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Abstract

This paper presents the conjugate gradient and Lanczos methods in a matrix
framework, focusing nmostly on orthogonality properties of the various vector
sequences generated. Various aspects of the methods, such as choice of inner
product, preconditioning, and relations to other iterative methods will be con-
sidered. Minim zation properties of the methods and the fact that they can
conpute successive approxinations to the solution of a linear systemwll be
proved as corollary.
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1 Introduction

Many articles have al ready been written about the conjugate gradient method

and the Lanczos al gorithm. Some of these focus on preconditioners, some treat
different variants of the basic method, and others derive error or convergence
speed properties of the methods (for the history of the conjugate gradient and
Lanczos methods and anextensive bi bliography we refer)tdffthis article we

will give a unified presentation of the conjugate gradient method and the Lanc-
zos al gorithm, and derive properties regarding orthogonality and equi val ence of
various formul ations. We will stress showing what the minimal assumptions are
for various properties.

In general we will only be concerned with qualitative properties of the methods,
leaving all quantitative results, such as convergence speed, aside. The conjugate
gradient and Lanczos methods will here be derived as orthogonal i zati onmethods
for Krylov sequences, and minimization properties will be derived from this
orthogonality. Also, the fact that such methods can be used for the iterative
solution of linear systems will be presented as a corollary rather than as a
starting point of the discussion.



Additionally, the presentation here will differ from most others inthe literature
(with the exception of [)2in that it is givenin terms of matrices instead

of vector sequences. Although an occasional part of the discussion may feel
somewhat forced by this, in general the presentationis very concise.

2 Tools: sequences as nmatrices

Most of the analysis in this paper will talk about matrices, instead of vector
sequences. The matrix corresponding to a sequence has the el ements of that se-
quence as 1ts columns. For instance, amatrix X will have the vectors. x .

as 1ts columns. Subscripted uppercase letters will indicate initial parts of se-
quences: X; 1s the matrixwith columns. 2 ¢,. Doubl y subscripted lowercase
characters denote elements of matrigedshhe i-th element of dr the (4, ))

element of H.

Combinations of the el ements of asequence can be expressed by upper triangul ar
matrices: if X and Y are sequences and U is upper triangular, then X = YU
expresses the fact = 22:1 Y Ui -

Inaddition to the 1dentity matrix 7, we will often need the unit 1 ower subdi ag-
onal matrix

J = (6 j+1)-
Right multiplication by J shifts a matrix left one column, so X = Y J corre-
sponds to the relation = y; 41 between sequences. An update relation

Lit1— Li = Y

can be expressed as X(J —1) =Y.

Jam1 An update rela_ﬂ;li—ammzzzzl YiUgs, OT
X(J-I)=YU

with Uupper triangul ar can b¢+[:vei—@2%nyiaJ§i,apr
X(J—-FE)=YV

with Vupper triangul=a;9gnd FE

Proof: the sequences can be rewritten by al gebrai c mani pul ation. Here is a proof
using matrix anal ysis. Lefy Be the square N x N matrix (&), then (J —
F1)~t = J'—EN. Suppose X(J—1I) = YU, thenusing J—F= (J-I)(I—J%)~!
we get
X(J—-E)=YU(J-I)(J—-E)™!
=YU(I-JH '



Again V =U(I — J')~!is an upper triangul ar matrix. .

3 Kyl ovsequences

In this section we will look at Krylov sequences, that is, vector sequences de-
rived from successive application of a matrix product. Linear combinations of
subsequences of a Kryl ovsequence can be associated with an upper Hessenberg
matrix and with matrix pol ynomials in the generating matrixof the sequence.
It is important to note that all of the properties derived here are independent
of any concept of orthogonality.

Consider the Krylov sequence; g1 = Az;. This sequence can be written in
matrix form as

AX = X J. (1)
Identities such ag gp= A%x; follow from
APX = AR X = = X TR

Taking 11 near combinations of Krylov vectors gives rise to Hessenberg matrices.

Iam 2 If AR = RH and ff 1 (that is=rax; for some a # 0),
then His an irreduci ble upper Hessenberg matrix iff R= XU with X t
Krylov sequence (1)and U a nonsingul ar upper triangular matrix sat.

H=U-1JU.

Proof: If U 1s a nonsingul ar upper triangul ar matrixand R = XU, then
AR = RU ~YJU

where U71JU is of irreducible upper Hessenberg shape, s¢ thetors satisfy
arecurrence

i
hi 41,5 1= Ay — Zhjﬁj~

j=
Conversely, if H is an upper Hessenberg matrix and AR = RH, then an upper

triangul ar matrix U can be determined such that R = XU, namely U has to
satisfy

UH=JU

and this can be sol ved recursively. For instance, noting that the first row of JU
is zero (and pickinguarbitrarily):

uithin + ui2har =0 = ua = . . .

Ui1hia + uiohos + u1shzs =0 = w3 = . . .



Then for the second row
U1 = Uazhoy = Usz = . ..
u12 = uzshas + uashss = uaz = . . .
We see that U can be solved if alligz 0, that is, if H is irreducible. Now
ARU =t = RUYWUHU Y)Y = RU'J
soif y=awxy, then R = X(al). .

A combinationof Krylovvectors can be expressed as a matrix pol ynomial t1mes
the imtial vector.

TPexanil I'f AX=XJand|fe;,then R=XU wi th Uupper triangular,
i1f and onlyif
rn+1:Pn(A)x1

where,#s an n-th degree pol ynomi al wi th coefficients inthe n+1l-st col

of U.

Proof: Suppose R = XU, and consider the splitting of the upper triangul ar
matrix U as

N
U=> (JHv®), UF) = diag0, . .,.0, W, - - W—kt1 N)
k=0

where U/*) has k initial zeros. For the col umns of R (which are the vedtors r
we find

n
t\Nkrr(k
Te, n41= E To, nt1-KJ") Ur(1-|-)1,n+1
k=0

n
= e eI T gk
k=0

n

= {ZAn_kx*, Un41-k, n+1} (Jt)n
E=0

where we use AX = X J* and the fact that ¥{J*)* is the i dentity matrixapart

from the first k di agonal el ements, which are zero. For the inverse assertion, read

the above proof backwards. .

