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Abstract. The standa rd for mula t io n o f t h e co n ju ga t e g r a d i e n t a l g o r i t hm i n vo l v e s t wo i n n e r

pr o d u c t c o mp u t a t i o n s . Th e r e s u l t s o f t h e s e t wo i n n e r p r o d u c t s a r e n e e d e d t o u p d a t e t h

d i r e c t i o n a n d t h e c o mp u t e d s o l u t i o n . S i n c e t h e s e i n n e r p r o d u c t s a r e mu t u a l l y i n t e r d e

a d i s t r i bu t e d me mo r y p a r a l l e l e n v i r o nme nt t h e i r c o mp u t a t i o n a n d s u b s e qu e n t d i s t r i b u t i

t wo separate c o mmun i c a t i o n a n d s y n c h r o n i za t i o n p h a s e s . I n t h i s p a p e r , we p r e s e n t t h r e e r

ma t h e ma t i c a l l y e q u i v a l e n t r e a r r a n g e me nt s o f t h e s t a n d a r d a l g o r i t hmt h a t r e d u c e t h e n um

mu n i c a t i o n p h a s e s . We p r e s e n t e mp i r i c a l e v i d e n c e t h a t t wo o f t h e s e r e a r r a n g e me nt s a r e

s t a b l e . Th i s c l a i m i s f u r t h e r s u b s t a n t i a t e d b y a p r o o f t h a t o n e o f t h e e mp i r i c a l l y s t a

me n t s a r i s e s n a t u r a l l y i n t h e s y mme t r i c La n c z o s me t h o d f o r l i n e a r s y s t e ms , wh i c h i s e q

t h e c o n j u g a t e g r a d i e n t me t h o d .
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p a r a l l e l c o mp u t e r s .
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1. Introduction. The conjugate gradient (CG) method i s an e�ecti ve i terati ve
methodfor solvi ng l arge sparse symmetri c posi ti ve de�ni te systems of l i near equati ons.
It i s robust and, when coupl ed wi th an e�ecti ve precondi ti oner [18 ], i s general l y abl e
to achi eve rapi d convergence to an accurate sol uti on.

One drawback of the standard formulati on of the conjugate gradi ent al gori thm
on di stri buted memory paral l el machi nes i s that i t i nvol ves the computati on of two
separate i nner products of di stri buted vectors. Moreover, the �rst i nner product must
be compl eted before the data are avai l able for computi ng the second inner product,
l eadi ng to two di sti nct synchroni zati on poi nts. Hence, a di stri buted memory impl e-
mentati onof the standardconjugate gradi ent methodhas twoseparate communi cati on
phases for these two inner products. Si nce communicati on i s qui te expensi ve on the
current generati on of di stri buted memory mul ti processors, i t i s desi rabl e to reduce
the communicati onoverheadby combini ng these two communi cati onphases i nto one.

Saad [ 15 , 16] has shown one rearrangement of the computati on that el iminates a
communi cati onphase by computi ng kr kk based on the rel ati onshi p

krk+1k
2 = �

2
kkApkk

2 � krkk
2(1. 1)

to be numeri cal l y unstabl e. 1 Meurant [ 10 ] proposed usi ng (1. 1) as a predi ctor for
krk+1 k, reeval uati ng the actual normon the next i terati on wi th an extra i nner prod-
uct. VanRosendal e [ 19 ] has proposed (wi thout numeri cal resul ts) anm-step conjugate
gradi ent al gori thmto i ncrease paral l el i sm.

