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PUMMA :
PARALLEL UN VERSAL MR X M LT PLI CATT OGN ALGORT THMS
ON IO STR BUIED MEMRY  CONCURRENT COMPUIERS

Jaeyorg (o
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Ivid WWler

Abstract

This paper describes the Parallel Uni versal Matrix Multi pli cation Algori thms (PUMMA)
on distributed memory concurrent computers. The PUMMA package includes not only
the non-transposed matrix multiplication routine C = A: B, but also transposed multi-
plication routines C=AT -B, C=AB T, and C=A T .B7, for a block scattered data
distribution. The routines perform efficiently for a wide range of processor configurati ons
and block sizes. The PUMMA together provide the same functionality as the Level 3
BLAS routine xGEMM. Details of the parallel implementation of the routines are given,
and results are presented for runs on the Intel Touchstone Delta computer.



1. Itrodctian

Qrrert advarred architectire capters possess herarchcal ranyies in wich accesses to
dtain the yper lewels o the rarry herarchy (regsters, cacle, and/ar local ramry) are
faster then these in lowr lewels (stared o dfprocessar ramry). Qe techiqe to rae
efbetively exdat the pover o sich rachires is to devel op al gori thim thet raxirize rewse o
dita held in the uper lewels of the herarchy, therely redicing the reed far mve expersive
accesses to lower lewels. Fr duse lirear dgdra captatios ths can be doe by wing
Hocepartitioed a grithm, that 1s by recasting al gorithm in farmm that 1md e operatias
on suratrices, rather than indvidel matrix elemts. A exaple o a Hockpartitiaed
al gori thnfar factarizationis gvenin[7 ,16]. Te Tevel 3 Bsic lirear Agehra Shyrogramm
(B perfama nater of comml y-wed ratrixrabrix operatias, ad are awilable in
atirized formon st camputi ng f atfarma rang ng framvorkstati as wp to supercampters

[13].

Te Ievel 3 HA have been successfully wsed as the huldng Hods of anater of agdi-
catias, 1rcludng TAXIS a sdftvare lilrary thet wses Hocleparti tiaed d g tha far per-
farnng derse and banced lirear al gelra comutatias onvector ard shered rarary caquters
[2,3,9,11,14]. @ shared rmamry rachires Hodle parti ti oed al gori thea redice the nuder of
tires that data st be fetched franshared rary; while on distribited ranxy rachites
they redre the nrher of ressages requred to get dita framother rocessars. s, there
les been 1ich irterest recertly in developng versias o tle Tewl 3 HA far dstrihied
rary cocurrent caputers [ 1 ,6,18,19].

Avimortat ratire inthe level 3 BS1s xXEMWFar perfamnng ratrieratrix m-
tigication Te gereral prpose ratire perfara the fdlowng gerati as:

a A -B43C

a AT B 43 C
a A -BT43 C

QO a a a

<~
<~
<~
< a AT .BT 45 C

viere <7 daotes matrixmtigication, A B and C are matrices, ad o and § are scal ars.
Inthis paper, ve presert the Prallel Uiiversal Mirix M tigication Agori thos (FOVY
far perfanmg the doe operatios on distribited ramy cacuarert, coqters. U versal
rears thet the FMA induk dl the doe mtidication ratires and that their per-
farace depend vead y an processar cafigration and Hock size. AHock scattered dita
distribtionis wed v chcan reprodice rany of the comm dita distri bt os wsed in derse
lirear al gehra coqutatios [8 161, & discssed inthe rext section Tere have been rany im



Heratatias of ratrix md tigication al gori thes on distri bited rarory rachives [20 20,47,
My o themare lirited in their we simce tley are irplerated wth a pre Hock (non
scattered) distribution or speciftc (not gereral-prpose) dita distribution, and/or on sqere
processar configrations wth a specifc nrber of processors (cd um and/or rownrbers o
processas are povers of 2). Te ANV packege elinmates al o these castraints.