In the context of iterative methods for linear systems, where¢ thesers
will turn out to be residuals, the measure of success of the method depends on
how closely the pol ynomials approxi mate the zero function. Results regarding



this can be found for instance ih,[[22 in this paper we will not pay any
attention to this matter.

The pol ynomi als derived above satisfy a simply recurrence.

Iam 3 Denoting the pol ynomi als fromt he,amelvd ofinsi hg mma ¢
H=U"1JU,the polynomi als satisfy

n—1
hn+1n¢n+1(t) = (t - hnn)¢n(t) - Z hkn¢k(t)
k=l

Proof: From the relation UH = JU relating the upper Hessenberg matrix and
the upper triangul ar matrix corresponding to certainspans of Krylovspaces we
see that U can be sol ved one col umn at a time. Suppose the n-th col wmn u

has been sol ved, then

n
uin+1hn+1n:ui—1n_zui khkn for 1= 1a ] n+ 1 (2)
k=l
This relation implies the recurrence for the pol ynomials ¢ .

4 Orthogonalization

The conjugate gradient al gorithm and the Lanczos method can be derived by
imposing various orthogonality conditions on the sequence R derived in the
previous section. Equivalently, they correspond to a certain construction for the
Hessenberg matrix H.

4.1 Sige athgmliztiar tle Gdakincaadtiaa

A sequence R defined by AR = RH can be chosen semi-orthogonal to another
sequence S by suitable construction of the Hessenberg matrix H.

Algmthnil Letrand any sequence S be given,and suppose inductively
that!R,is nonsingul ar.Solve the,nfstbmector h

St Ar, = St Rphy,. (3)
Then pickaval g f,droh instance 1 grRipd, and de fingw
from

rn+1hn+1,n:Arn _Rnhn (4)

(Insection 6.1 we shall see factors that dijqtgdte certainchoices of h



lam4 Al gorithml constructs a sequence Rthat is semi-orthogonal
inthe senselfbratfsor j>i;the al gorithmis welli-sdadited i f R
aninvariant subspace of Aandif the bl gakdewhdocemsdi tion s

not occur.

Proof: Suppose inductivel y thdfRS is lower triangul ar and nonsingul ar. Un-
less R is an invariant subspace of A the vectpyirwill be nonnull. Fur-
thermore, [Sn11 = 0so, $, 1 Ryy1 is again a lower triangular matrix. It is
nonsingul ar depending on whether, ;7,41 is zero. .

The condition that;ns orthogonal to the ¢ — 1- di mensional space spanned by
Si—11s often called a ‘Galerkin condition’, or perhaps more correctly, a ‘Petrov-
Galerkin condition’ 19

The classical conjugate gradient method stems from the choice S = R.

Iam5 The conjugate gradient method corresponds to a transformat
of Ato upper Hessenberg formlIf Ais symmetric this is atridiagonali
Al s positive definite the breakdown conditionwill not occur.

Proof: If S = R, then the lower triangul ar matRirsXi agonal , and'9R =
R'AR = R'RH is atransformationof Ato Hessenberg form. If Ais symmetric,
then RRH = H'R'R, so H is of both upper and l ower Hessenberg form, hence
tridiagonal . .

Iam6 Normalizing tchetiors in the conjugate gradient method for a
symmetric matrix Aleads toasymmetric Hessenberg matrix H.

Proof: This follows immediatel y ffdii ® R'RH = H. .

The question whether for unsymmetric matrices Athe upper Hessenberg matrix
can take on a banded form with a small bandwidth is of practical 1mportance,
since such a form limits the length of the recurrence fpwddtoors in (4).

This question was answered | argel y negati vel y hyai@bmore general 1y by][6

the conjugate gradient al gorithm gives a tridiagonal matrixif the spectrum of A
lies onaline inthe complex plane; for other matrices the bandwidth is alarge
fraction of the matrixsize.

4.2 Bi-athgidiztia

If the sequence {4 is based on a Krylov recurrence with #hat is,



ALS = SK or K'St=S5'A

with K of upper Hessenberg shape, the col umns of K can be solvedinasimilar
manner to those of H. Assumel R, is diagonal and non-singular. Solye k
from

st AR, = k!SI R,
so that 41 defined from
kn+1, P+l = Atsn - Snkn

satisfiesls | R, =0, so that 5 | R,y1 is again diagonal, but maybe singul ar.
Obviously, 1f = sy and Ais symmetric, thep S R, for all n, andﬁﬁ_anH

is singular iffy; = 0. Choosing 7 and s; independently corresponds to the
Lanczos method.

Teaen? The Lanczos methodgenerates Hessenbergmatrices Hand Ktha
are of tridiagonal formunder some normalizationof the Rand Ssequen.
are equal . The mhARriisc tSri di agonal and it is symmetric (independent of
the symmetry of A)if H=K.

Proof: We have that “® is a di agonal matrix, so férig we find
S'AR = S'RH = K'S'R

that is, 1t is both equal to an upper and to alower Hessenberg matrix. Therefore
1t is tridiagonal. Note that, unlike above, this conclusion does not depend on

symmetry, or equality of the sequences R and S.
Inspecting the el ements dfAR, we find from the (n, n) position that
st Ar
S:LArn = Szrnhnn = knnszrn = hnn = knn = ntin
sty

and similarly

(n+1,n):  knp1Shrn = ShyiTnt1hntin
and

(n, n41) 1 kyinsh 11 = shrnbnngr.
The matrices H and K are related by

H=Q1KQ

where © is the diagonal matri%RS We see again that, b = k,, for any
normalizationof R and S;if we choosefi, = knt1n, then

1
Sp4+1Tn+1

hnn+1 = knn+1 = Sﬁﬁn



so H = K. In general, any scaling of the R or S sequence that makes Q = 7
causes H and K to be equal.