� Th i s wo r k wa s s u p p o r t e d i n p a r t b y t h e Ap p l i e d Ma t h e ma t i c a l S c i e n c e s s u b p r o g r a mo f t h

o f En e r g y Re s e a r c h , U. S . De p a r t me nt o f En e r g y u n d e r c o n t r a c t DE- AC0 5 - 84OR21 4 0 0 wi t h Ma

Ma r i e t t a En e r g y S y s t e ms , I n c . a n d i n p a r t b y DARPA u n d e r c o n t r a c t n umb e r DAAL0 3- 91 - C- 0 0
y Ma t h e ma t i c a l S c i e n c e s S e c t i o n , Oa k Ri d g e Na t i o n a l La b o r a t o r y , Oa k Ri d g e , TN 3 7 8 3 1

z Co mp u t e r S c i e n c e De p a r t me n t , Un i v e r s i t y o f Te n n e s s e e , Kn o xv i l l e , TN 3 7 9 9 6 { 1 3 0 1 .
1 He r e a n d t h r o u g h o u t t h e p a p e r , we u s e k � k t o d e n o t e t h e l2 n o r m.
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The conjugate gradi ent al gori thmi s known to be cl osel y rel ated to the Lanczos
al gori thmfor tri di agonal i zi ng a matri x [ 4 ] . Pai ge [ 11, 12, 13] has done detai l ed anal -
ysi s to showsome vari ants of the Lanczos al gori thmare unstabl e. Strakos [ 17 ] and
Greenbaum[5 , 6] have consi dered the cl ose connecti on between the Lanczos and CG
al gori thminthe anal ysi s of stabi l i tyof CGcomputati ons under perturbati ons i n�ni te
ari thmeti c.

In x2, we present three rearrangements of the conjugate gradi ent computati on
that el iminate one of the communicati on phases by computi ng both i nner products
at once. (In two of these, an extra i nner product i s requi red). e showa natural
associ ati on between one of these rearrangements and the Lanczos al gori thmin x 3. A
di scussi onof howthe rearrangements of the computati ona�ect the stabi l i typroperti es
of the conjugate gradi ent al gori thmand some MATLAB numeri cal experiments on the
e�ecti veness of the rearrangements are i ncl uded i n x 4.

2. The conjugate gradient algorithm. The conjugate gradi ent al gori thmin-
vol ves the computati on of a parameter � k, whi ch i s the A- i nner product h pk; Ap ki of
the searchdi recti onpk. In thi s secti onwe wi l l present several vari ants of the conjugate
gradi ent al gori thm, based on el iminati onof thi s A- i nner product.

2.1. The standard ormulation. e begi n by revi ewing the standard conju-
gate gradi ent procedure [ 2 , 8] for sol vi ng the l i near system

Ax =b :(2. 1)

or simpl i ci ty, we assume a zero i ni ti al guess, and resi dual vector r 1 =b, wi th h x; yi =
x
t
y as the usual i nner product.

or =1; 2; . . .

k = hrk; rki

k = k k�1 ( 1 =0)

pk = rk kpk�1 (p1 =r 1)(2. 2)

vk = Ap k

�k = hpk; vki

�k = k �k

xk+1 = xk �kpk

rk+1 = rk �� kvk :(2. 3)

achof the i nner products hi ghl i ghtedrequi res a communi cationstep ona di stri buted
memorymachine.

Saad [ 15 , 16] andMeurant [ 10 ] have consi dered el iminating the �rst i nner product
for k =h rk; rki. e propose el iminati ng the second communi cati onphase by �nding
al ternati ve expressi ons for �k.

e wi l l rel y on one i ntri nsi c property of the CGprocedure: the orthogonal i ty of
resi dual vectors (and equi val entl y the conjugacy of search di recti ons [ 8 , page 420] )

hrk; rk+1 i

hrk; rki

hpk; Apk+1 i

hpk; Apki
=0:(2. 4)
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2.2. ariant 1. e deri ve the �rst rearrangement by substi tuti ng p k =r k

kpk�1 for both occurrences of p k i n hpk; Apki:

�k = hpk; vki =h pk; Apki

= hrk kpk�1; Ark kvk�1i

= hrk; Arki k hrk; vk�1i

k hpk�1; Arki
2
k hpk�1; vk�1i

�k = hrk; Arki 2 k hrk; vk�1i
2
k�k�1 :(2. 5)

rom(2. 3) and (2. 4):

rk = rk�1 �� k�1vk�1

hrk; rki = hrk; rk�1i �� k�1 hrk; vk�1i

k = 0�� k�1 hrk; vk�1i :(2. 6)

Therefore by (2. 5), (2. 6) and k = k k�1,

�k = hrk; Arki 2 k(� k �k�1)
2
k�k�1

= k �
2
k�k�1; where k =h rk; Arki

= k k�
(1)

k ; where �
(1)

k =� k�k�1 :(2. 7)

2. . ariants 2 and . If we expand the occurrences of p k i n hpk; Apki one at
a time, we �nd di�erent rearrangements of the al gori thm.

