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CONJUGATE GRADI ENT AL GORI THM ON
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Abstract. The standard for mulation of t he conjugate gradient al gorithminvol ves two inner
product computations. The results of these two inner products are needed to update th
directionand the computed solution. Since these inner products are mutuall yinterde
adistributed memory parallel environment their computationand subsequent distribut
t wo separate communi cation and synchronization phases. In this paper, we present three 1
mathematicall yequivalent rearrangements of the standardal gorithmthat reduce the nur
muni cationphases. We present empirical evidence that two of these rearrangements are
stable. This claimis further substantiated by a proof that one of the empiricallysta
ments arises naturall yinthe symmetric Lanczos method for linear systems, whichis e
the conjugate gradi ent method.

Key words. preconditioned conjugate gradient, Krylov subspace methods, iterative me
parallel computers.
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1. Introduction The conjugate gradient (CG) method is an effective iterative
mathod for solvingl arge sparse synmtric posi tive defini te systems of 11near equations.
It is robust and, when coupl ed with an effective preconditioner [18 ], is generally able
to achieve rapid convergence to an accurate sol ution.

One dravback of the standard formulation of the conjugate gradient al gorithm
on distributed nanory parallel nmachines is that 1t invol ves the conputation of tvo
separate imner products of distributed vectors. Moreover, the first inner product must
be conpl eted before the data are available for conputing the second inner product,
leading to tvo distinct synchronization points. Hence, a distributed menory inple-
mantationof the standard conj ugate gradi ent method has tvoseparate conmmni cation
phases for these tvwo inner products. Since commumicationis quite expensive on the
current generation of distributed nemory mml tiprocessors, it is desirable to reduce
the cormmni cation overhead by conbi mi ng these tvwo cormmm cation phases into one.

Saad [15 , 16] has shown one rearrangenent of the conputation that elimnates a
communi cation phase by conputing ||r i|] based on the rel ationship

(1.1) Ire+all® = il Apell* = llrell®
to be numarically unstable. ! Murant [10 ] proposed using (1.1) as a predictor for
[|7541 ||, reevaluating the actual normon the next iteration with an extra inner prod
uct. VanRosendale [19] has proposed (w thout nureri cal resul ts) anm-step conjugate
gradient al gorithnto increase parallelism

* This workwas supportedinpart bythe AppliedMathematical Sciences subprogramof th
of Energy Research, U. S. Department of Energy under contract DE- ACO5- 80OR21400 wi t h Ma
Marietta Energy Systems, Inc. andinpart by DARPAunder contract number DAALO3- 91- C- 0

! Mathematical Sciences Section, Oak Ridge National Laboratory, Oak Ridge, TN 37831

t Computer Science Department, Uni versity of Tennessee, Knoxville, TN37996-1301.
ITHere and throughout the paper, we use |[p-jjldromdenote the [
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The comjugate gradient al gorithmis known to be closely related to the Lanczos
al gorithmfor tridiagonalizing a natrix[4 ]. Paige [1]1 12, 13] has done detailed anal -
ysis to showsone variants of the Tanczos al gorithmare unstable. Strakos [17 ] and
Geenbaum[5 | 6 have considered the close comection betveen the Tanczos and GG
al gorithm nthe anal ysis of stability of (Geonputations under perturbations infinite
arithmatic.

In §2, ve present three rearrangenants of the conjugate gradient conputation
that elimmnate one of the cormmnication phases by computing both inner products
at once. (In tvo of these, an extra immer product is required). We showa natural
assocl ation betveen one of these rearrangenents and the Lanczos al gorithmin § 3. A
di scussion of howt he rearrangenants of the conputationaffect the stabilityproperties
of the comugate gradient al gorithmand sone MATLAB nunerical experinents on the
effectiveness of the rearrangenants are includedin§ 4.

2. The cogjugate gradent algorithm. The conjugate gradient al gorithmin
vol ves the conputation of a parameter ¢, vhichis the Ainner product { pg, & &) of
the search directionpy. Inthis sectionve will present several variants of the conjugate
gradient al gorithm based on elimnationof this Ainner product.