If H and K are equal, we can combine the equal itidR & K!S'R=H!'S'R
and (S'AR)! = (S'RH)' = H'R!'S = H'S*R to find that 4R is symmetric. o

4.3 Diffaat duced ine podot ad the sy zble cse

If we don’t orthogonalize R and S directly, but mARé I8 di agonal for some
matrix M (if this matrixis symmetric positive definite it induces aninner prod-
uct, however this fact will not be used in the following derivation), the above
formulas alter slightly. First of all, if we still generate R from AR = RH, then
h, 1s to be sol ved from

sothat $Mr,41 = 01T we define
rn+1hn+1n = Arn - Rnhn

For the conjugate gradient method, the upper Hessenberg matrixis usuallyonly
tridiagonal if Ais symmetric (see the remarkinsection4.1). However, if MAis
symmetric, thenit is clear from

R'MAR = R'MRH (5)

that under M-orthogonalizationthe upper Hessenberg matrix H is againtridi-
agonal .

4.4 Diffaat duce d ine podct intle Iazes mtlod

Consider a generalizationof the Lanczos method with a matrix M inducing the
inner product with respect to which the sequences S and R are orthogonalized.

We want to be able to writd M RH = K'S*MR. Since SMAR = STMRH,

we have to sol ve g from
kLSt MR, = st MAR,
and define
5;+1kn+1n = SZMA]W -t k;Sfl

so that 4 MR, = 0. Apparently, S is no longer generated from a Krylov
sequence of A but from one of (M AM1)?.

Another (more symmetric) way of 1ooking at this is to di agonhM # %nd
let R and S be generated from

AR = RH, B'S = SK.



We concl ude that
S'MAR = S'MRH, 9BMR=K'S'MR,

so in order to conclude the tridiagonality characteristic of the Lanczos recur-
rence, we need that M A= BM, that is,
B=MAM ~1.

Inpractice, this limits M to powers of Aor powers.of A

5 Minimzation
The choi ce of orthogonal sequences for R and S in the Lanczos method (or R
orthogonal toitself for the conjugate gradient method) leads to some minimiza-

tionproperties. Additionally, minimizationproperties can be imposed by taking
vector sequences that consist of linear combinations of the R sequence.

5.1 Iarzs Minveditastias

Texen Choosing the sequences Rand Sto be orthogonal minimzes th
inner produgimdul o some normalizationof the sequences).

Proof: Let X, Y be the Krylovsequences following from AX = XJ‘and=A
YJ, and assume that || z1, & || vy1, and AR = RH, AS = SH for some
upper Hessenberg matrix H, such thatSRs diagonal with positive diagonal
el ements.

Let furthewr;” = 7, s = s; and AR = RH, AS = SH for some upper
Hessenberg matri&. From lemma 2 we find that there are upper triangul ar
matrices UU such that R = XU, S =YUR = XU, S = YU. Making the
substitutions H «— Ht*, H — HU-!, we find AX = RH = RH, AY =

SH = SH. Assuming that the sequences have been normalized such thaff H,
can be written as H = J + VI = J + V for some upper triangul ar matrices

V,V, we find
RJ =RJ+ XV, SJ=8]+YV,
whereV is the upper triangul ar matfi — UV.
We now get
JIS'RT = J'S'RT + J'S'XV + VIY'RJ + VIY'XV

in which the second and third term are strictly upper and lower triangul ar
respectively. (Here we use for instance tBat=SS* RU~! is upper triangul ar;

10



furthermore, ‘W = U~tS*RU~'.) Therefores), 7, > shrn, with equality only
inthe case that’ =0, that is, RfI= R, §=25. .

For the symmetric case of A= AS = R, this says that the orthogonalizing
al gorithm mini mizes the length of fheators ineachiteration. For the gen-
eral Lanczos method it gives the minimization of the inner prlogudbuts
this implies no minimizationfor eithey dththe g vectors. This minimiza-
tion property led Lanczos [ 184 to name this method ‘mini mized iterations’.
Another name is the ‘bi conjugate gradient methofl! [7

5.2 Sudiic CG: Minetiaintle A 1 mm

In addition to theorem 3 we can prove a further minimization property for the
conjugate gradient method for spd systems.

Texend Orthogonalizingthefroesthlaiabsjrugate gradient met hod
appliedtosymmetric positive definite systems Ami nimizes their leng
Al norm(modul o some normalizationcondition).

Proof: Assume that AR = RH, Ri= RH and r; [| 71 || #1, then there are

upper triangular matrices U,such that R = XU,R = XU. Suppose the
sequences have been normalized such that H,admits a factorization H =
(I—=J)W,H=(I-J)V with V,V upper triangular (insection 6.1 we shall

see that this can be achieved by scaling the R sequence, and this is infact the
conventional conjugate gradient method); we find that R(J — ) = —ARY,

R(J—1I)=—ARV~!, and using (J — )(I — J)~' = J — F; with the matrix
FE; fromsection 2

R(J — Ey) = AXW, R(J—E)=AXW
where W = —UV-Y(I — Jt)~', W = —UV~Y(I — J*)~! are upper triangul ar
matrices.

Taking the difference we finRJ = RJ + AX W withiWW = W — W, so (using
the symmetry of A)
J'RIAT'RJ = J'RIAT'RT + J'RIATYAX W + WIXTA' AR
+WEXPATATIAX W
= JIRIAT'RI + J'RIXW + WIX'RJ + WIXPAX W,
in which the second and third term are strictly upper and lower triangul ar
because of the upper triangularity 6K = R'RU~L. ThusriA=tr; > riA=1p;
with equality only W =0, that is i = R. )

11



It is easytosee that orthogonalizingthe R sequence under*tihmet product
will similarlylead to minimizationifhthrodm. For the case of k=1 this
even hol ds for the nonsymmetric case, as will be shownin the next section.

5.3 Mirnviminmsymnc cajppte gadat ok

Neither of the two preceding sections stated a minimization property for non-
symmetric conjugate gradient methods, that is, for the choice S = R with A
not a symmetric matrix. We can derive a minimization property for this case if
R is orthogonalized under the Ainner product.

Texenb The sequence R=XU (where Xis the Krylovsequence satisfying
AX = XJ)is Aorthogonal if and only if thevaotassodrtehe r
minimzed (see atllbeoofldm1]).

Proof: As in the proof of theorem 4 we derive that any cRoinethe same

Krylovspace as Ris related to RBY = RJ + AXW, so we find that
JIR'RJ = J'R'RJ + J'RIAXW + WXt A'RT + WX AL AXW.