�k = hpk; Apki

= hrk kpk�1; Apki

= hrk; Apki k hpk�1; Apki

= hrk; A(rk kpk�1)i

= hrk; Arki k hrk; Apk�1i(2. 8)

�k = k k�
(2)

k where �
(2)

k =h rk; Apk�1i

Thus we �nda rearrangement of the conjugate gradi ent methodwhere we compute
i nner products h rk; Arki, hrk; rki, and h rk; Apk�1i simultaneousl y and compute � k =
hpk; Apki by recurrence formul a (2. 8).

urther expansi on of (2. 8) wi th p k�1 =r k�1 k�1pk�2 gi ves

�k = hrk; Arki k hrk; Apk�1i

= hrk; Arki k hrk; A(rk�1 k�1pk�2)i

= hrk; Arki k hrk; Ark�1i k k�1 hrk; Apk�2i(2. 9)

owmathemati cal l y h rk; Apk�2i =0 si nce

hrk; Apk�2i = hpk � kpk�1; Apk�2i

= hpk; Apk�2i k hpk�1; Apk�2i =0

Hence, assumingA-conjugacy of h pk; Apk�2i and h pk�1; Apk�2i, we have

�k = hrk; Arki k hrk; Ark�1i

= k k�
(3)

k where �
(3)

k =h rk; Ark�1i(2. 10)
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Thi s gi ves us a rearrangement of the conjugate gradi ent methodwhere we compute
i nner products h rk; Arki, hrk; rki, and h rk; Ark�1i simultaneousl y, and compute � k =
hpk; Apki by recurrence formul a (2. 10).

2. . Themodi edconjugate gradient method. ni fyi ng the three vari ants
above, we propose the fol l owing rearrangement of the conjugate gradi ent procedure.
i rst i ni ti al i ze �1 and v 1, by performing one step of the standard al gori thm

r1 = b; 1 =h r1; r1i ; p1 =r 1; v1 =Ap 1

�1 = hp1; v1i ; x2 =( 1 �1)p1

or =2; 3; . . .

sk = Ar k

Compute k = hrk; rki and k = hrk; ski

and �k =

>

>

� k�k�1 for vari ant 1

hrk; Apk�1i for vari ant 2

hrk; Ark�1i for vari ant 3

(2. 11)

k = k k�1

pk = rk kpk�1

vk = sk kvk�1 (vk Ap k)

�k = k k�k

�k = k �k

xk+1 = xk �kpk

rk+1 = rk �� kvk :

ote that the above procedure requi res extra storage for the vector s k and extra work
i nupdati ng the vector v k for al l three vari ants. Vari ants 2 and3 requi re anaddi ti onal
i nner product and storage for v k�1 and s k�1 respecti vel y.

2.5. Sta ilit considerations o ariants 1, 2and . In x 3, we rel ate vari ant
1 of the conjugate gradi ent al gori thmto a versi on of the Lanczos process that has
been shown to be stabl e by Pai ge [ 11 ] . Here we summari ze some important rel ati on-
shi ps among the three vari ants descri bed above that provi de some insi ght i nto thei r
behavi or. Returni ng to the expressi on for � k gi ven i n (2. 11), we note the fol l owing:

�
(2)

k =h rk; Apk�1i =�
(1)

k

hrk; rk�1i

�k�1

:(2. 12)

Si nce both versi ons 1 and 2 rel y on orthogonal i ty between the resi dual vectors r k

and r k�1 (\one-step" orthogonal i ty), these are numeri cal ly equi val ent formulati ons.
However, we further note that