2. 1. Te standbrd farmm ation We begin by reviewing the standard conjw
gate gradient procedure [2 , § for sol ving the linear system

(2.1) A =b .

For sinplicity, ve assune azeroinitial guess, andresidual vector v | =b, wth{ », y) =
x'y as the usual inner product.

For k=1, 2, ...

T = ‘ (rk, m) ‘

Be = /11 (B =0)
(2.2) P = rr+Bepr-1 (p1=ra)

vr = Dy

op = ‘ (P, u) ‘

ar = Yk/0k

TrH = Tkt AP

(2.3) Tk = Tk —Q UL .

Eachof the immer products hi ghlightedrequires a cormmmi cationstep ona distributed
menory nachi ne.

Saad [15 , 16] and Murant [10 ] have consi dered elininating the first inner product
for v, =( ri, m). We propose elimmnatingthe second conmmi cation phase by findi ng
al ternative expressions for oy.

We will rely on one intrinsic property of the (Gprocedure: the orthogonal ity of
residual vectors (and equivalently the conjugacy of search directions [8 | page 420])

(rks e ) _ (pk, Drp) _
(2.4) (re, ) (px, x) =




Rocing @amNcooy BB INTHE (G AGRITIM

2.2, Variant 1. We derive the first rearrangement by substituting p

Brpr—1 for both occurrences of p  in {pr, H):

or = {pr, w) =( Pr, Dr)
(ri + Brpi—1, i+ Brvr-1)
(re, Ar) + Be (7, w—1) +
Br (pr—1, Ax) + Bi (pr—1, 1)

(2.5) or = (rk, &)+ 28k (7, wo1) |+ Biok-1 .

From(2.3) and (2.4):

Tk = Teh—1 —Qp_1Vkp_1

(ks ) = Tk, Te—1) = k1 (Th, %—1)

(2.6) e = 0—a jo1| (rr, w—1) |-

Therefore by (2.5), (2.6) and 8 1 =y & /Ye—1,

or = (ri, Ar)+28k(=ve/ono1) + Fiok—a
= Uk—ﬁgﬂk—l, vhere nk:( rk,A’k)

(2.7) = 77k+ﬁk€§€1), vhere egcl):—,@ ECh—1 -

3

E =Tk T

2.3. Variants 2 and 3. If wve expand the occurrences of p g in {pr, &) one at

a tine, ve find diflerent rearrangenents of the al gorithm

Pk, fk)k>
Th + Brpr—1, Dk)

or = |
{

= (e, Dr) + Okl (Pe-1, D) |
{
{

e, Ark + Bepr-1))

(2.8) = (rp, &)+ Bk (v, Dr-1)

o = M +6k€§<;2) vhere ¢ 22) =( e, Pr-1)

Thus ve find a rearrangenent of the conj ugate gradi ent nethod vhere we conpute

inner products { vy, &%), Ok, %), and {ry, Hr_1) simltaneously and conpute ¢ j =

{pr, Ar) by recurrence formla (2.8).

Further expansion of (2.8) withp r_1 =r z—1 4+ Br—1Pp—2 gl ves

or = {ru, Ap)+ 5 (ry, Hr-1)
(ri, w4 Bk (rr, Arp—1+ Br—1Pr—2))
(

(2.9) =
Nownathematically { 7y, 4p—2) =0since
(rk, Hr—2) = (pr—Brpr—1, Dr-2)

= (pk, Xr-2)+ Bk (Pr-1, Hr-2) =0
Fence, assuming A conjugacy of {  pr, Hr—2) and { pr_1, A r_2), ve have

or = {rg, Ap)+ Bk (rh, Ar_1)

e, Ag) 4 B (ri, Ae—1) + BeBr—1| (rr, Hr—2)

(2.10) = g+ 6]66;63) vhere € 563) =(ry, Ar_1)
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Thi s gi ves us arearrangerant of the conjugate gradi ent nethod vhere ve conpute
inner products { rp, Ar), &k, m), and {ry, A ;_1) sinul taneously, and conpute ¢ =
{(pr, Ar) by recurrence forml a (2. 10).

