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A st ct

This paper describes ScaLAPACK, a distributed

memory versionof the LAPACKsoftwarepackage for

dense and banded matrix computations. Key design

features are theuse of distributedversions of theLevel

LASas building blocks, and anob ect-based inter-

face to the library routines. The square block scat-

tereddecompositionis described. The implementation

of a distributed memory version of the right-looking

LUfactorization algorithmon the Intel Delta mul-

ticomputer is discussed, and performance results are

presented that demonstrate the scalability of the algo-

rithm.

I nt r oduct i on

Thi s paper cons i der s i s s ues i n t he des i gn and i m-
pl ement at i on of a l i br ar y of s ubr out i nes f or per f orm-
i ng l i near al gebr a comput at i ons on di s t r i but ed mem-
or y concur r ent comput er s ( or multicomputers) . When
compl et ed t he l i br ar y wi l l cont ai n s ubr out i nes f or per -
f ormi ng dens e , banded, and s par s e mat r i x comput a-
t i ons , wi t h t he l at t e r be i ng di vi ded i nt o t he s ymmet -
r i c , pos i t i ve - de�ni t e , and nons ymmet r i c cas es . I n t hi s
paper we f ocus on ScaLAPACK, a di s t r i but ed mem-
or y ver s i on of t he LAPACK[ 1, 2] s of t war e package f or
dens e and banded mat r i x pr obl ems . Among t he i m-
por t ant des i gn goal s ar e s cal abi l i t y, por t abi l i t y, 
exi -
bi l i t y, and eas e - of - us e . I n t he cont ext of t he cur r ent
wor k an al gor i t hmi s r egar ded as \s cal abl e" i f i t con-
t i nues t o per f orme�ci ent l y t he t as k f or whi ch i t was
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- - - i

- - -

des i gned as t he number of pr oces s or s i ncr eas es , whi l e
keepi ng t he gr anul ar i t y �xed. The i nt ent i s t hat f or
l ar ge - s cal e pr obl ems t he l i br ar y r out i nes s houl d e�ec -
t i ve l y expl oi t t he comput at i onal har dwar e of medi um
gr ai n- s i ze mul t i comput er s wi t h up t o a f ew t hous and
pr oces s or s , s uch as t he I nt e l Par agon and Thi nki ng
Machi nes Cor por at i on' s CM- 5.

Scal abi l i t y i s l ar ge l y det ermi ned by how t he al go-
r i t hmi nt er act s wi t h t he mul t i comput er har dwar e and
l ow- l eve l s of t war e , and s o r educes t o an al gor i t hmde-
s i gn i s s ue , f r omour poi nt of vi ew. I s s ues s uch as l oad
bal ance , communi cat i on vol ume, and whet her com-
muni cat i on and comput at i on can be over l apped, al l
i mpact t he s cal abi l i t y of an al gor i t hmand mus t be
car e f ul l y cons i der ed. The way i n whi ch t he dat a ar e
di s t r i but ed ( or decompos ed) over t he pr oces s or s of t he
mul t i comput er i s of f undament al i mpor t ance t o t hes e
f act or s .

We s hal l us e t he t erm\pr ogr ammabi l i t y" t o r e f e r
t o f act or s s uch as por t abi l i t y, 
exi bi l i t y, and eas e - of -
us e . Pr ogr ammabi l i t y i s l ar ge l y det ermi ned by how
t he us er i nt er act s wi t h t he s of t war e l i br ar y. To en-
hance t he pr ogr ammabi l i ty of t he l i br ar y we woul d
l i ke det ai l s of t he par al l e l i mpl ement at i on t o be hi d-
den as much as pos s i bl e f r omt he us er , and s o have
des i gned an obj ect - bas ed i nt er f ace t o t he l i br ar y. Thi s
i s des cr i bed i n Sec . 3. I n addi t i on, i t i s des i r abl e
f or t he s of t war e t o wor k cor r ect l y f or a l ar ge c l as s
of dat a decompos i t i ons . We have , t her e f or e , adopt ed
t he s quar e bl ock s cat t er ed ( SBS) decompos i t i on, de -
s c r i bed i n mor e det ai l i n Sec . 2, f or us e i n al l our di s -
t r i but ed dens e l i near al gebr a al gor i t hms . I n Sec . 4,
we des cr i be a di s t r i but ed r i ght - l ooki ng var i ant of t he
LU f act or i zat i on al gor i t hm. The s cal abi l i t y of t he al -
gor i t hmi s demons t r at ed i n Sec . 5 by exper i ment s on
t he I nt e l De l t a mul t i comput er . Thes e exper i ment s wi l l



be ext ended t o t he Par agon and CM- 5 once we have
acces s t o s t abl e s ys t ems .