Te fist part o ths paper fooses antle dsign and irpleratationd the mon-trarsposed
ratri x i tigi cationratire on dstrihted rarary cacuarent, comuters. Wiken ceal wth
the other cases. Aparallel ratrixtramspose al gorithmin via cha ratri xwth a H ock scattered
deapesitionis trasposed oer a tw-d rsiael processar 1eshy, 18 preserted in a seperate
paper [10 ], Al rotires are irplerarted in Frtran 77 flws ressage pessing and copared on
the Intel "Bickstore I8l ta caypter.

2. Design I'ssues

Te vay in vach an dgrithis dta ae dstribited ower the pocessas o a cacuarert

comter hes a mjar irpect on the lead belance and commication characteristics of the

corwrrert al gori thm and heree largel y deternives i1ts perfarmance and scal ahility. Te Hock

scattered (or Hock cyclic) decaposition providss a sirple, yet gereral-prpose, vay o dis-

trihting a H ocke parti t1 ared retri x on distri hited ramry cocurrert camputers. Inthe Hock

scattered decaposition, described in detail in [8 ], armtrixis partitioed into Hocks o size
r > , adHods separated by afed strick inthe cd unandrowd rectias are assiged tothe

sara processar. If the stride inthe cdum and rowdirectiaos 1s P and (Q Hocks respectively;

then ve requre that P (Q equls the maber o processars, NV p- Tis, it is wefd to imagme
the processars arranged a8 a P x(@) resh, o terplate. Ten the processar at position (p, ¢)

(0<p < P,0<q < Q) intle teplate is assiged the Hocks indsed by,

(p HP, ¢ HQ) M
wered =0, . ., (M- )/ Pl,i =0 . ., (N )/ Q, adM <N ; is the size of the
ratrixin Hocks.

Bocks are scattered inthis vay so that good 1 cad bl arce can be rairtaired in al gori this,
sich a8 T factorization [7 ,16], invhichros ad/or cdure of Hocks of a ratrix becom

elirmated as the agrithmprogesses. Hwewer, far sam d the distribited levl 3 BA
ratires a scattered decompesition does ot irproe load belace, and ray resdt in higher
corurrert owerlead Te gereral ratrixratrixmtigicationratire XEWs an exaple

d sich a ratire for wicha pre Hock (i.e., momcattered) decapesition is optital wen
caosldring the ratire in isdation Hweer, xEMWay be wed in an adication for
wiich owradl, ascattered decapositionis best. Ware faced wth the choce o 11l erarting
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aroscattered dstrihited version of XEN and trasfanmgthe dita dcapsitionto ths

famf recessary each tira xXFMis caled a o proudng a scattered version and therehy
aadnghavrgto tramfarnthe dtadecoposition Wopt for the latter sd bionbecase 1t 1s

rve gereral , and does 1ot ¢ mpose antle wer the recessity o potertialy costly decapesition
trasfamatias. Sice the moscattered decamposition is Jwst a special case o the scattered
ceopesition in wich the Hock size is gvenlby v =[M/ Pl ads =[N/ @], vhere the
rarixsize 18 M <N, the wer still hes the gtion of wing a moscattered decaposition far
the retrix rtigdication and trasformng betveen decapositias if recessary. Te Besic

Tirear Agebra (drmmi cati on Sprogram (HAS) are intended to perfornbeapesition

trarsfarmatios o this type [4 12,177,

Te dcapsitias o dl ratrices imdwedin a cal to a lewl 3 HA ratire st ke
capetiHe wth respect to the greration perfared D erswre copetihility ve 1mpose the
comh tion thet all the matrices be decapesed ower the samn P x(@) processar terplate. et
dstribted Ievel 3 B ratires wll aso reqire cadtias an the Hock size to ermsure
cometihlity Kr exagle, in perfanmng the mtrix mtidication C=A- B if tle Hock
size f Aisr xs thentht f Band Crst be s <t andr Xt |, respectively.