�
(3)

k =h rk; Ark�1i =�
(1)

k

hrk+1 ; rk�1i

�k+1

:(2. 13)

Thi s expressi on for the term� k i n vari ant 3 of the conjugate gradi ent al gori thmrel i es
on orthogonal i ty between the resi dual vectors r k+1 and r k�1. Theoreti cal l y, these
vectors shoul d be orthogonal ; however, thi s \two-step" orthogonal i ty i s not assured
numeri cal ly. Hence, one might expect that vari ant 3 would exhi bi t greater i nstabi l i ty
than ei ther of the other two vari ants. The resul ts i n x 4 showthat thi s i s i ndeed the
case, and vari ant 3 shoul d be avoided computati onal l y.
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. The Lanc os algorithm. In thi s secti on we present a natural connecti on
between vari ant 1 of the modi�ed conjugate gradi ent al gori thmand the Lanczos pro-
cess. The Lanczos process i s a procedure to compute an orthogonal matri x ~ and
tri di agonal matri x ~ such that

~tA ~ = ~ =

6
6
6
6

~�1 ~
1

~
1 ~�2

. . .

. . .
. . . ~

n�1

~
n�1 ~�n

7
7
7
7
; ~t ~ = :(3. 1)

e arri ve at the Lanczos al gori thmby equati ng col umns i nA ~ = ~ ~, where ~ 's are

col umns of ~, ~ =[ ~1 . . . ~n],

A~ = ~
�1~ �1 ~� ~ ~ ~ +1

~ ~ +1 = A~ �~� ~ � ~
�1~ �1;(3. 2)

~ ; A~ = ~� ; ~ +1 ; A~ = ~ :

Pai ge [ 11 ] presents the fol l owing st a e versi on of the Lanczos al gori thm. Choose ~ r1

to be nonzero,

~
1 = k~r1k2; ~1 =~r1 ~

1;

or =1; 2; . . .

~� = ~ ; A~ =h ~r ; A~r i h~r ; ~r i

~r +1 = A~ �~� ~ � ~ ~
�1;(3. 3)

~
+1 = k~r +1 k2

~ +1 = ~r +1
~
+1 :

Inthe same paper, Pai ge [ 11 ] shows that usi ng the equi valent formul a ~ =h +1 ; A i

i n pl ace of k~r k to compute ~ l eads to poor stabi l i ty.
Golub andVanLoan [ 4 , page 342] present the appl i cati onof the Lanczos process

i n sol vi ng l i near equati ons, whi ch i s mathemati cal ly equi val ent to the CGal gori thm:

~t

kA
~
kyk = ~t

kb;
~
kyk =x k

~
kyk = ~bk; ~bk = ~t

kb(3. 4)

Si nce A (and hence ) i s symmetri c posi ti ve de�ni te, the sol uti on x k = ~
kyk can

then be computed f rom(3. 4) by the stabl e t factori zati on of ~k

xk = ~
k
~�1
k

~t
kb = ~

k
~�1
k

~bk

= ~
k

~
k
~
k
~t
k

�1
~bk

= ~
k
~t

k
~�t

k
~�1
k

~�1
k

~bk; where ~
k
~t
k = ~

k(3. 5)

= ~
k k; where ~

k
~
k k = ~bk :

i th further simpl i�cati ons, one can show k =[ �1; . . .; �k]
t and thi s process can be

rewri tten i n the more fami l i ar formx k =x k�1 �kpk of the CGal gori thm.
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e note that the above process requi res computati on of ~ = h ~r ; ~r i and
~� = h ~r ; A~r i h~r ; ~r i; as i n the modi�ed CGrearrangement (2. 11), t i nner
products can be computed together. Moreover, the use of the al ternati ve formul a
~ =h +1 ; A i for k~r k l eads to i nstabi l i ty, as i n the case of Saad' s rearrangement
(1. 1).