From di agonal ity of ‘AR we find that RPAX = R'ARU ~!is upper triangul ar,

so the second and third term inthe above right hand side are strictly upper and
lower triangul ar respectively. Therefore>"rir, with equality only if4

1s semi-definite or if W.=0

Conversely, for any nonsingul ar upper triangul ar matrix W the function f(a) =
[|RJ + «ARW || is minimized for « = 0. Differentiating and substituting e =0
gives (RARW),, =0, that is, Ris Aorthogonal. ®

5.4 Mimd residd milods GMESanl QME

Two methods have been proposed that generate a vector sequence satisfying
a mini mization property by first generating the sequence R in the usual way,
and subsequently taking combination of this sequence. This procedure can be
applied both to the Lanczos method and the conjugate gradient method.

Let then R satisfy AR = RH, and construct a sequence G by
G(J — E1) = —ARV, n=r

where V is an upper triangul ar matrix.

Iam7 The el ements of the sequence Garelinear combinations of the s
Krylovsequence that underlies R.

12



Proof: Let R = XU where is U is upper triangul ar and X i1s a Kryl ovsequence
(see lemma 2), then G(J— = —ARV = —AXUV = —=XJUV. Since GF =
RE| = XFq, we find

G]=X(E,—-JUV)=GJJ' = X(E, - JUV)J".

Inthis equation, Jds the identity matrixexcept for azero (1, 1) element, and
(E1 — JUV)J' is an upper triangul ar matrix with a zero (1, 1) element. Thus
we can augment the first col umn of this matrixequationto find G = XW with
W =FE —JUVJ! whichis anonsingul ar upper triangul ar matrix. .

From the choiceg= r; we find that GJ = R(H — HV), and the col umns ¢
of V can be derived by sol ving the least squares problem

min||Hp v, — e(ln+1)||2.

If Ris constructed by the conjugate gradient method this method is called
GMRES (Generalized Minimal Residual] J,2@nd since R is orthogonal this
minimizes the,gvectors (which will turn out to be residuals) in the 2-norm.
For a matrix R constructed by the Lanczos process this methodis called QMR
(Quasi Minimal Residual];8he authors propose basing QMR on a block-
Lanczos process called ‘look-ahead Lanczos’, but that i1s not relevant for the
current discussion), and it does not directly minimize the residual, only the
coefficient vector.

Iam8 The GMRES met hodis equi valent tothe conjugate gradient metho
under the Ainner product.

Proof: This follows immediatel y from theorem 5 and lemma 7, using the fact
that the method minimizes the norms of the residual vegtors g .

The least squares solutionto HV =dan for 1nstance be found by making a

QR decomposition H = QU with @ orthonormal and U upper triangul ar. For
the QMR method this will result in U being upper tridiagonal. We find that
V =U-1Q!, whereQ is formed from Q as

q11 q11 - q11

Qt— qi12 - {12
0

qin

The residuals are then computed as
G(J —F))=—-APQ'  where P = RU"".

For an updating formul a for G we find the even simpler formul a

13



G(J = I) = —AP diag(q1).

The elements of P can be easily updated from theectors, in the case of
QMR withathree-termrecurrence. In GMRES updati mgguires all previous

such vectors to be stored. Hence, people have considered truncated or restarted
versions of the method.

6 The iterative formul ation of the conjugate gradient
and Lanczos nethods

The matrix equation AR = RH implies in cases where H is tridiagonal athree-
term recurrence
rn+1hn+1n + rnhnn + rn—lhn—ln = Arn

Traditionally this was the way Lanczod [dérived his bi-orthogonalization
method. The conjugate gradient method, however, was presented by 1ts dis-
coverers Hestenes and Stiefel] [aklt wo coupled t wo-term recurrences. Such a
formulation was later given by Fletchlerf ¢i7 the Lanczos method, who called

1t the ‘biconjugate gradient method’.

Inthis section we will show how the two formul ations are equi val ent, and how
the view as coupled two-term recurrences arises from factoring the Hessenberg
matrix.

6.1 Sadhdredias adtle sduiand lirer systan

The generating recurrence AR = RH can be split intotwo coupled recurrences.
Factor H as H = (I — L)DY(I — U) where L is a strictly lower diagonal
matrix, and U is strictly upper triangul ar (single upper diagonal for symmetric
conjugate gradients or the Lanczos method). Introducing P = R(I ='le

get the coupled recurrences

APD = R(I — L); R=P(I-U).
The el ements of the sequence P are usually called ‘search directions’.

If vectorsyrare repl aced by scal ar mul tipleg of themsel ves, this corresponds
to a transformed recurrence for the sequence RC (where C =£aljg

ARC = (RC)(C ~*HC)

of the original form. In particular, for H = (I=2({)PU) we can define a
scalar recurrence

1 =1 ¢ 1= L; 1105

so that

14



CYI-L)C=1I-1.

As aresult,

C~'HC = (I-J)C™'D™'C(I - C~'UC) = (I - J)D~'(I - C~UC)

is afactorizationof the Hessenberg matrixof the transformedrecurrence for RC.
Note that the matrix D is invariant under scalings of the R sequence.

Table 1 gives orthogonality properties for the gradients and search directions

thus derived.

Equation / Shape Relation Valid for
R'R diagonal rir; =0 i#]
R'AR = R'RH
upper Hessenberg riAr; =0 i>7+1
symm: tridiagonal rf4r; =0 li—j|>1
P'AP = (I — U)~'R'R(I — J)D-
lower triangularpiAdp; =0 j>i
symm: diagonal pidp; =0 i#]
P'R=(I-U)"'R'R piri =i
lower triangul arplr; =0 j>1

R'AP = R'R(I — J)D~1
lower bidiagonal rfdp; =0
R'AP = (I — U)!P' AP

ridp; = piAp;

j>i, i>j+1

Table 1: Orthogonality properties of the conjugate gradient al gorithm.

For the transformed recurrence, now simply denoted R, we thus get coupled

formul as as above:

APD=R(I-J), R=PI-U).