2 Squar e Bl ock Scat t er ed Dat a De-

compos i t i on

The l ayout of an appl i cat i on' s dat a wi t hi n t he hi e r -
ar chi cal memor y of a concur r ent comput er i s c r i t i cal
i n det ermi ni ng t he per f ormance and s cal abi l i t y of t he
par al l e l code . On s har ed memor y concur r ent com-
put er s ( or multiprocessors) t he s of t war e package LA-
PACK[ 1 , 8] s eeks t o make e�ci ent us e of t he hi e r ar chi -
cal memor y by maxi mi z i ng dat a r eus e , i . e . , on a cache-
bas ed comput er by avoi di ng havi ng t o r e l oad t he cache
t oo f r equent l y. LAPACK does t hi s by cas t i ng l i n-
ear al gebr a comput at i ons i n t erms of bl ock- or i ent ed,
mat r i x- mat r i x oper at i ons known as t he Leve l 3 BLAS
[ 10] whenever pos s i bl e . Thi s appr oach gener al l y r e -
s ul t s i n maxi mi z i ng t he r at i o of 
oat i ng poi nt oper a-
t i ons t o memor y r e f e r ence s , and r eus es dat a as much
as pos s i bl e whi l e i t i s s t or ed i n t he hi ghes t l eve l s of
t he memor y hi er ar chy ( f or exampl e , vect or r egi s t e r s ,
or hi gh- s peed cache) .

An anal ogous appr oach has been f ol l owed i n t he de-
s i gn of ScaLAPACKf or di s t r i but ed memor y machi nes .
By us i ng bl ock- par t i t i oned al gor i t hms we s eek t o r e -
duce t he f r equency wi t h whi ch dat a mus t be t r ans -
f e r r ed between pr oces s or s , t her eby r educ i ng t he �xed
s t ar t up cos t ( or l at ency) i ncur r ed each t i me a mes s age
i s communi cat ed.

On a mul t i comput er t he appl i cat i on pr ogr ammer i s
r e s pons i bl e f or decompos i ng t he dat a over t he pr oces -
s or s of t he concur r ent comput er . A vect or of l engt h
Mmay be decompos ed over s ome s et of Np pr oces s or s
by �r s t ar r angi ng t he pr oces s or s i n a l i near s equence ,
and t hen as s i gni ng t he vect or ent r y wi t h gl obal i n-
dex m ( wher e 0 � m<M) t o t he pt h pr oces s or i n
t he s equence ( 0 � p <Np) , wher e i t i s s t or ed as t he
it h ent r y i n a l ocal ar r ay. Thus t he decompos i t i on of
a vect or can be r egar ded as a mappi ng of t he gl obal
i ndex, m, t o an i ndex pai r , ( p; i ) , s pec i f yi ng t he pr o-
ces s or l ocat i on and t he l ocal i ndex.

For mat r i x pr obl ems one can t hi nk of ar r angi ng t he
pr oces s or s as a P by Qgr i d. Thus t he gr i d cons i s t s
of P r ows of pr oces s or s and Qcol umns of pr oces s or s ,
and Np =PQ. Each pr oces s or can be uni que l y i dent i -
�ed by i t s pos i t i on, ( p; q) , on t he pr oces s or gr i d. The
decompos i t i on of an M� Nmat r i x can be r egar ded
as t he t ens or pr oduct of t wo vect or decompos i t i ons ,
� and �. The mappi ng � decompos es t he Mr ows
of t he mat r i x over t he P r ows of pr oces s or s , and �

decompos es t he N col umns of t he mat r i x over t he Q

col umns of pr oces s or s . Thus , i f �(m) = ( p; i ) and
�(n) =( q; j) t hen t he mat r i x ent r y wi t h gl obal i ndex
(m; n) i s as s i gned t o t he pr oces s or at pos i t i on ( p; q) on
t he pr oces s or gr i d, wher e i t i s s t or ed i n a l ocal ar r ay
wi t h i ndex ( i ; j) .

Two common decompos i t i ons ar e t he block and t he
scattereddecompos i t i ons [ 7, 15] . The bl ock decompos i -
t i on, �, as s i gns cont i guous ent r i e s i n t he gl obal vect or
t o t he pr oces s or s i n bl ocks .

�(m) =( bm=L c ; mmod L) ; ( 1)

wher e L= dM=Pe. The s cat t er ed decompos i t i on, �,
as s i gns cons ecut i ve ent r i e s i n t he gl obal vect or t o di f -
f e r ent pr oces s or s ,

�(m) =( mmod P; b m=Pc ) ( 2)

By appl yi ng t he bl ock and s cat t er ed decompos i -
t i ons over r ows and col umns a var i e t y of mat r i x de-
compos i t i ons can be gener at ed.