The update formul as f romthe CGal gori thm(2. 11)

p = r p
�1; r +1 =r �� Ap(3. 6)

can be rewri tten as a three-termrecurrence rel ati on (3. 2) simi l ar to the Lanczos
al gori thm. e have

r +1 = r �� A( r p
�1)

= r �� Ar �( � �
�1) (r �1 �r )

= (1 � �
�1) r �� Ar �( � �

�1) r �1(3. 7)

Ar = (� �
�1) r �1 (1 � �

�1) r �( 1 � ) r +1

y normal i zi ng the vectors r = , the above can be wri tten as

A = ; =[ 1 . . . n] ;(3. 8)

wi th = i symmetri c tri di agonal ,

=
1

� �
�1

;
�1 =

�

�
�1

; +1 =
� +1

�
:(3. 9)

ote rel ati onshi p (3. 8) fol l ows di rectl y f romthe update formulas (3. 6). However,
whi l e thi s rel ati onshi p hol ds for al l vari ants of CG, numeri cal l y the entri es i wi l l
di �er.

Al thoughmatri x i s mathemati cal l yorthogonal , and(3. 8) i s a tri di agonal i zati on
of A, commonly there i s some l oss of numeri cal orthogonal i ty. e can showthat
vari ant 1 of the modi�edCGal gori thmproduces ' s (and r ' s) that are numeri cal l y
equi val ent to those obtai ned by a stabl e vari ant of the Lanczos process, i . e. the ' s
are as numeri cal ly orthogonal as the Lanczos process produces.

i rst we requi re consi stent computati on of h ; A i; that i s, we showthat the

choi ce of � = � 2
�
�1 (as i n vari ant 1) causes the di agonal entri es of and ~ to

be the same:

=
1

� �
�1

=
1
( � 2

�
�1)

=
1
( � 2

�
�1

2
�
�1)(3. 10)

= =
hr ; Ar i

hr ; r i
=~� :

y expanding the ri ght hand si de of

~ =kA � �
�1; �1k;(3. 11)

i t can be shownthat the o�-di agonal entri es of and ~ are equi val ent ( ~ = +1 ),
usi ng onl y the assumpti on of one-step orthogonal i ty, h rk+1 ; rki =h rk; rk�1i =0.
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. Numerical e eriments on sta ilit . The aimof the fol l owing experi -
ments i s to determine the stabi l i ty and convergence properti es of the modi�ed conju-
gate gradi ent procedures.

e performedanumber of MATLAB experiments i nsol vi ngAx=b bythe conjugate
gradi ent procedure to study the convergence behavi or on di�erent di stri buti ons of
ei genval ues of the precondi ti oned matri x. In vari ant 2 (resp. 3), h rk; vk�1i (resp.
hrk; sk�1i) i s computed by an extra i nner product. Meurant' s rearrangement i s taken
f rom[10 ] and the Lanczos rearrangement i s adapted f rom[4 , page 342] by eval uati ng
the two inner products for ~� together as ~� =h ~r ; A~r i h~r ; ~r i.

Test 1. The matri ces consi dered have the ei genspectrumused by Strakos [ 17 ]
and Greenbaumand Strakos [ 6 ]

i = 1

�1

�1
( n � 1)

n�i
; =2; . . .; ; (0; 1):(4. 1)

e have used =100, 1 = � , = n 1 = and =0: 6; 0: 8; 0:9; 1: 0 i n
the experiments. or =1, we have a uni formly di stri buted spectrum, and 1
descri bes quanti tati vel y the cl usteri ng at 1.

Test 2. The ei genspectrumhas a gap, 1; . . .; 50; 10051; . . .; 10100 .

Test . The ei genspectrumhas doubl e ei genval ues, 1; 1; 2; 2; . . .; 50; 50 .

Test . The ei genspectrumconsi sts of the roots of the Chebyshev pol ynomial

n(x) shi f ted f rom[�1; 1] to the i nterval [ ; b]

i =
(b � )

2
cos

2 ( �1) (b )

2
; =1; . . .; :(4. 2)

e have used =100, =1, b = .