(6)

Inthis we recognize the classical formulation of the conjugate gradient method:
if 3 areiteratés and p, is asearch direction, thenscalarsuk chosensuch

that

T4l = Tn — dnnpna

with for the gradients = Az, — f:

'n4l1 =Tn — dnnApna

(7)

whichis the first half of the coupled recurrence. Inorder to ensure consistency,
we do have to choose explicithy= Ar; — f. Since the residualsare orthog-

onal , for some value n we will hayesr0. For that n, ;is the solution of the
linear system Av = f. Note that this is the theoretical exact convergence of the

1. Insection 3 we used & to denote elenents of a Krylov sequence; fromnow on z, will

denote solely the n-thiterate.

15



conjugate gradient method, discovered by][ih practice the method usually
converges toagiventolerance infar fewer iterations. This ‘speed of convergence’
depends mostly on the eigenval ues of the matrix;see for instlance[PR.

6.2 Tesdas intle CG dgrithn

If the Hessenberg matrixis factored H = (I —J(D— U) with U strictly
upper triangular, then for the conjugate gradient method there are only two
sets of scalars that we need to know: the quantitienddu; 5 (k > 0; for
symmetric problems only k =1 is needed).

Algnitin (Conjugate Gradient Method)In order tosolve Av=Ff choose
zrarbitrarily. Chopselap —f. Then performthe followingsteps for
=1, . ...

comput g d (8)
Update the iterate

Ti41= T — pidi; (9)
and the residual

rip1=1 — Apidi; (10)

comput g, mfor k=1..14 (11)

Update the search direction

2
Pi1=Ti 41+ Zpkuki+1 (12)
k=l

If 4is computedcam be derivedrecursively from

Api+1=Ari+1+ZApkuki+1 (13)

k=l
where we note thathfp

The scalarsd, w _;, followin various ways from the orthogonality conditions.

Fromthe relation APD = R(I—J) we get, usingthe fact thst=0for i > j:

plr; _ rir; (14)
pidp; Pl

piApid; ;= piri — piri y1=> dii=

and al so

t
T

riApi

1 R, 1 1 —
ridpidi i=riri —riri y1= di =
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Comparing el ements in the left and right hand sidé4R R R'RH, we find

from the 1 ower diagonal

1
i 417 +1

1 1 ? -1
ripdri =g g1, = o pdip = dii= — A
1 2

rf»_l_
(whichis not auseful formula becausgl @ needed to compute; ) and from
the upper triangle we find for & > 0

t
_ ri_ A
ri A==l g adi L o= v g = — o dy g ik
' Ty i —k
If Ais symmetric we find frofn #4r; = rf{Ar,; _;that
t
i 417 +1
Uy j1F —— . 15
i,1 4+ rlt'ri ( )

For nonsymmetric problems the elements of U can be computed by recursion
in each column. Observing that' 4P is lower triangul ar we find fromiAP
(I —U)= P'AR that for i < j

= piAp pur; = pidr;. (16)

k=l

6.3 Itaztivefamatiand tle Iarzs mtlod Bi-CG

Most authors present the Lanczos method as a three-term recurrence (see also
section9.2), and reserve the name ‘bi conjugate gradi ents’for the mathematically
equi val ent form 1nvol ving t wo coupl ed two-term recurrences.

In order tolet the presentation be as far as possible anal ogous to that of the
conjugate gradient method, we will take the latter approach. That is, we arrive at
aniterative formul ationfor the Lanczos method byintroducingsearch directions
corresponding to the left Krylov vectors. To this purpose we split the relation

A'S = SH into
A'QD = S(I —J), Q=S(I-U).
Algxitin3 (Lanczos Method)In order to solve Avaxr Pichoose

trarily. ChpesepAr1—fandg=sy arbitrarily. Then performthe
following steps for 1=1, ...

comput g d (17)
Update the iterate

Ti41= T — pidi; (18)
and the left andright residuals
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riy1= 1 — Apidi g § 1= s — Alqidy ; (19)

comput g; i (20)
Update left andright search directions

Di 1= T 41+ Pitls s 41 Q+1= S 41+ G § 41 (21)

The resul ting orthogonalityrel ations for the twosequences of iterates and search
directions are intable 2.

Equation / Shape Relation Valid for
S'R diagonal sfr; =0 itj
S'AR = S'RH = H'S'R

tridiagonal stAr; =0 li—j]>1

QUAP = (I - U)~'S'R(I — J)D~1
= D-YI - J)'S'R(I — U)~1

diagonal ¢fAp; =0 i#]

QR=(I-U)"'S'R qir; = sir;

lower triangulargir; =0 Jj>1
StP = StR(I — U)_l sgpi = 52702»

upper triangular sip; =0 1> ]
StAP = S'R(I — J)D™1!

lower bidiagonal sidp; =0 j>1 1>5+1
QAR = D-1(I — J)'S'R

upper bidiagonal ¢fAr; =0 i>7j, j>i+1
STAP = (I —U)'QtAP stAp; = qtdp;
QAR = QAP(I - U) i A = gt

Table 2: Orthogonality properties of the Lanczos method.

The scal ar sequences; dand u;; y1now can be derived as follows. Taking the

inner product of @ with APD = R(I — J) we find that

str;
di = e (22)

from $AR = S*R(I — J)D=Y(I — U) we find that

st A = —sb g pdy] $4ri 1= —sirid uii
which, with the symmetry ofAR (see theorem 2) gi ves

t .
Wi i 1= w (23)

Si T
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7 Precondi tioning

The 1 dea of preconditioningis usuallysimplypresented as replacing aniteration
on the system Au = f by one on M Au = M f. However, for conjugate gradient
methods 1t 1s rel evant whether the iteration matrixis symmetric or not. Hence
we do not want to iterate directly with M A whichusuallyis an unsymmetric
system, evenif Aand M are symmetric.

In this section we will derive how the formul as for the conjugate gradient and
Lanczos methods have to be al tered toincorporate a preconditioner. The actual
construction of the preconditioner will be left undiscussed, this being a whole
fiel d of science initself.

7.1 Preadtiaed ajuygte gadats

If M is symmetric and positive definite, we cansplit it (theoretically, not com-
putationally) as M = E% and we formul ate the conjugate gradients method
as 1terating on the system

E'AB(E ~l'z) = E'f,

that is, yvectors are generated from the equation
F'AER = RH

where H is againfactored as H = (I — )T —U).