The block scattered decompos i t i on s cat t er s bl ocks
of r e l ement s over t he pr oces s or s i ns t ead of s i ngl e e l -
ement s , and i f t he bl ocks ar e r ect angul ar , i s abl e t o
r epr oduce t he decompos i t i ons r es ul t i ng f r omal l pos -
s i bl e bl ock and s cat t er ed decompos i t i ons . Thus , by
us i ng t he bl ock s cat t er ed decompos i t i on a l ar ge de-
gr ee of decompos i t i on i ndependence can be at t ai ned.
I n t he bl ock s cat t er ed decompos i t i on t he mappi ng of
t he gl obal i ndex, m, can be expr es s ed as a t r i pl e t of
val ues , �(m) =( p; t; i ) , wher e p i s t he pr oces s or pos i -
t i on, t t he bl ock number , and i t he l ocal i ndex wi t hi n
t he bl ock. For t he bl ock s cat t er ed decompos i t i on we
may wr i t e ,

�r(m) =

�
mmod T

r
;
jm
T

k
;
�
mmod T

�
mod r

( 3)
wher e T = rP. I t s houl d be not ed t hat t hi s r ever t s
t o t he s cat t er ed decompos i t i on when r =1, wi t h l ocal
bl ock i ndex i = 0. A bl ock decompos i t i on i s r ecov-
er ed when r = L, wi t h bl ock number t = 0. The
bl ock s cat t er ed decompos i t i on i n one f ormor anot her
has pr evi ous l y been us ed by Saad and Schul t z [ 17] ,
Skj e l l umand Leung [ 18] , Dongar r a and Os t r ouchov
[ 9] , Ander s on et al . [ 3] , As hcr af t [ 4] , Dongar r a and
van de Gei j n [ 13] , van de Gei j n [ 19] , and Br ent [ 5] ,
t o name a f ew. The bl ock s cat t er ed decompos i t i on i s
one of t he decompos i t i ons pr ovi ded i n t he For t r an D
pr ogr ammi ng s t yl e [ 14] .

As di s cus s ed above , t he bl ock s cat t er ed decompo-
s i t i on of a mat r i x can be r egar ded as t he t ens or pr od-
uct of t wo bl ock s cat t er ed decompos i t i ons , �r and �s.



MATRIX {
MATRIX_DATA_PART_PTR {

type *matrix_elements; % pointer to the matrix element values
int MG_elements; % total number of rows in matrix
int NG_elements; % total number of columns in matrix
int MG_blocks; % total number of rows of r by r blocks in matrix
int NG_blocks; % total number of columns of r by r blocks in matrix
int M_blocks; % number of rows of r by r blocks in each processor
int N_blocks; % number of columns of r by r blocks in each processor
int row_temp_offset; % the template row containing the first matrix block
int col_temp_offset; % the template column containing the first matrix block
char *user_data; % pointer to user-supplied buffer

}
DECOMPOSITION_PART_PTR {

int r; % the block size
int P; % the number of rows of processors in the template
int Q; % the number of columns of processors in the template
int left_proc; % the ID number of the processor to the left in the template
int right_proc; % the ID number of the processor to the right in the template
int below_proc; % the ID number of the processor below in the template
int above_proc: % the ID number of the processor above in the template

}
STORAGE_PART_PTR {

int elements_by_col; % indicates if blocks are stored by column or row
int blocks_by_col; % indicates if elements in block are stored by column or row
int row_e_offset; % offset between successive elements in same row
int col_e_offset; % offset between successive elements in same column
int row_b_offset; % offset between start of successive blocks in same row
int col_b_offset; % offset between start of successive blocks in same column

}
}

Fi gur e 1: The mat r i x obj ect dat a s t r uct ur e i n a C- l i ke ps eudocode . The mat r i x obj ect cons i s t s of t hr ee poi n
one t o each of t he mat r i x dat a, decompos i t i on, and s t or age par t s , t he cont ent s of whi ch ar e as s hown. The da
t ype of t he mat r i x e l ement s may be r eal , compl ex, doubl e pr ec i s i on r eal , or doubl e pr ec i s i on compl ex.

al i gnmat r i xBwi t h t he decompos i t i on, as be f or e . The
s econd met hod i s us ed t o cr eat e a s ubmat r i x of an ex-
i s t i ng mat r i x. I n t hi s cas e , we s pec i f y t he s t ar t and
ext ent of t he s ubmat r i x, whi ch t hen i nher i t s t he de-
compos i t i on and s t or age par t s f r omi t s par ent mat r i x.
I n t he di s cus s i on s o f ar i t has been as s umed t hat t he
mat r i x e l ement s have been as s i gned val ues , e i t her i n
s ome pr evi ous comput at i onal phas e , or by r eadi ng i n
val ues f r omdi s k. As a conveni ence , we s uppl y a t hi r d
mat r i x cr eat i on met hod t hat gener at es a r andomma-
t r i x. Thi s i s done by a s ubr out i ne t hat t akes as i n-
put a r andomnumber s eed, t he s i ze of t he mat r i x,
and poi nt er s t o pr evi ous l y cr eat ed decompos i t i on and
s t or age par t dat a s t r uct ur e s . The s ubr out i ne al l ocat es
s t or age f or t he r andommat r i x, and r et ur ns t he mat r i x
obj ect . Al eap- f r og met hod [ 15] i s us ed t o gener at e t he
r andomnumber s , s o f or a gi ven mat r i x s i ze and s eed
t he mat r i x i s t he s ame f or al l pr oces s or t empl at es .