As done i n Hageman and oung [ 7 ] , Greenbaum[5 ] and Strakos [ 17 ] , we operate
on a a matri ces. Thi s procedure i s equi val ent to representi ng al l vectors over
the basi s of ei genvectors of matri xA. In al l cases, a random 2 ri ght hand si de and zero
i ni ti al guess are used.

e di spl ay the decrease of A-normof the error at each i terati on di vi ded by the
A-normof the i ni ti al error

h~x�x k; A(~x�x k)i
1 2

h~x�x ; A(~x�x )i1 2
; ~x =A �1

b:(4. 3)

i gures 4. 1{4. 6 di spl ay the convergence resul ts f romTest 1. ote that for =
0: 8; 0: 9both the standardal gori thmand the stabl e vari ants of CGexhibi t simi lar sl ow
convergence behavi or. or Test 1 wi th =0: 6, the standard CGal gori thmshows the
best convergence properti es. Vari ant 3 exhi bi ts the poor stabi l i ty that was predi cted
i n x 2. 5. The resul ts f romthe other vari ants showsimi l ar stabl e behavi or.

i gures 4. 7{4. 12 di spl ay the convergence resul ts on Tests 2{4. Agai n wi th the
excepti on of vari ant 3, al l the resul ts on Tests 2{4 agai n showsimi lar convergence
behavi or among the standard CGand the di�erent rearrangements of CG.

2 u n i f o r mo v e r �1 ;1



8 E.F. D'Azevedo, V.L. EijkhoutandC.H. Romine

10-12

10-9

10-6

10-3

100

103

0 20 40 60 80 100 120 140 160 180 200

 Iteration

 E
rr

or

. . .

10-12

10-9

10-6

10-3

100

103

0 20 40 60 80 100 120 140 160 180 200

 Iteration

 E
rr

or

. . .



Re du c i n g Commu n i c a t i o n Co s t s i n t h e CG Al gor i t h m 9

10-12

10-9

10-6

10-3

100

103

0 20 40 60 80 100 120 140 160 180 200

 Iteration

 E
rr

or

. . .

10-12

10-9

10-6

10-3

100

103

0 20 40 60 80 100 120 140 160 180 200

 Iteration

 E
rr

or

. . .



10 E. F. D' Az e v e do , V. L. Ei j k h o u t a n d C. H. Romi n e

10-12

10-9

10-6

10-3

100

103

0 20 40 60 80 100 120 140 160 180 200

 Iteration

 E
rr

or

. . .

10-12

10-9

10-6

10-3

100

103

0 20 40 60 80 100 120 140 160 180 200

 Iteration

 E
rr

or

. . .



Re du c i n g Commu n i c a t i o n Co s t s i n t h e CG Al gor i t h m 11

10-12

10-9

10-6

10-3

100

103

0 20 40 60 80 100 120 140 160 180 200

 Iteration

 E
rr

or

. . .

10-12

10-9

10-6

10-3

100

103

0 20 40 60 80 100 120 140 160 180 200

 Iteration

 E
rr

or

. . .



12 E. F. D' Az e v e do , V. L. Ei j k h o u t a n d C. H. Romi n e

10-12

10-9

10-6

10-3

100

103

0 20 40 60 80 100 120 140 160 180 200

 Iteration

 E
rr

or

. . .

10-12

10-9

10-6

10-3

100

103

0 20 40 60 80 100 120 140 160 180 200

 Iteration

 E
rr

or

. . .



Re du c i n g Commu n i c a t i o n Co s t s i n t h e CG Al gor i t h m 13

10-12

10-9

10-6

10-3

100

103

0 20 40 60 80 100 120 140 160 180 200

 Iteration

 E
rr

or

. . .

10-12

10-9

10-6

10-3

100

103

0 20 40 60 80 100 120 140 160 180 200

 Iteration

 E
rr

or

. . .



14 E. F. D' Az e v e do , V. L. Ei j k h o u t a n d C. H. Romi n e

.