Avther advartageos aspect of the dstribited Ievel 3 H& is that often a dstributed
ratire wll cal seqertia lewl 3 HA ratires. Er exaple, the dstribited version of
XM dbseribed in Section 3.2, camists o aseries o steps ineach o v ch each rocessar
mtifdies twolocal mtrices by a cal to the seqertial version o xEMI Sree highly opta-
nived asserhl y-cockd versiar o the seqertia level 3 HA dready exist onmst processars
ve can take advartage of these inthe dstribted irpleratation

Egre 1 (a) slow the perforrace o the TMratire for sqare matrices on ae
180 rocessar o the Iitel Budstae 8lta Ingrera |, perforrare iroes wthincressing
retrixsize and satirates for ratrices of size greater than M =150. Hgre 1 (b) show thet in
ar krtranimpleratation, for misqere matrices, a mtipicatiana cdumshape of A by
arowslepe o Bis noe effiert thanits opposite. In both the sqere and mosquare cases,
the size o the ratrices mitigiedshod d be raxinizedinarder to gptinee perfarmance o the
seqertial asserhly-cobd versiond xEMtatires. Tis, inthe HMAroties, imstead
o mtigyngimdvdel Hods suecessively an each processar, Hocks are cag awmrated to
farmd arger retrices vhich are then i tigdied

Te dstribited Ievel 3 HA ratires have simlar argrat lists to the seqertia Tevel
3HAS ratires. Inthe dstrihted «ENkatite, for exaple, aigml ratrices Aad B,
ave reserved as intle seqertia ratire. Wers, wo are famliar wth the seqertia rotines,
shod d heve 1o diffid ty in wsing the distribited ratires.
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wth A arwar  Basowr , Aascaypz - Bagaxar, ad A apaxar - Bagago , viere 7 corotes ratrix

Iﬂtl[ilcatl(]], and(b) testedwthA 500x M ° B]\4><500 andA Mx500 ° B500><M.



0123456 7 8 91011 036 9147102 5 811
0l0/1/2|0]/1/2({0/1]|2]|0]1|2 0
113/4/5/3/4/5(3/4/5|3/45 2
2|0/1]2]0/1]2|0]/1/2[0|1]|2 4 Fb Pl FE
3|3/4/5/3/4/5(3/4/5|/3/4/5 6
4]0/1]/2]0/1|2]|0]/1/2(0[1]2 8
51314/ 5/3/45(3/4/5|3/45 10
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1113/4/51314/513/14/5(314|5 11
(&) matrix point-of-view (b) processor point-of-view

Fgre 2 Aratrix A wth 12 X12 Hocks is distrihited over a 2 53 processar terplate. (a)
Fontle ratrixpant-of-view Fchshaded and ushaced area represerts a dffrent terpl ate.

Te nrberedsquares represert Hocks of el erarts, and the mrber 1nd cates at v chlocation

in the processar terplate the Hock 1s stared — all Hocks 1abeled wth the sara nher are
stared in the sara processar. Te slanted nrbers, onthe left and on the top o the 1atrix
represent gobal imdees of Hock rowand Hock edumy respectively. (b) Fantle processor
part-of-view each processar hes 6 x4 Hocls.

3. Algaithm

Billwstrate the besic parallel a gori thove casi der amtrix Adistri hited oer a2 d rarsiad

processar terplate a8 show in Hgre 2 (a), were A wth 12 12 Hodls is distrihited

oer a 2 x3 terglate.  If the ratrix distribtion is seen framtle rocessar pant-d-view

a in figre 2 (b), each processar hes several Hocks of the retrix and the scattered Hodks,

A0, 0, A2 0, A4 0),, -A(10 0) are wertically adacert in the 2drasionl array in the
fest processar P ¢, and can be accessed & oe log Hockecdum A(0: 11: 2 0). Inthe sam

vy, A0 0), A, 3, A@Q 6, A0 9) ave hrizagaly adacert in P o, and can be accessed as
ae lag Hock rowA(0, 0: 11: 3). Wexddt ths property in irplerating the a grithm

to ceal wth larger retrices irstead of severa srdll indvidel Hocds. Wassua dita are

stared by cdum in both ar Frtran 77 and ressage pessing irgeratation  In gereral,

the dgrithm are preserted framtle retrix part-of-view wich is sirgler and emsier to

uckrstand  In dealing wth the irfleratation dtals, ve exdain the a grithm fromthe

rocessar patt-of-view

3.1.The Basic Mtrix Miltiplication Al gorithm

Qr matrixd tigication al grithms a Hock scattered variart of thet of kx Ry, and Gto
[0], that cbals wth arhitrary rectangdar processar terpl ates.
Sypose the matrix Ahes M p Hockrows and L » Hock cdurs, and the retrix Bhes 1