The s ubr out i nes t hat s pec i f y t he decompos i t i on and
s t or age onl y as s i gn val ues i n t hes e dat a s t r uct ur es .
They do not change t he decompos i t i on. We cal l t hes e
assignment s ubr out i nes . Anot her s et of inquiry s ub-
r out i nes may be us ed t o ext r act i nf ormat i on f r omt he
mat r i x dat a s t r uct ur e . Thes e i nqui r y r out i nes mi ght
be us ed by an appl i cat i on pr ogr ammer wi s hi ng t o
per f orm s ome t as k f or whi ch t her e i s no appr opr i -
at e l i br ar y r out i ne , or by s omeone want i ng t o ext end
ScaLAPACK. A s et of Li near Al gebr a Communi ca-
t i on Subr out i nes ( LACS) may be us ed t o t r ans f orm
t he decompos i t i on of a mat r i x [ 12] .

4 Paral l el LUFact or i zat i on

The ScaLAPACKl i br ar y i s bui l t us i ng t hr ee t ypes
of r out i ne ; ( 1) di s t r i but ed ver s i ons of t he Leve l 3



Thi s r es ul t s i n s cat t er ed bl ocks of s i ze r � s. We can
vi ewt he bl ock s cat t er ed decompos i t i on as s t ampi ng a
P� Qpr oces s or gr i d, or t empl at e , over t he mat r i x,
wher e each ce l l of t he gr i d cover s r � s dat a i t ems ,
and i s l abe l ed by i t s pos i t i on i n t he t empl at e . The
bl ock and s cat t er ed decompos i t i ons may be r egar ded
as s pec i al cas es of t he bl ock s cat t er ed decompos i t i on.
I n gener al , t he s cat t er ed bl ocks ar e r ect angul ar , how-
ever , t he us e of nons quar e bl ocks can l ead t o com-
pl i cat i ons , and addi t i onal concur r ent over head. We,
t her e f or e , pr opos e t o r es t r i c t our s e l ves t o t he s quar e
bl ock s cat t er ed ( SBS) c l as s of decompos i t i ons . The
col umn and r owdecompos i t i ons can s t i l l be r ecover ed
by s et t i ng P = 1 or Q= 1. However , mor e gener al
decompos i t i ons f or whi ch r 6=s, and ne i t her P nor Q

i s 1, cannot be r epr oduced by a SBS decompos i t i on.
Thes e t ypes of decompos i t i on ar e not of t en us ed i n
mat r i x comput at i ons .

The SBS decompos i t i on s cheme i s pr act i cal and s uf -
�c i ent l y gener al - pur pos e f or mos t , i f not al l , dens e
l i near al gebr a comput at i ons . Fur t hermor e , i n pr ob-
l ems , s uch as LU f act or i zat i on, i n whi ch r ows and/or
col umns ar e e l i mi nat ed i n s ucces s i ve s t eps , t he SBS
decompos i t i on enhances s cal abi l i t y by ens ur i ng s t at i s -
t i cal l oad bal ance .

So f ar we have onl y cons i der ed howt o map mat r i x
e l ement s ont o t he pr oces s or t empl at e . I n decompos -
i ng a pr obl emwe mus t al s o s pec i f y how l ocat i ons i n
t he pr oces s or t empl at e ar e mapped t o phys i cal pr o-
ces s or s . On mos t cur r ent mul t i comput er s t he cos t of
communi cat i ng between any two pr oces s or s i s weakl y
dependent on t he i r s epar at i on i n t he t opol ogy of t he
communi cat i on networ k. Hence t he choi ce of mappi ng
s houl d not i mpact per f ormance ver y much. ScaLA-
PACKs uppor t s t he nat ur al and Gr ay code mappi ngs ,
as we l l as any mappi ng f unct i on s uppl i ed by t he ap-
pl i cat i on pr ogr ammer .

3 An Object - Or i ent ed Li br ary Int er -

f ace

I n ScaLAPACK mat r i ces ar e obj ect s . I n ot her
wor ds , a mat r i x i s a dat a s t r uct ur e cont ai ni ng i nf or -
mat i on t hat compl et e l y des cr i bes t he mat r i x, and i t s
decompos i t i on. Thus , when cal l i ng a ScaLAPACK
r out i ne onl y t he names of t he mat r i ce s i nvol ved need
be s uppl i ed i n t he s ubr out i ne ar gument l i s t . Det ai l s
s uch as t he mat r i x s i ze and decompos i t i on need not
be gi ven expl i c i t l y as s ubr out i ne ar gument s .

The mat r i x obj ect cons i s t s of t hr ee par t s ; a matrix

data par t , a decomposition part, and a storage part.