Probl em Order onzeros escr i pt i on

CSST 13 2003 11973 l ui d l owGeneral i zed i genval ues
CSST 14 1806 32630 Roof of Omni Col i seum, At l anta
CSST 15 3948 60882 Modul e of an O�shore Pl at f orm
CSST 18 11948 80519 R. . Gi nna ucl ear Power Stat i on

.

s tandard CG modi �ed CG

Probl em I terat i ons Ti me I terat i ons Ti me

CSST 13 1007 19. 56 1007 16. 99
CSST 14 232 2. 72 232 2. 35
CSST 15 376 7. 60 376 6. 72
CSST 18 697 34. 55 697 32. 80

5. Paral l el er ormance. To gauge the e�ect i veness of the modi �ed CGpro-
cedure, we per f ormed a number of exper i ments i n compar i ng the run- t i me i n standard
CGand var i ant 1. e chose var i ant 1 s i nce al though var i ant 2 has s i mi l ar conver -
gence propert i es , i t r equi res an extra i nner product . The tes t matr i ces were chosen
f romthe Harwel l - oei ng Test Col l ect i on [ 3] . The exper i ments were per f ormed on 16
nodes of the i PSC 860 hypercube. ach matr i x was �rs t reordered by the bandwi dth
reduci ng Reverse Cuthi l l -Mc ee order i ng [ 9] . The matr i x was then equal l y bl ock par -
t i t i oned by rows and di s t r i buted across the proces sors i n LLPAC f ormat [ 14] . I n
al l cases , a randomri ght hand s i de and zero i ni t i al guess were used, and convergence
was assumed when

krkk 10� kr k:(5. 1)

The conj ugate gradi ent procedure i s rarel y used wi thout some f ormof precondi -
t i oni ng to accel erate convergence. I n the tes t s descr i bed bel ow, we used a bl ock pre-
condi t i oner der i ved as f ol l ows : Let Ai be the di agonal bl ock of the matr i xAcontai ned
i n proces sor , and wr i te Ai = i i

t
i where i i s s t r i ct l y l ower t r i angul ar and

i i s di agonal . Then the precondi t i oni ng matr i x i s =di ag( 1; 2; . . .; ) ,
where i = ( i i)

�1
i ( i i)t. As shown i n Axel s son and arker [ 1] , thi s

corresponds to each proces sor doi ng a s i ngl e SSORstep (wi th =1) on i t s di agonal
bl ock Ai. e chose thi s precondi t i oner s i nce i t requi res no addi t i onal communi cat i on
among the proces sors when i mpl emented i n paral l el .

Tabl e 5. 1 i s a br i ef descr i pt i on of the probl ems sel ected f romthe Harwel l - oei ng
Test Col l ect i on. Tabl e 5. 2 shows the number of i t erat i ons and t i me ( i n seconds)
requi red to sol ve the correspondi ng probl ems on an Intel i PSC 860 wi th 16 proces sors .
I n al l cases , var i ant 1 shows an i mprovement over the standard al gor i thmi n the t i me
requi red f or sol ut i on, rangi ng f rom5 to 13 . Moreover , var i ant 1 shows no unstabl e
behavi or s i nce i t takes the same number of i t erat i ons as s tandard CG.

6. Concl usi on. e have presented three rearrangements of the standard conj u-
gate gradi ent procedure that el i mi nate one synchroni zat i on poi nt by per f ormi ng both
requi red i nner products at once. Two of these rearrangements (var i ants 2 and 3) re-
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qui re an extra i nner product . e showed that var i ant 1 has a natural connect i on wi th
the Lanczos proces s f or sol vi ng l i near equat i ons , whi ch i mpl i es that var i ant 1 i s s tabl e.
MATLAB s i mul at i ons on matr i ces wi th \pathol ogi cal " spect ra con�rmthat var i ants 1
and 2 are s tabl e. Var i ant 3, whi ch rel i es on two steps of or thogonal i ty between the
res i dual vectors , exhi bi ted unstabl e behavi or . Computat i onal exper i ments us i ng par -
al l el ver s i ons of both var i ant 1 and the standard conj ugate gradi ent al gor i thmshow
that the modi �ed vers i on reduces the execut i on t i me by as much as 13 on an Intel
i PSC 860 wi th 16 proces sors .
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