese et o s can e use

f or i t erat i ve sol ut i on of l i near syste s , ere er i ve , not ta en as a re i se.

i t i onal l y, e ave s o n o c et o s can e cons i ere as ol yno i al

accel erat i ons of as i c s tat i onary i terat i ve et o .

s i n t e atr i x f ra e or f or tal i n a out vector se uences , e ave i ven

s ort er i vat i ons of t e con u ate ra i ents et o , ot f or sy et r i c an

unsy etr i c syste s , t e anczos al or i t an t e e ui val ent i con u ate

ra i ent et o , t e l eas t s uares et o s an an t e con u-

ate ra i ents s uare et o .
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