The mat r i x dat a par t i s a poi nt er t o a dat a s t r uct ur e
t hat cont ai ns a poi nt er t o t he s t ar t of t he mat r i x e l e -
ment val ues f or a pr oces s or , t oget her wi t h dat a about
t he s i ze of t he mat r i x, and t he pos i t i on i n t he pr o-
ces s or mes h of t he �r s t bl ock i n t he di s t r i but ed ma-
t r i x. Anot her poi nt er s pec i �es wor k s pace s uppl i ed by
t he appl i cat i on pr ogr ammer f or s t or i ng dat a gener at ed
dur i ng a l i br ar y cal l , s uch as t he pi vot s equence gen-
er at ed by par t i al pi vot i ng i n LU f act or i zat i on. The
decompos i t i on par t i s a poi nt er t o a dat a s t r uct ur e
gi vi ng t he s quar e bl ock s i ze , r, and t he number of
r ows , P, and col umns , Q, i n t he pr oces s or mes h ( or
template) . I n addi t i on, t he decompos i t i on par t dat a
s t r uct ur e cont ai ns t he I Dnumber s of t he f our ne i gh-
bor i ng pr oces s or s i n t he pr oces s or mes h. The s t or age
par t i s a poi nt er t o a s t r uct ur e t hat s pec i �es howt he
mat r i x dat a ar e s t or ed i n each pr oces s or . For exampl e ,
whet her t he dat a i n each bl ock ar e s t or ed by col umns
or r ows , and whet her t he bl ocks i n each pr oces s or ar e
s t or ed by col umns or r ows . The memor y o�s et s i n
mat r i x e l ement s between an e l ement and t he next e l -
ement i n t he s ame r ow, and t he next e l ement i n t he
s ame col umn ar e al s o cont ai ned i n t hi s dat a s t r uct ur e ,
t oget her wi t h t he memor y o�s et s between cor r es pond-
i ng e l ement s i n adj acent bl ocks . The s pec i �cat i ons of
t he mat r i x obj ect ar e gi ven i n Fi g. 1. As our r es ear ch
pr ogr es s e s we expect t o make f ur t her changes i n t he
cont ent of t he mat r i x obj ect dat a s t r uct ur e . We i nt end
t o us e For t r an 90 t o i mpl ement t hi s obj ect - bas ed i n-
t e r f ace , and ar e i nves t i gat i ng t he us e of pr epr oces s or s
t hat wi l l al l ow us t o deve l op a t r ul y obj ect - or i ent ed
l i br ar y i nt er f ace .

To cr eat e a mat r i x t he decompos i t i on mus t �r s t be
s pec i �ed. A r out i ne i s cal l ed t hat r et ur ns a poi nt er
t o a DECOMPOSITIONPART dat a s t r uct ur e . The val ues
of t he bl ock s i ze , t he s i ze of t he pr oces s or t empl at e ,
and t he I Dnumber s of t he ne i ghbor i ng pr oces s or s i n
t he t empl at e ar e t hen �l l ed i n by a s er i e s of s ubr ou-
t i ne cal l s . A s i mi l ar pr ocedur e i s f ol l owed t o cr eat e
t he STORAGEPART dat a s t r uct ur e . Once t he decom-
pos i t i on par t has been cr eat ed a s ubr out i ne i s cal l ed
t o al i gn t he mat r i x wi t h t he decompos i t i on. Thi s i n-
vol ves s pec i f yi ng t he l ocat i on i n t he t empl at e t hat con-
t ai ns t he �r s t bl ock i n t he mat r i x. Anot her s ubr ou-
t i ne cal l i s us ed t o as s oc i at e t he pr evi ous l y cr eat ed
STORAGE PART dat a s t r uct ur e wi t h t he mat r i x. A�nal
s ubr out i ne cal l i ns t ant i at es t he mat r i x, and �l l s i n t he
r es t of t he MATRIXDATA PART dat a s t r uct ur e .

Ther e ar e cur r ent l y t hr ee ot her ways of c r eat i ng
mat r i ce s . I n t he �r s t met hod, we s pec i f y t hat s ome
mat r i x, B, has t he s ame decompos i t i on and s t or age
par t s as s ome pr evi ous l y cr eat ed mat r i x, A, and t hen



BLAS, ( 2) t he LACS, and ( 3) as s embl y coded r out i nes
f or per f ormi ng common s equent i al Leve l 3 BLAS oper -
at i ons , and t as ks s uch as bu�er copyi ng. Al l commu-
ni cat i on i n a ScaLAPACKl i br ar y r out i ne i s per f ormed
wi t hi n t he di s t r i but ed Leve l 3 BLAS, and s o t he us er
i s i s ol at ed f r omt he det ai l s of t he par al l e l i mpl emen-
t at i on. An i mpor t ant cons equence of t hi s i s t hat t he
s our ce code of t he hi gher l eve l r out i nes , f or exampl e f or
t he LU, QR, and Chol es ky f act or i zat i ons , i s i dent i cal
i n t he ScaLAPACKand LAPACKl i br ar i e s . LU f ac -
t or i zat i on i nvol ves cal l s t o t he Leve l 3 BLAS r out i nes
DGEMM, f or per f ormi ng mat r i x mul t i pl i cat i on, and
DTRSM, f or s ol vi ng t r i angul ar s ys t ems . Det ai l s of
t he di s t r i but ed i mpl ement at i on of t hes e Leve l 3 BLAS
r out i nes i s gi ven i n [ 6] . I n t he LAPACK ver s i on of
t he r i ght - l ooki ng LUf act or i zat i on al gor i t hmDGEMM
and DTRSMar e us ed t o appl y a r ank- r updat e t o t he
t r ai l i ng s ubmat r i x, and t o per f ormt he l ower t r i angu-
l ar s ol ve neces s ar y t o f ormt he bl ock r ows of U , t he
upper t r i angul ar mat r i x obt ai ned by t he f act or i zat i on.
We have i mpl ement ed a di s t r i but ed LU f act or i zat i on
r out i ne t hat makes us e of t he SBS dat a di s t r i but i on
and t he di s t r i but ed Leve l 3 BLAS r out i nes , and ar e i n
t he pr oces s of i ncor por at i ng a obj ect - bas ed i nt er f ace .
The di s t r i but ed LU f act or i zat i on al gor i t hmi s s i mi -
l ar t o t hat i mpl ement ed on t he I nt e l i PSC/860 and
Del t a mul t i comput er s by van de Gei j n [ 11] . Gi ven a
s quar e mat r i x, A, of Mb �Mb bl ocks , each cons i s t i ng
of r� r e l ement s , t he al gor i t hmgener at es t he f act or -
i zat i on A= LU i n Mb s t eps , wher e U i s an upper
t r i angul ar mat r i x and L i s a l ower t r i angul ar mat r i x
wi t h 1' s on t he di agonal . The al gor i t hmi s r eadi l y
ext ended t o t he cas e of nons quar e mat r i ce s . Af t er k