2.4. The mdified cayjugate gradient mathod Unifying the three variants
above, we propose the followng rearrangenant of the conjugate gradient procedure.
First imtializejgand v 1, by performing one step of the standard al gorithm

o= b ow=(r,n), p=Era, ou=4
o = (p,u), m=(yi/o)p
For £ =2, 3, ...
s = Ay
Gonpute v, = | {rx, %) | and nk =| (rE, %)
mq for variant 1
(2.11) and € = (rg, p-1)| for variant 2
(rg, Agx—1)y| for variant 3
Be = /-1
pe = Tkt Brpr-1
vy = Sp+ vk (0 = D)
Or = M+ Prer
ar = Yk/0k
Tk = Tkt QkPk
Ry = TR —Q U

Note that the above procedure requires extrastorage for the vector s p and extra vork
inupdating the vector v p for all three variants. Variants 2 and 3 require an addi tional
imner product and storage for v p_q1 and s p_1 respectively.

2.5. Stability casiderations of variants 1, 2and3. In§ 3, verel ate variant
1 of the conjugate gradient al gorithmto a version of the Ianczos process that has
been shown to be stable by Paige [11  ]. Here we summarize some inportant rel ation
ships anong the three variants described above that provide sone insight into their
behavior. Returning to the expression for € j givenin (2.11), ve note the following:
(2.12) &2 =( 1y, Appoa) =e (Vg =)

Xp—1

Since both versions 1 and 2 rely on orthogonality betveen the residual vectors r
and 7 ;1 (“one-step” orthogonality), these are nunarically equivalent formul ations.
Ibvever, ve further note that

(2.13) 623) =(rg, Arp_1) =¢ 561)4- M

Ak
This expression for the terme ; invariant 3 of the conjugate gradient al gorithnrelies
on orthogonality betveen the residual vectors r pp and 7 p_1. Theoretically, these
vectors shoul d be orthogonal ; hovever, this “two-step” orthogonality is not assured
nunarically. Hence, one mght expect that variant 3 voul dexlibit greater instability
than either of the other two variants. The results in § 4 showthat this is indeed the
case, and variant 3 shoul d be avoi ded corput ationall y.
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3. Te Ianczos algorithm In this section ve present a natural connection
between variant 1 of the nodified conjugate gradient al gori thmand the Lanczos pro-
cess. 'The Ianczos process is a procedure to conpute an orthogonal matrix Q and
tridiagonal matrix 7 such that

& f
oo | Ao .
(3.1 Gag=t=|N = g
’ - ’ Bn—l
Bn—l &n
We arrive at the Lanczos al gori thmby equating col umms in A Q = QT, vhere q;’s are
col ums of Qa Q :[ 51| c |5n]a
Aq; = 5]'—1@'—1 + a;q; +Bj‘jj+1
(3~ 2) 5]'(1]'4-1 = A~q]» —b‘j(jj - ﬁj—ﬂjj—h
(@, Ay) = &, (G, 4y) =05
Paige [11] presents the following st able version of the Tanczos al gorithm Choose ™ 74
to be nonzero,

51 ==£|| 712, 1 :~7°1/51a
For yj =12 ...
& = (g, day) =75, Ay) [ (75,75)
(3.3) rip = Ag; —ojq; — Bj(jj—la
Bin = il
‘jj+1 = Tin /5j+1 .

In the sane paper, Paige [11 ] shovs that using the equi valent forml a B]» =(qin, 4;)
inplace of ||7;|| to compute B]» leads to poor stahility.