The first of the coupledrecurrences insection6. 1is nowrepl adeAFHIE=
R(I—J), and we get for the full method

AEP)D = (E~'R)(I—J),  F'R=E-E-{(EP)I-U),
Introducing transformed sequend@s= E~'R and P = EP, we get the coupled
recurrences

APD = R(I - J), MR = P(I - U). (24)

Computationally, the algorithm is extended by a single step of forming the
product MR, and the splitting of M is never explicitly required.

Inorder to compute the scal ar quantities of the al gorithm we noted Rhat R
R'M R. Where the conjugate gradient al gorithm udp p we now get, because
of the transformed systerhEFpAFEp;, whichis equal pbAp;. For the methods
insection 9.3 we further note thdtAlbecomes in the transformed system
R'ETAER = R'M'AM R.

If weletr be the solution of {AEZ = E'f, thenin the end we are interested
inobtaining z = B Noting that the updating form®aJ —I) = PD follows
from equation (24), we find that

X(J-1I)=EX(J—1I)=PD, (25)
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that 1s, using the transformed search directions we can actually update approx-
imations to the solution of the original system.

Summarizing, we get the followingal gorithm (where we now simply fotte r
the r; of the above theory).

Algriting (Preconditioned Conjugate Gradient;methiod) Choose
trarily,amd=l4&t + fand p=ri = Mri. Then performthe following
steps for i=1, ...

computg;drir;/ptdp; (26)
Update the iterate

T 1= x; — pid; ; (27)
and the residual

rig1=ri — Apidi (28)
Apply the precondi tioner

Fi41= Mr; 4 (29)

comput e; =7} i 4/ Firi. (30)

Update the search direction

Di+1= 75 41+ Pitli i 41 (31)

7.2 Preadtiaig s a dape d mrix adine podot

We started formul ating the preconditioned iteration as arising from a Krylov
sequence with the matri ¥ AF. However, the resul ting sequence R satisfying
E'AER = RH is never formed. Instead we compute a sequete= E~'R.

This sequence can be interpreted as arise from a Krylov sequence of another
system, orthogonalized under another inner product.

Iam 9 The sequelicensists of linear combinations of a Krylovsequenc
of the matrix AM,and it is orthogonal under the M-inner product.

Proof: The sequencd? satisfies AMR = RH, that is, it arises from a Krylov
sequence of the matrix AM (see lemma2). For a general symmetric choice for M
this matrix will be nonsymmetric, but noting that the scalars in the iterative
method are determined from the equation

R'MAM R = R'MRH

we find by comparing to equation (5) that we have orthogonal i Zdnder the
M inner product, which symmetrizes the matrix AM again. .
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Although the discussion so far used a symmetric preconditioner M A tEE
is easy to see that taking M = F&hd iterating on a system with coefficient
matrix FAF will also lead to a formul aRM= P(I — U), that is, involving
only the unfactored preconditioner.

7.3 Precadtiaed Iarzs

Precondi tioning the Lanczos iteration is largely anal ogous to preconditioning
the conjugate gradient method as described above. (The only exposition of a
precondi tioned Lanczos method in the literature that we are aware of]is in [4
apart from an implementational detail it is identical to the method derived

here.)

Since the Lanczos method can handl e nonsymmetric matrices, assume that the
preconditioner is nonsymmetrictoo, and that weiterate onasystem withmatrix

FE'AF. From
E'AFPD = R(I - J), FPA'EQD = S(I - J)
we find
APD = R(I - J), AQD = S(I-17)
where
R=E"'R, S=F"'S, P=FP, Q=EQ.
For the scal ar quantities we find first of all that
S'R=SMR

where M = FF is the preconditioner. Furthermore, the quarftdpyig the
conjugate gradient method now becomed kf* AF'p;, which is equal 4bAp;.

The update relations R=P(I—U) and S = Q(I —U) for the search directions
become

MR=P(I-U), MS=Q(I-U)

for the transformed sequences. We see that applications of both the precondi-
tioner and its transpose are necessary.

8 Polynomal squaring nethods: UGS

It has been observed [Rthat the Lanczos method computes both= ¢, (A4)r;
and s, = ¢,(A")s1, where ¢ is ann — 1-st degree pol ynomial, apd %, are
the right and left residuals. Since presumably both residuals tend to zero, and

sptn = (6n(A)51) (@n(Ar1) = 5165 (Ar1)
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LA, (22), rtr,  (22) and (23).

n
From the above 1t 18 easy to see that
P = 702 (A1 = s, rhAr, = HAG2 (A = A ()

Thus the left sequence can be eliminated completely, and onlyits first el ement
1s ever needed. Using the above two expression, the elements of H can be com-
puted, for instance as in equation (34).

There is infact an unused degree of freedominthe above method: we can choose
a different upper triangular matrix V to form the linear combindt¥omoS
that

Sn) — vy = A5 (") = g ¢
where K = V"1JV. We will not further pursue this approach here.

9 Other aspects of the iterative solution process
9.1 Ttaatie sduianas sdvirg reded systan

In equation (7) we saw that the orthogonalization process of a Krylovsequence
can be used to compute 1terativel y approxi mations of the solutionof alinear sys-
tem. Writingthis vector recurrence againinblock form X(I—J)= PD, we find
that the iterates can be computed iteratively or from aninitial approximation
as

X(I-J)=RI-U)"'D o X(Ei—J)=RV

where V = (I —Uy!'D(I — J")~!is an upper triangul ar matrix. Thus, every
iterate differs from the previous and from the initial one by a span of residuals.

For the columns g of V we find after some elementary throwing around of
formul as that

R'ARV = R'R(E, — J)
SO
RYAR vy = ()%™

where én) is the first length n unit vector. We see that each of the col umns of V
follows from the solution of areduced system that is derived from the previous
by the addition of arow and col umn.

9.2 Tree tanrecnrare fa- itastes

Some authors [p 1(, have considered a three-term recurrence for the iterands
in the conjugate gradient al gorithm, corresponding tothe three-term recurrence
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it mayseem like a goodideatocompute to compute the sequehcd)p; since,
ideally, this sequence woul d have double the convergence speed of the original
sequence. Here is why computing this sequence is possible.