WK =0, [ ;-1
[@urcast ae Hockd B(B(I, MD (I 4K, N)), I =0: 1)
alag each ed um across terpl ate]

PEDI =0, M ;-
KP =X (K -+, L)
DS =0, N ;-

Q, J)=QI, J)+KI , KP)-BKP, J)

BEDPHD

BEDPHD

[RIl Aleftvards]

BDID

Hgre 3 Adstribited Hock scattered ratrix mltipication algrithm Te PHOs in
dcate oer hich indces the dta are decapesed Al imdices refer to Hocks o elermrts.
(Ommication pheses are 11d cated 1n sqare hrackets.

Hockrow and N 3 Hock cduns. Bock (7, J ) of Cis then gvenly

c, J)%_: A(I, K)-B(K, J)

were I =0, 1, . .,.M-L J =0, 1 . .,.¥—L Inkasatimn 2tk adr d sumtion is
arhtrary.

Ix et a. intialy cosidred aly the case of sqere ratrices in wWich each processor
cotars asitge rowa asirge cdund Hocks. Tt 1s, the Hocks that start the sumdtion
lie dag the dagrel. Te sumtionis started at a dffrert part far each Hock rowd” C
so that in the plese of the parallel al gori thocarrespordng to sumtionindkx K, A(T, K)
ad B(K, J) canbe mtigiedinthe processar towichC'(7 , J ) is assiged

Tis reqires eaxchrocessar catanngabockd Btobe mtigdiedinstep K to hroadeast
thet Hock alag the cdun o the processar terplate at the start of the step Aso A st
be rdled leftvards at the end of the step so that each cdunis owrwitten by the ae to the
rigt, wthtle frst cdun wapnng roud to owerwite the last cdun Te peubcok far
ths dgrithms stomin Hgre 3. Adther variat of ths a goithmimd s broadeasting
Hods o A oer row, amd rdling B ywards.

In Egre 3 and suseqert figres a ‘cdurcast” is a commi cation phese in wich ae
dta item(typcally a Hock, o set of Hocks) is taken frameach Hock ecdun of the matrix
and 18 Troadeast to all tle atler processars in the sam cdumn of the processor terplate.
A‘towast” 1s simlar, bt lroadeasts a data 1temframeach Hock rowd the ratrix to all
rocessars in the sam rowd the terpl ate.



W OWOoO|WOoO|WwOoweo|wio
ol O Ll Ll E N Ll el SN ]
01 N (01 N o1 N O N [OT N o1 N
W OWOoOWOoO|WOo|wo|w.o
ol O Ll Ll N L el R ]
01 N (O N o1 N o1 N [OT N o1 N
W OWOoOWOo |WwOo|wo|w/o

NN NN [ N N S PG N PN N
o1 N o N o ho o N o o o o
wolwlowlo|lwlolwlowlo
I NN PN PN NG S PG N PN N
N o o o ho o o o o o o
wolwlowlo|wlowlowlo
NN NN [N N N S PN PN N
o N o o o ho o o o o o o
wolwlowlo|lwlowlowlo
NN NN [N N T S PG N N N
o N o o o ho o o o o o o
wolwlowlo|wlolwlowlo
NN NN PN PN NG S PG N PN N
o N o1 o o [ho o o o o o o
wolwlowlo|lwlo|wlowlo
[N NN [N PN NG I PG N N N
o N o o o o o o o S o [

A
1
o
A
1
=

Hgre 4 Saphot o SBal grithm Te Hocs o the matrix B commicated in the fist

tvo stages o the matrix mtigication a gori there showm shaded In this csse P =2 and
@ =3 Ineachstag, aly ae waped d agod 1s cdureast. Te total nater o stags is
Ly.