(bl ub and Van Ioan [4 , page 342] present the applicationof the Tanczos process
insolving linear equations, whichis mathenatically equi valent to the (Gal gorithm

~1 ~ ~1 ~
QrAQryr = @40, Qryr =
~ - ~ ~1
(3.4) Trye = bg, by = Qb

Since A(and hence T') is symmatric positive definite, the solution T = Qkyk can
then be conputed from(3.4) by the stable LDIL ¢ factorization of T

< ~—1 =t < ~—1x
vr = QpTy Qpb=Q T} by
U SO S
- Qk[LkaLk] B
~ ot ~—t ~—1~—1] ~ ~ o~ ~
(3.5) - (PkLk) [Lk DI ]bk, were Brik =0,
= pkak, V\here [N/kaain)k.

With further sinplifications, one canshowa p =[ ay, . ., ozk]t and this process can be
rewitten in the more famliar forme ; = y_1 + agpy of the (Gal gorithm
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We note that the above process requires computation of B]» == (#,7;) and
a; ={ 7, A;)/(7,7); as in the modified (Grearrangenent (2.11), both inner
products can be conputed together. Mreover, the use of the alternative formula
B; ={ a1, A;) for ||F;|| leads to instability, as inthe case of Saad’s rearrangenant
(1.1).

The update forml as fromthe (Gal gori thm(2. 11)

(3.6) pi = ri+0ipion, G =gy

can be rewitten as a three-termrecurrence relation (3.2) simlar to the Tanczos

al gorithm We have

rin = 1 —aACr+ Bipi-1)
= rj—aiAj—(eifi/aj1)(rj-1 =)
(3.7) = (It+ofi/aja)ry —o ;A j —( Bjoy/aj_1)rj
A= (Bilaj-)rj+ L+ aBi/aj_1)ry —(Yaj)rjp
By normalizing the vectors r j =¢ ;,/7;, the above can be witten as
(3.8) A = QT, Q =[aq1]. . |ga],

wth T ={ t;;} symetric tridiagonal,

(3.9) tjj = 1, Bj, tjj_lzﬂ’ tjj+1:ﬂ.

oy a5 a5 oy

Note relationship (3.8) follows directly fromthe update fornulas (3.6). Tbvever,
vhile this relationship holds for all variants of (&5 numrically the entries ¢ ;; wll
differ.

Athoughnatrix @ is mathemati call y orthogonal , and (3.8) is atridiagonalization
of A commonly there is sone loss of munaerical orthogonality. We can show that
variant 1 of the nodified (Gal gori thimproduces ¢ ;’s (and r;’s) that are mmerically
equi val ent to those obtained by a stable variant of the Ianczos process, i.e. the ¢ ;’s
are as nurarically orthogonal as the Tanczos process produces.

First ve requre comsistent computation of ( ¢;, A4;); that is, we showthat the
choice of o5 =1 ; —6]20]'_1 (as invariant 1) causes the diagonal entries of 7" and T to
be the sare:

1 i
ti, = — 4+ J
iJ o gy
1
= ?j(@‘i‘ﬁ;%’—l)
1
(3.10) = 7( nj —Bioi_1 |+ Bioj-1)
J
_ o (T]', fk]’) —
- = VDI
Vi Ari 1)

By expandi ng the right hand side of
(3.11) 101 =14 5 —t 505 =t j-1505-1l,

it can be shown that the off di agonal entries of T and 7T are equi val ent (|B]| =t ;iul),
using only the assunption of one-step orthogonality, { rpq, ) ={ rg, m—1) =0.



RO OWMNCGIIN @15 IN TE (GAGHTM 7

4. Nmerical experinats on stability. The aimof the following experi-
mants 1s to determne the stability and convergence properties of the nodified conj
gate gradient procedures.

We performed a nurher of MATLAB experinents insol ving Az =b by the conj ugate
gradient procedure to study the convergence behavior on different distributions of
eigenvalues of the preconditioned matrix. In variant 2 (resp. 3), { rp, —1) (resp.
(ri, s—1)) is conputed by an extra inner product. Murant’s rearrangenent is taken
from[ 10 ] and the Tanczos rearrangenent is adapted from[4 | page 342] by eval uating
the tvo imner products for “«; together as &; =( 7;, 47;) / (7}, 7).