Let X be a Kryl ovsequence of A that is, AX = XJ, and let R consist of linear
combinationof the X sequence: R = XU. Fromthe foregoingdiscussion we know
that we have AR = RH with H = F1JU. Suppose that H is tridiagonal, for
instance because Ris generated with the Lanczos iteration. For the n-th residual
we have 1, = ¢, (A)z 1 where the pol ynomials,dare related by

¢n+1(t)hn+1n + ¢n(t)hnn + ¢n—1(t)hn—1n = t¢n (t); (32)
see lemma 3.

We now define in each n-th step a new Kryl ov vector sequené®) ¥y
Vi = g (AX = Ay (W =y,
Using again the upper triangular matrix U to take linear combinations, this
time from ¥, we define $*) by
S =Yy = AS(M = SV H. (33)
Note that the matrix H is the same as above, and in particul ar independent

of n.

The justification for these new sequences 1s that

W=, ) = 0n(AyiY = 63,
Naturally, we do not wish to build the whole sequeifdei § the n-th step. It
turns out that of each(® we need only four el ements. From (32) we find that

S(n+1)hn+1n + S(n)hnn + S(n—l)hn_ln — AS(”)
and combining this with (33) we find the following computation:
s g1, = A5£Lnj1 - (5£Ln—)1hnn + Sgln—zl)hn—ln)

n—1
Sgln+1)hn+1n = AS%H) - (S%H)hnn + Sgln_l)hn—ln)
5(n+1)hn+1n = Asgzn-l—l) - (Sgln-l—l)hnn + Sgln—-l—ll)hn—ln)

n+1
S (n+1) _ (nt1)p

— +1
e ngangr = As Y — (8 B 4+ 50T o)

Of each equation, the left hand side is the computed result. Additionally, in
the last two steps we perform a matrix-vector product; the results of these can
be reused in the first two steps of the next iteration. We see that this method
requires two matrix-vector products, but neither is with the transpose of the
matrix.

For the computation of the coefficients of H we have to go back to the Lanczos
method. In section 6.3 we saw that we need the expressions (now denoting the
left sequence of residualsrhy ~
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for the residuals. Such athree-term recurrence is the usual mode of presentation
for the Lanczos method and the Chebyshev semi-iterative metlod [10

Fromthe splitting H = (I-JJII—U) of the Hessenberg matrixin AR = RH
we get

—rnrdny +ra(dpt Ayl un_1n) = rnordy Ly, un_1n = A (34)

We note an el ementary fact about H.

Iamnm10 The column sums of Hare zero.
Proof: Since'tl —J) = 0" where e = (1, . ) the column sums of H are zero. e

Since the sum of the weights of the residuals inequation (34) is zero, we can
extract the matrix Afrom this equation and derive for the iterates

Tp41l = (1 + un—lndnn/dn—ln—l)xn — Tn — un—ln(dnn/dn—ln—l)xn—L

Conversely, a different choice of H, or equivalently a different scaling of the
r, sequence, will not have an anal ogous relation for updating i1terates. Thus,
lemma 101s seentobe aconsistency conditionfor sol vinglinear systems with H.
We will return to this matter insection 9.5.

A three-term recurrence can also directly be derived from the el ements of the
Hessenberg matrix:

i 41hi 41t ik i+ by —1i= Ary (35)
where from orthogonal ization properties we get the expressions
riAr; riAr; ri Ay
hii= +——, hipi= hyri= -t (36)
7°Z»7°Z' 7“2» T 7“2» +17°Z' +1
Note that the hpq;are arbitrary normalization factors.
If Ais symmetric, the scalarifican be derived as
rtr
hii 41= %hz +16 (37)

;i

whi ch can be shown [ 1617 to be a more stable variant of the method.

The three-term form (35) is often written as two coupled two-term recurrences
ri 41l 410+ Tihi =1 where ;= Ar; — i _ihs —1s

Although this splittingis of 1ess mathematical significance than the introduction
of search directions in (6), it does allow for aslight variant of the computation
by noting that f4r; = rit;, whichis usedinthe computationgof Fhis variant

is as stable as the original methold.[16
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9.3 Eqivdat fandss fa tle scda qatities

In a parallel implementation, the conjugate gradient al gorithm as formul ated
above has two synchroni zation points per iteration, located at the 1nner product
cal cul ati1ons. These synchroni zation points cannot be coal esced 1 mmediately: the
scal ar gdineeded to compute y11needs aninner product with pand the scal ar

U; i 41necessary to compute;girequires aninner product withx Thus the

two inner products are interdependent. However, for the conjugate gradient
method for spd systems the scal ars can be computed 1 n ways that el 1 minate one
synchroni zation point, perhaps at the expense of some extra computation.

At the moment, two complementary approaches are known. One can either
eliminate the inner produ¢t;rand express it interms of inner products with
the search directions, or one can try to eliminate the inner piagycang
express 1t interms of inner products invol ving gradients.

The former approach was discovered by Saad][.1¥rom the orthogonality of R,
the equation APD = R(I — J) leads to

ri it w1t i = dF (Ap) (Ap), (38)

so the norms of ;rcan be computed recursivel y without the need for an inner
product. However, asimple anal ysis shows that this methodis unstable, soextra
measures are necessary. Hence, Meuran} ptdposed computingir; explicitly,
together with (A4)*(Ap;). Thus, thelr r; 1value serves onlyas apredictor;it

is later computed exactly. The resul ting method takes three inner products per
iteration, and is as stable as the classical formul ation of the conjugate gradient
method.

Recently, two methods based on elimination of computidmy fwhich is
needed for d;= rir;/ptAp;) have been discovered. First of all, comBidle 8
(I —U)P'AP and R'AR = R*AP(I - U) to

(I - UYP'AP = R'AR+ R'APU
and consider the diagonal of the left and right hand side. From
Pidpi =i +riAps i v (39)

we see that pdp; can be computed fromiAr; and r!Ap, _1 = p! _(Ar;). Hence,
one extra inner product is needed, and;As computed instead of ApThis
latter vector can be computed recursively as in equation (13).

Expandi ng R' AR one step further into (I — UFAP(I — U) gi ves
P'AP = R'AR + P'APU + U 'P'AP — U 'P'APU.