3.2.Mitrix Mil tiplication Al gorithmw th H ock Scattered Deconposi tion

Wriowcasider the mtigication of ratrices dstribted wth a Hock scattered decamposi-
tion Te Hocksizes for matrices Aand Bare v >s ands A, respectively, where r | s, andt  are
arhtrary. Inths case the sumtianinrowl starts a6 K =1 , sotle Hods of Blreadeast in
exch stage lie alog dagoel stripes. Te parallel a gorithnproceeds in L p stags, 1neach d
wichae Hockd Bis rcadeast alageach cdund the terplate, and Ais rdledleftvards.
Weall this the IB(S1ge Dagral Beadeast) al gorithm

Egre 4 show, frarthe ratrix pot-of-view the wapped d agoel Hods o Bhroadeast
inthe fist twstags o the SBa grithm were B wth 12 x12 Hocls 1s distribited ower
a 2 x3 teplate. My ae wapped d agoel 1s cdumcsst in each stage.  In gl erarting
the al grithm the size of the suratrices mtigiedineach processar shod d be raxiived to
atitize the perfarace of the seqertiad xXEMbatire. Fontle processaor part-of-vew
a sthom in Hgre 2 (b), the fist processar P ohes AO: 11:2 0: 11:3) adB(O: 1l:
2 0:1:3), adit wll ke C'(0: 11: 2 0: 11: 3) after the coptation Inthe fist stage
o Bgre4 (K =0), P ¢ mdtigies A0, 0), A(2 0), .- A(10, 0) wthB(0, 0). Tese cperations
can be cohired a8 ore ratrix mtigication sitee Hods A0, 0), A(2 0), --- , A(10, 0) are
vertically adacert in P 5. Te processar mitiglies alag Hock cdumd A(A(0: 11: 2, 0)
wthae Hock B(0, 0). Tis is the reason vhy ve prefer a schera of cd unwise hroadcasting
Btoasclera o rowvse lrcadeasting Ainor Ertranirperatation vere 2 drasi ael
arrays are stared by cd uis.

Ioroting the least commmtige o P ad @ by LC' M, ve refer to asquare o L C'M X



WK1=0, LCM-
[(@umcast L o/ LCMHods o B(B(I, J :N:LCM), I =0:1,
J =MD (I K1, LCM)) dagexhcedund terplate]
WK2=0 L ,/LCM-
K =K1+K2xLC M
PEDI =0, M ;1
KP =X (KD (I, LCM),)L
PHDJ =00 N -
Q, J)=QI, J)+AI, KP)-RKP, J)
BEDPHD
EDRHD
BEDID
[RI] Aleftvards)
BEDID

Hgre 5 N al grithmwichis adstribted ratrix mtidication al gori thasu tal e for
a Hock scattered decoposition e ater K loop hes been split irto loops ower K1 and K2
so that the commicationfor several steps can be sert in asinge ressage.

LCMUHYods as an L C M Hock Bocls belong to the sara processor if their rel ative locatios
ave the sammineachsqere L C' M Hock Te carept o the L C' M Hockis very wefd, sitce an
a gori thoray be devel oped far the first L. C'M Hock, and then be apdied to the other L C'M
Hocks, vhichall lewe the sam structure and dita dstribtion s the fist L C' M Hock et
1s, ven an gperation 1s execited on a Hock of the frst L C'M Hock, the sama gperation can
le doe sirdtareasly on dther Hocks, v ch hase the sam relative location ineach L C' M
Hock

Ter aHock scattered decamposi tionthe commi cationl atercy can be rediced by perfarm
ing mtiple irstances of the ater K loop (see Tigre 3) together. Te commicationlatency
1s redired wen imstaces of the ater K loop separated by L C' M are growed together, as
stominHgre 5. Weal ths the NI (Mtiple Dagral Boadeest 1) algorithm Inthis

case the parallel al gorithnproceeds in L C' M stages, ineachd wich [L »/ LC M| Hocks o the
Bratrixare roadeast domeach cdund the terplate by a singe carmi cation phese in
the ater loop. In Fgre 6 ve showthe tvo ([L »/ LC M| =12/ 6) wapped dagrel Hocls o