s t eps t he �r s t kr col umns of L and t he �r s t kr r ows
of U have been eval uat ed, and t he mat r i x Ahas been
updat ed t o t he f orms hown i n Fi g. 2 i n whi ch pane l
B i s (Mb � k) � 1 bl ocks , and C i s 1 � (Mb � k� 1)
bl ocks . The next s t ep pr oceeds as f ol l ows ,

1. f act or B t o f ormt he next pane l of L, per f orm-
i ng par t i al pi vot i ng over r ows i f neces s ar y. Thi s
eval uat es t he mat r i ce s L0, L1, and U0 i n Fi g. 2.

2. s ol ve t he t r i angul ar s ys t emL0U1 =C t o get t he
next r owof bl ocks of U

3. do a r ank- r updat e on t he t r ai l i ng s ubmat r i x E,
r epl ac i ng i t wi t h E0 =E� L 1U1.

I n gener al , each of t hes e t hr ee phas es i nvol ves i nt er -
pr oces s or communi cat i on. When f act or i ng Bonl y t he
P pr oces s or s i n a s i ngl e col umn of t he pr oces s or t em-
pl at e ar e i nvol ved i n t he comput at i on, gi vi ng r i s e t o
l oad i mbal ance . For each of t he r col umns i n t ur n t he

L

U

B

C

E

L

U

E’L1

U1L0
U0

Fi gur e 2: Schemat i c di agr ams howi ng howt he col umn
of bl ocks B, t he r ow of bl ocks C, and t he t r ai l i ng
s ubmat r i x E, ar e updat ed i n one s t ep of t he bl ocked
ver s i on of LU f act or i zat i on.

pi vot i s f ound by �r s t havi ng each pr oces s or l ocat e a
pi vot candi dat e . We can r egar d t he r e l ement s i n t he
pane l r ow cont ai ni ng t he pi vot candi dat e and t he i n-
dex l abe l i ng t hat r owas compr i s i ng a dat a s t r uct ur e ,
D, of r + 1 number s . Each pr oces s or ' s ver s i on of D

i s i nput t o a l ogar i t hmi c al gor i t hmt hat s e l ec t s t he
pi vot . Af t er t hi s each of t he P pr oces s or s i nvol ved i n
s e l ec t i ng t he pi vot knows t he i ndex of t he pi vot r ow,
Ipiv, and t he val ues of t he r e l ement s i n t he pane l
r owcont ai ni ng t he pi vot ( t hi s i s t he �r s t r owof U0 i n
Fi g. 2) . The i ndex of t he pi vot r owi s pi pe l i ned acr os s
t he pr oces s or t empl at e , and t he ot her pr oces s or s per -
f ormt he pi vot i ng. Whi l e t hi s i s goi ng on, t he P pane l
pr oces s or s compl et e t he pi vot i ng wi t hi n t he pane l by
overwr i t i ng r ow Ipi v of B by t he �r s t r ow. Si nce al l
t he pane l pr oces s or s al r eady cont ai n t he pi vot r ow, t he
t r ai l i ng s ubmat r i x par t of Bcan be updat ed wi t h no
f ur t her communi cat i on. Not e howt he communi cat i on
of t he pi vot l ocat i on t o t he ot her pr oces s or s , and t he
pi vot i ng by t hes e pr oces s or s , i s per f ormed whi l e t he
pane l pr oces s or s ar e wor ki ng on t he pane l f act or i za-
t i on. Thus , i t i s not t r ue t o s ay t hat t he ot her pr oces -
s or s ar e compl et e l y i dl e dur i ng t he pane l f act or i zat i on.
Fi nal l y t he pane l pr oces s or s pi vot t he bl ocks t hat t hey
cont ai n l yi ng out s i de t he pane l .