Using the A orthogonality of P and the fact that the second and third termin
the rhs are strictly upper and lower triangul ar respectively, we find that

pidpi = ridri —ui i pi _Api (40)
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For the resulting variant of the conjugate gradient methpjl dp3is again
computed recursi vel y from;Athe inner productgrm and r¢{4r; are computed
simul taneously, and the scal &y needed for ;= rir;/ptdp; is computed
from the above recurrence.

There 1s a fairly strong argument for the stability of this last rearrangement:
using equations (36), (37) and (14) the recurrence fhripm, can be derived
from the recurrence

d;ﬁ = hn+1n+1 - hn+1ndnnhnn+1

for pivot generationinthe factorizationof the Hessenberg matrix. For symmetric
positive definite systems this 1s a stable recurrence.

Another variant of this scheme results from considering the diagonal of

(I-U)PAP=R'AP = R'AR(I - U) %
Since RARis tridiagonal the infinite expansionof (I=1if¢rminates quickly,

and we find that
piAp; = riAr; +riAr —g —q;

However, inthe presence of rounding errors this method, being based on an i nfi-
ni te number of orthogonalities, becomes unstable incontrast tothe two previous
methods which only use asingle orthogonality relation.

Methods for removingasynchroni zati onpoint generalize tothe Lanczos method.

We find that
G4 41= st i pi— siAp i
from (I —UJQ'AP = STAR + ST APU;
g +iip1= 5§+1A7“i +1— Ui +€11pr2'
using A orthogonality of @ and P in
QAP = STAR + QTAPU + U'Q' AP — U 'Q' APU,
and we get
sty 41— sirs = df (A'qi)'(Apy)

from the equations APD = R(I—J) and 49D = S(I —J) using orthogonal i ty

of S and R.

Another approach for a reduced synchronization overhead was proposed by [ 23
and [J, based on computing a number of Krylov vectors and orthogonalizing

these as a block. However, this approach seems inadvisable from a point of
stability.
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9.4 Sdiaayitasicad tle steqest dscat relod

The matrix framework that was used throughout this paper can also be applied
totraditional stationaryiterative methods and the steepest descent method (see

for instance [Rdnd [10).
Stationary iterative methods intheir most basic form update aniterate as
Tpg1 = &y — Mr, (41)

where 5, = Av, — f and M approxi mates A!. The simplest method, Richard-
soniteration, results from choosing M = D a diagonal matri x yetdhfdr
some scal ar d. The updating formul a can be written in matrix form as

X(I—J)=RD
from which we find R(I — J) = ARD, and thus
AR=R(I - J)D~. (42)

Comparing this to the conjugate gradient method, we see that (42) can be
derived from (6) by taking P = R (or equivalently U = 0) and letting D be
constant.

We see that this method generates a Hessenberg matrix H = (I=49f ower
bidiagonal form. From lemma 2 and theorem 1 we find thaty = P,(A)r;

where B is ann-th degree pol ynomial. (This fact coul d of course also have been
derived ina more classical way.)

A more general 1terative method results from choosing an approxi mation M
to A”', and iterating

Tpn4+1 = Tn — dnnMrn (43)

where d,, = d gives a general stationary iterative method, and the steepest
descent methodresul ts from choosigpgshch that it mini mizes, fg]]. Writing

this update equation as X(I —J) = MRD, we find that the residuals are
generated by

AMR=RH where H = (I —J)D L.

We note the close resembl ance between this formul a and the generating formul a
for the preconditioned conjugate gradient method inlemma 9.

Inthe case where,, = d we can hide both D and M in a transformed system,
turni ng equation 41 into

Tpg1 = Ty — T (44)

Ilam11 The residuals corresponding tothe iterative method (44)are
lovvectors of the matrix I—Athe iterative methodconverges if p(I—4)
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Proof: The residuals satisfy R(I —J) = AR, which can be rewritten as (I —
AR = RJ, showing that they are a Kryl ovsequence of the matrix 7 — A Since
[|7n41l] < p(I — A)||r || the iterative method will converge if the spectral radius
is less than 1. .

9.5 Pdymid aocdazstian

Methods such as conjugate gradients are sometimes considered to be an accel-
eration of a basic iterative method. Suppose itepaheserbeen generated
by (44), then the idea behind accelerationis to take combinations

=l

with the consistency condition

S u= 1 (46)
=l

Varga [24 calls (45) the semi-iterative method corresponding to the basic iter-
ative method. The residuals= AZ, — f are seen to satist= RU (where

U is an upper triangul ar matrix containing thecaefficients) because of the

above consistency condition.

Writing the basic iterative method as AR = R(I—J) we find for the accelerated
residuals B = RH where H is the upper Hessenberg matrix I =1JU.

Iam12 The consistency condition (46)implies the consistency cond
of lemma 10 for H=9UU

Proof: We can express equation (46) d¥/e= e¢’. Since this implidge! = ¢f,

and since &J = ¢!, we find that EH = 0. .

These acceleration methods are also called ‘pol ynomial acceleration’ methods
because of the following fact.

Iamn13 The accelerated residuals arerelated to the original resid
Pn = Py(I— Ar,

where,Ps ann—1-st degree pol ynomi al withits coefficients inthe n-thcc
of U,where Ucontaipsdeficients of equation (45).

Proof: Lemma 11 established that the residuals of the basic method are Kryl ov
vectors in asequence with matrix/— A It thenfollows from theorem 1 that the
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combi nations® are obtained by mul tiplying by a matrix pol ynomial as stated
above. .

10 (bncl usion

We have presented the conjugate gradient-1ike methods ina matrix framework.

A clear separation between the Hessenberg matrix associated with Krylov se-
quences, orthogonalizationunder different inner products, preconditioning, and
minimization properties was made. Facts normally taken for granted, such as
the three-term form of recurrences, or the fact that these methods can be used
for 1terative solution of linear systems, were derived, not taken as a premise.
Additionally, we have shown how cg methods can be considered as pol ynomi al
accelerations of basic stationaryiterative method.

Using the matrix framework for talking about vector sequences, we have gi ven
short derivations of the conjugate gradients method, both for symmetric and
unsymmetric systems, the Lanczos algorithm and the equivalent biconjugate
gradient method, the least squares methods GMRES and QMR and the conju-
gate gradients squared method.
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