Bst 1. The natrices considered have the eigenspectrumused by Strakes [17 ]
and Greenbaumand Strakes [6 ]
-1 i )
(41) /\z I/\1—|—n_1 (An A 1)p s 222, ey Ny pE(O, 1)

We have wsed n =100, A | =1E-3 | k =X, /A =1E56 and p =0.6,0.8,0.9, 1.0 in
the experimants. For p =1, we have a umformhy distributed spectrum and p < 1
describes quantitativel y the clustering at A;.

Bst 2. The ei genspectrumhas a gap, { 1, .., 50, 10051, . . , 10100} .
Bst 3. The ei genspectrumhas double ei genval ues, { 1, 1,22 ..,.50, 50}.

Est 4. The eigenspectrumconsists of the roots of the (hebyshev pol ynommal
T, (x) shifted from[ -, 1] to the interval [a, b]

(4.9) A = (b—a) cos (71'/2—1—(2' = ) n (b+a)

’ ’ ’
n 2

We have used n =100, a =1, b =1E5

2 done in Thgenan and Young [ 7 ], Geenbaum[5 ] and Strakes [17], ve operate
on diagonal matrices. Ths procedure is equivalent to representing all vectors over
the basis of eigenvectors of matrix A Inall cases, arandom 2 right hand side and zero
imtial guess are used.

We display the decrease of Anormof the error at each iteration divided by the
Anormof the initial error

(F—vp, AT -2 k)>1/2’
(F —x o, AT — o))'/?

(4.3) &=A 1.

Figures 4.1-4.6 display the convergence results fromEst 1. Note that for p =
0.8, 0. 9both the standard al gorithrmand the stable variants of (Gexhibit simnlar slow
conver gence behavior. For Bst 1 wth p =0.6, the standard (Gal gorithnshovs the
best convergence properties. Variant 3 exhibits the poor stability that was predicted
in§ 2.5. The results fromthe other variants showsiml ar stable behavior.

Figures 4.7-4.12 display the convergence results on Ests 2-4. Again wth the
exception of variant 3, all the results on Bsts 2-4 again showsimlar convergence
behavior anong the standard (Gand the diflerent rearrangenents of (G

2uniformover [-1,1]
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Fic. 4.1. Standard CG on Test 1. Dashed curve: p = 0.6; dotted curve: p = 0.8; dash-dot
curve: p = 0.9; solid curve: p=1.

108

100

103

Error

106

109

10-12 . . _ . . .
0 20 40 60 80 100 120 140 160 180 200

Iteration

FiG. 4.2. Variant 1 on Test 1. Dashed curve: p = 0.6; dotted curve: p = 0.8; dash-dot curve:
p = 0.9; solid curve: p=1.
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FiG. 4.3. Variant 2 on Test 1. Dashed curve: p = 0.6; dotted curve: p = 0.8; dash-dot curve:
p = 0.9; solid curve: p=1.
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FiG. 4.4, Variant 3 on Test 1. Dashed curve: p = 0.6; dotted curve: p = 0.8; dash-dot curve:
p = 0.9; solid curve: p=1.
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FiG. 4.5. Meurant Rearrangement on Test 1. Dashed curve: p = 0.6; dotted curve: p = 0.8;
dash-dot curve: p = 0.9; solid curve: p=1.
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FiG. 4.6. Lanczos Rearrangement on Test 1. Dashed curve: p = 0.6; dotted curve: p = 0.8;
dash-dot curve: p = 0.9; solid curve: p=1.
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Fic. 4.7. Standard CG on Tests 2-4. Solid curve: Test 2; dashed curve: Test 3; dotted curve
Test 4.
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Fic. 4.8, Variant 1 on Tests 2-4. Solid curve: Test 2; dashed curve: Test 3; dotted curve
Test 4.
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Fic. 4.9. Variant 2 on Tests 2-4. Solid curve: Test 2; dashed curve: Test 3; dotted curve
Test 4.
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Fic. 4.10. Variant 3 on Tests 2-4. Solid curve: Test 2; dashed curve: Test 3; dotted curve
Test 4.
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FiG. 4.11. Meurant Rearrangement on Tests 2-4. Solid curve: Test 2; dashed curve: Test 3;
dotted curve Test 4.
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FiG. 4.12. Lanczos Rearrangement on Tests 2-4. Solid curve: Test 2; dashed curve: Test 3;
dotted curve Test 4.
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TABLE 5.1
Description of test problems.