Af t er f act or i ng B, t he pane l i s pi pe l i ned acr os s t he
pr oces s or t empl at e . The Qpr oces s or s cont ai ni ng t he
hor i zont al pane l Ccan t hen s ol ve t he l ower t r i angul ar
s ys t emL0U1 = C t o �nd U 1 whi ch i s t hen br oad-
cas t down t he col umns of t he t empl at e us i ng a s pan-
ni ng t r ee al gor i t hm. Each pr oces s or t hen per f orms t he
r ank- r updat e wi t h no f ur t her communi cat i on be i ng
r equi r ed.



5 Res ul ts f or t he Di s t r i but ed LU Fac-

t or i zat i on Al gor i t hm

I n t hi s s ect i on we pr es ent per f ormance r es ul t s f or
an i mpl ement at i on of t he di s t r i but ed LU f act or i za-
t i on al gor i t hmdes cr i bed above on t he I nt e l Touch-
s t one Del t a s ys t em. The Del t a s ys t emi s a di s t r i but ed
memor y MIMD comput er cont ai ni ng 520 i 860- bas ed
comput e nodes connect ed vi a a two- di mens i onal com-
muni cat i on networ k. I ni t i al exper i ment s i nves t i gat ed
t he opt i mal bl ock s i ze , r , and s howed t hat over a wi de
r ange of pr obl ems i ze and pr oces s or t empl at e con�gu-
r at i ons a val ue of r =5 i s c l os e t o opt i mal . Thi s i s i n
agr eement wi t h t he ear l i e r wor k of van de Gei j n [ 19] .
I n al l of our s ubs equent exper i ment s a bl ock s i ze of
r =5 was us ed.

We next cons i der how per f ormance depends on
t he con�gur at i on of t he pr oces s or t empl at e . For a
gi ven number of pr oces s or s an i ncr eas e i n t he num-
ber of r ows , P, i n t he pr oces s or t empl at e decr eas es
t he amount of comput at i on per pr oces s or i n t he pane l
f act or i zat i on, but i ncr eas es t hat i n t he t r i angul ar s ol ve
phas e . Thus , i f t he communi cat i on t i me wer e negl i gi -
bl e t he opt i mal as pect r at i o, P=Q, of t he pr oces s or
t empl at e woul d equal t he r at i o of t he s equent i al com-
put at i on t i mes of t he pane l f act or i zat i on and t r i an-
gul ar s ol ve phas es . The act ual opt i mal as pect r at i o
depends on t he communi cat i on char act er i s t i c s of t he
har dwar e , and t he ext ent t o whi ch communi cat i on can
be over l apped wi t h comput at i on. We meas ur ed t he
per f ormance f or a number of di �er ent pr oces s or t em-
pl at e con�gur at i ons and pr obl ems i zes and f ound t hat
an as pect r at i o, P=Q, of between 1/4 and 1/8 t o be
opt i mal , and t hat per f ormance depends r at her weakl y
upon t he as pect r at i o, par t i cul ar l y at l ar ge gr ai n s i ze s .
Some t ypi cal r e s ul t s ar e s hown i n Fi g. 3 f or 256 pr oces -
s or s , whi ch s hows a var i at i on of l e s s t han 20%i n per -
f ormance as P=Qvar i e s between 1/16 and 1, f or t he
l ar ges t pr obl em. Meas ur ed t i mes wer e conver t ed t o
gi ga
op/s by as s umi ng an oper at i on count of 2M3=3,
wher e Mi s t he s i ze of t he mat r i x.

Fi gur e 4 s hows t he per f ormance as a f unct i on of
pr obl ems i ze f or di �er i ng number s of nodes . I n al l
cas es t he bl ock s i ze i s r =5, and we pl ot r es ul t s f or
t he pr oces s or t empl at e t hat gave t he bes t per f ormance
f or a gi ven number of pr oces s or s . The hi ghes t per f or -
mance of 11. 8 G
op/s was at t ai ned f or a 8 � 64 pr o-
ces s or t empl at e and a mat r i x s i ze of M=26000. Thi s
i s c l os e t o t he val ue of 14 G
op/s r eached by van de
Gei j n' s i mpl ement at i on f or a s l i ght l y smal l e r pr obl em
(M=25000) . We expect t o be abl e t o opt i mi ze our
i mpl ement at i on f ur t her .
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Fi gur e 3: Per f ormance i n gi ga
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i ng appr oxi mat e l y equal number s of pr oces s or s .

The r es ul t s i n Fi g. 4 can be us ed t o as s es s t he s cal -
abi l i t y of our di s t r i but ed bl ock LUf act or i zat i on al go-
r i t hm. I n gener al one woul d expect t he concur r ent
e�ci ency of a gi ven al gor i t hmon a gi ven machi ne t o
depend on t he pr obl ems i ze , N, and t he number of
pr oces s or s us ed, Np. Thus ,

�(N; Np) =
1

Np

T1(N)