B hroadeast inthe frst twostages o the a gorithm TFe size o the suratrices mitigiedin
each processar camdt be ircressed and it is the sam as in the SBal grithm

Te camm cationl atercy can be redred even further by mting thet the dita far ratrix
A returs to the processar in which it started after A hes been rdled @@ tires. Ths, we
irtrodre a thrd variat of the parallel a gorithnthat proceeds in @ stages, ineach o vhch
[Ly/ Q) Hocks of B are broadesst dom each terplate cdumn by a singe commication
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K=0 K=1

Egre 6 Sepshot o NIH adgrithm Inths case P =2 @ =3, adsotle LOCM o P and
Q is 6. Inexchstage, two ([L v/ LC M| =12/ 6) wapped dagorels are cdumeast. Te total
mrter o stags is LC'M.

pese inthe ater loop. Fgre 7 stow the far ([L y/ Q] =12/ 3) wapped dagorel Hocks
o Blroadsst ineachstage. Te meubcok far ths versiond the a grithms tle sam a8
thet shom in Egre 5, except that ‘0 C' M7 is reflaced by Q.7 Tis is caled the ‘MR
(Mtige Dagrel Roadeast 2)” al grithm

Inirperating the NIR al gori thm the grand arity o the a grithmis increased Intle
frst stage showmin gre 7 (K1 =0), the frst processor P o mtigies a cdun Hock A
(A0:11:2 0)wth B0, 0, B0, 3, B(O, 6 ar B(0, 9. Tese Hods of Bare hrizatally
adacert in the 2drmsiamnl suretrixin P 0, ad fama lag Hock rowB(0, 0: 11: 3).
Tese geratias are replaced by ae mitiplication P o mtifies alogHock cdund A
(A(0: 11:2 0) wthalogHaock rowd B(B(0, 0: 11: 3)). Te catired mtigication
lods like a bl ock version o the outer product cperation Sice [L »/ LCM| =2, Py rees to
d actler ater prodret operation at the samastep, A(0: 11: 2, 6) wth B(6, 0: 11: 3), =
stomin Egre 8 (a).

In NI® al gori thmtle grand arity of the algorithmis raineed P o hes two Hock ros
o Btobreadeast (B(0, 0: 11: 3) and B(6, : 11: 3)), vhichare conbrsed to ore large matrix
(B(0: 11:6, 0: 11: 3)) far ecomrical commicatias. If Hock cdurs of A are presorted
wth radx L C'M in the begming of the agrithm(ar radx L C M/ Q in exch processar) as
stominBgre 8 (b), twHockedurs o A(A(0: 11: 2 0)ad A(0: 11: 2, 6)) are accessed
a oe lag mrix (A(0: 11:2 0: 11:6). NwP o can caplete its gperation wth one
large ratrixmitigicationd A(0: 11: 2 0: 11: 6) and B(0: 11: 6, 0: 11: 3). Al processas
comute ae ratrix mitigication in each step irstead of [L »/ LC M| mitigicatias. Te
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01234567 8 91011
0]0/1/2]|0(1/2]0|1/2{0|1|2
11314/ 5/3/14/513/4/5|3/4/5
210/1/2]0]1/2({0/1]|2|0]1|2
3]1314/5|345|3/14/5(3/4]5
410/1/2]0/1/2)0/1,2(0f1|2
513/14/5/3/4/513/4/513/4/5
6]10/1/2{0/1/2|0/1/2]0|1|2

0/1/2({0/1]2]|0]1/2]|0]1|2
314/ 5(314/5|34/5|3\4\5
0/1,2/0f1/2{01/2[{0]1 2
314/ 5/3/4/5(314/5(34|5
0/1/2{0/1/2]0/1/2]0|1|2
314 5/3/4/5({3/145[(3/45
0/1/2({0/1]2]|0]1/2]|0]1|2
314/ 5(314/5|34/5|3|4/5
0/1,2/0f1/2{01/2[{0]1 2
314/5/3/4/5(3/4/5(34|5
0/1/2{0/1/2]0/1/2]0|1|2
314151314/ 5(3/45/345

71314/ 5/3/4/513/4/5]|3/4/5
8]101112|0/1/2]0]1/2({0/1|2
9]1314/5|34 5|34/ 5(3/4]5
1010/1/2]|0]1/2{0/1|2|0]1|2
1113/4151314/5(314/5/3/4/5

»/ @ =12/ 3) wapped d agorels

Egre 7 Sephot of NI al gorithm Ineach stage, far (L
are cdumcast. Te total nater o stags is Q.