Problem | (rder | Nonzeros | Description
BGSSTK13 2003 11973 | Fluid FlowCeneralized Ei genval ues
BGSSTK 14 1806 32630 | Roof of Omi (bliseum Atlanta
BCSSTK 15 3948 60882 | Mdule of an (shore H atform
BCSSTK18 11948 80519 | R E. G nna Nuclear Pover Station
TABLE 5.2
Teming results.
standard (& nodi fied (&
Problem | Iterationg T ne Iterationd T ne
BCSSTK13 1007 | 19.56 1007 | 16.99
B(SSTK 14 232 | 2.72 232 | 2.35
BCSSTK 15 376 | 7.60 376 | 6.72
BCSSTK18 697 | 34.55 697 | 32.80

5. Parallel perfornance. 1o gauge the effectiveness of the nodified GGpro-
cedure, we perforned a nunber of experinents in conparingthe run-tineinstandard
(Gand variant 1. We chose variant 1 since although variant 2 has simlar conver-
gence properties; it requires an extra inner product. The test natrices were chosen
fromthe Farvell-Boeing Test (bllection [ 3The experinments were perforned on 16
nodes of the i PSC/860 hypercube. Each matrix was first reordered by the bandwi dth
reducing Reverse Cithill-MKee ordering [ 9The natrix was then equal ly bl ock par-
titioned by rows and distributed across the processors in ELLPACK formnaf [ 1Hn
all cases, arandomright hand side and zero initial guess were used, and convergence
was assuned when

(5.1) [I7ell < 107%roll-

The conjugate gradient procedure is rarely used without sone formof precondi-
tioning to accelerate convergence. In the tests described bel ow, we used a bl ock pre-
condi tioner derived as follows: Lethedthe di agonal bl ock of the matrix Acontained
inprocessor ¢, and wite; &L ; + D; + L¢ where L; is strictly lover triangul ar and
D; is diagonal . Then the preconditioning matrix M is M =d{iMdg M, . .. M,),
where M; =(L; + Di)Di_l(Li + D;)t. % shown in Axelsson and Barker []1, this
corresponds to each processor doing a single SSORstep (withw =1) onits diagonal
block 4. We chose this preconditioner since it requires no additional communication
anong the processors when inplenented in parallel.

Table 5.11s a brief description of the problens selected fromthe Harwell- Boeing
Test (ollection. Table 5.2 shows the nunber of iterations and tine (in seconds)
required tosol ve the corresponding probl ens on anIntel i PSC/860 with 16 processors.
Inall cases, variant 1 shows aninprovenent over the standard al gorithmin the tine
required for sol ution, ranging fromb% to 13%. Mreover, variant 1 shows no unstable
behavior since 1t takes the sane nunber of iterations as standard (G

6. (onclusion. We have presented three rearrangenents of the standard conju-
gate gradient procedure that eli mnate one synchronization point by performng both
required inner products at once. Two of these rearrangenents (variants 2 and 3) re-
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quite anextrainner product. We showed that variant 1 has a natural connectionwith
the Lanczos process for sol vinglinear equations, whichinplies that variant 11s stable.
MATLAB simul ations on natrices with “pathol ogical” spectra confirmthat variants 1
and 2 are stable. Variant 3, whichrelies on two steps of orthogonality between the
residual vectors, exhibited unstable behavior. Conputational experinents using par-
allel versions of both variant 1 and the standard conjugate gradient al gorithmshow
that the nodified version reduces the execution tine by as much as 13% on an Intel

1 PSC/860 with 16 processors.

10]
(11]
(12]
(13]
(14]
15]
(16]
(17]
18]

(19]
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