T(N; Np)
( 3)

wher e T(x; y) i s t he t i me f or a pr obl emof s i ze x t o r un
on y pr oces s or s , T1(x) i s t he t i me t o r un on one pr oces -
s or us i ng t he bes t s equent i al al gor i t hm. An al gor i t hm
i s per f ec t l y s cal abl e i f t he concur r ent e�ci ency de-
pends onl y on t he gr ai n s i ze , g, and not i ndependent l y
on Nand N p. The e�ci ency coul d be i nves t i gat ed by
pl ot t i ng i s oe�ci ency cur ves i n t he (Np; N) pl ane [ 16] .
For a hi ghl y s cal abl e al gor i t hmt hes e cur ves woul d be
s t r ai ght l i nes . A mor e us e f ul appr oach i s t o l ook at
how t he per f ormance per pr oces s or degr ades as t he
number of pr oces s or s i ncr eas es f or a �xed gr ai n s i ze ,
i . e . , by pl ot t i ng isogranularity cur ves i n t he (Np; G)
pl ane , wher e Gi s t he per f ormance i n gi ga
op/s . Si nce

G/
T1(N)

T(N; Np)
=N p �(N; Np) ( 4)

s cal abi l i t y can r eadi l y be as s es s ed by t he ext ent t o
whi ch t he i s ogr anul ar i ty cur ves di �er f r oml i near i t y.
The dat a i n Fi g. 4 can be us ed t o gener at e t he i s ogr an-
ul ar i t y cur ves s hown i n Fi g. 5 whi ch s howt hat on t he
Del t a s ys t emt he s cal abi l i t y s t ar t s t o degr ade f or gr an-
ul ar i t y g < 0:195 � 106. Si nce g =N=Np =M 2=Np,
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Fi gur e 4: Per f ormance i n gi ga
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mat r i x s i ze f or di �er ent number s of pr oces s or s .

t hi s cor r es ponds t o a mat r i x s i ze of M = 10000 on 512
pr oces s or s .

6 Conclus ions

I n deve l opi ng t he ScaLAPACKl i br ar y f or per f orm-
i ng dens e and banded mat r i x comput at i ons on di s -
t r i but ed memor y concur r ent comput er s t hr ee key de-
s i gn dec i s i ons have been made .

1. Di s t r i but ed ver s i ons of t he Leve l 3 BLAS ar e
us ed as bui l di ng bl ocks , and al l i nt er pr oces s or
communi cat i on i s hi dden wi t hi n t hes e r out i nes .
Above t he l eve l of t he Leve l 3 BLAS mos t of
t he ScaLAPACKcode i s i dent i cal t o t hat of t he
cor r es pondi ng LAPACKcode f or s equent i al and
s har ed memor y machi nes . By f ormul at i ng com-
put at i ons i n t erms of Leve l 3 BLAS r out i nes t he
number of mes s ages , and hence t he communi ca-
t i on l at ency, i s r educed.

2. The s quar e bl ock s cat t er ed decompos i t i on s cheme
i s us ed t o di s t r i but e t he dat a. Thi s i s s i mpl e ,
but s u�ci ent l y gener al - pur pos e f or mos t appl i ca-
t i ons . An SBS decompos i t i on i s par amet er i zed by
t he bl ock s i ze , r, and t he number of pr oces s or s ,
P and Q, i n each di r ect i on of t he pr oces s or t em-
pl at e . I f des i r ed, t he us er can exper i ment wi t h
t hes e par amet er s t o opt i mi ze an appl i cat i on on a
par t i cul ar machi ne .

3. An obj ect - bas ed i nt er f ace t o t he ScaLAPACK
r out i nes wi l l make t he l i br ar y eas i e r t o us e . Once
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Fi gur e 5: I s ogr anul ar i t y cur ves i n t he (G;Np) pl ane .
The cur ves ar e l abe l ed by t he gr anul ar i t y g i n uni t s of
106.

t he dat a decompos i t i on has been s pec i �ed t he
us er does not need t o r e f e r t o i t agai n when cal l i ng
ScaLAPACKr out i nes .

Adi s t r i but ed LUf act or i zat i on al gor i t hmt hat us es
t he di s t r i but ed Leve l 3 BLAS r out i nes and an SBS de-
compos i t i on has been i mpl ement ed on t he I nt e l De l t a
s ys t em. The per f ormance at t ai ned i s compar abl e wi t h
t hat obt ai ned wi t h hand- opt i mi zed code . Fur t her -
mor e , our LU f act or i zat i on al gor i t hmexhi bi t s good
s cal abi l i t y on t he Del t a s ys t em i f mor e t han about
15% of each pr oces s or 's memor y i s ut i l i zed.

Fut ur e wor k wi l l i nc l ude f ur t her opt i mi zat i on of t he
di s t r i but ed LU f act or i zat i on code . I n par t i cul ar , i n
t he pane l f act or i zat i on i t may be pos s i bl e t o i ncr eas e
t he over l ap of communi cat i on wi t h comput at i on by
pi pe l i ni ng col umns of L acr os s t he pr oces s or t empl at e
as s oon as t hey ar e eval uat ed, r at her t han pi pe l i ni ng
al l of t he pane l acr os s af t e r f act or i ng i t . We s hal l
al s o f ocus on compl et i ng t he i mpl ement at i on of t he
di s t r i but ed Leve l 3 BLAS r out i nes , and deve l opi ng t he
obj ect - bas ed i nt er f ace t o t he ScaLAPACKr out i nes .
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