0 3 6 9 0 3 6 9

0 3 6 9
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ALB in Py from processor point-of-view

(@ cC

0 3 6 9

0 6 3 9

S N ¥ © ©

0 3 6 9

10

S N ¥ © ©

10

condensed B

O

presorted A

(b) computation in Pywith presorted A

» =N =

2 Q =3adM

o fronyrocessar part-of-view vere P
Ly =12, (durs o Aare presarted in(b). Te shaded area of A and B represents Hocks to

be matigied, ad thet of C represerts Hocks to be updated by the mitigication

Hgre8& C=A-BinP
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™I =0, M ,-1

PHDJ =0, N,
[P =MD (I+, M
PHDK =0, L -
TK)=AK, I P T -RK, J)
BDRHD

WK =0, [ ;-1
QL P, J)=QI P, J)+4XK)
BDID
BEDPHD
[RI] Aleftvards)
BDID

Egre & Te hwic traspsed mtrix mtigication dgrithm C = A T . Bfa aHok
scattered dbcaposition [A(K, I P)] 7 istletraspse d Hock A(K, I P). Ts a gorithmred
aseqertial lapto comte C'(I P, J ) by ading the temporary resuts T (K') cd uamise.

coptationis like a bl ock version o mut re z- nat ri x mtigication
Te commi cationschera of the NIR al gori thiean be changed to rowise broadeasting
o [Ly/ Pl Hoks of Aand cdurmise shifting o presated B wthot cecressing its perfar-
mace. Te tvo scheres have the sama miber of steps and the sam aroat o comptation
per processar ineachstep hit they have diffrert commi cati anstrateg es.

3. 3. Fansposed Mtrix Mil tiplication Al gorithm C=AT -B

Wiowdsscri be the mtigicationd trarsposed ratrices, thet is, mtigicatias of the fam
C=AT7T.BadC=A-B T Te mtification dgrithnd tvo tramsposed ratrices,
C=A T.B7, ispesertedinSction3.4 Linand Syckr [24 ] hes g venan a gori thoeorputing
C=A" B bsed on a Hock dstribtion, thet frst tramspeses ae o the mtrices ad then
wes aseries of Hock mitigication and redction steps to eval wete C

Geider fist C=A T.B vrre AaxdiBare L p XM p ad L 3 xN  Hods, respectively;
and they are distrihuted wth a Hock scattered deeapesition C'(I, J ) is then caputed by

Ly—1
K=0
were I =0, 1, . .,.M-L J =0 1 . .,.¥—-lad[A(K, )7 is tke traspsed Hock of

A(K, T). AinEmtion2 Hockindees are wed and the arder of suretionis arhitrary.
Hgre 9 g wes the peudocod o the besic tramsposed ratri x i tiplication a gori thm Te
a grithmroceeds in L b steps, ineach o vhichHocks o Clying dlag a waped d agod



W 1=0 Q-
W 2=0 M ,/ Q-
I =l 14 2>Q
PHDJ =0, N,
IP=MD (I D (], Q) M
PHDK1=0, P -
T(K1) =0. 0
WK2=0 L /P -
K =K1+4K2xP
TK) =TK)H{AK, I P) T.RK, J)

EDID
HDPHD
WK1=0, P -
Qr P, J)=QqI P, J)+IKY))
EDID
HDPHD
EDID
[RI] Aleftvards)
EDID
Egre 10: Te trasposed ratrix mtigication a garithm C=A T . B Te ater loop les

been split imtoloops over [ 1 and I 2 so that the commicationfor several steps can be sert in
asitge ressage.

are evalwated Fch step camists o Hock matrix mtigication to faomeatribtias to a
waped dagrel Hock o C fdlowed by sumtion over cdurs. Hrdlly, a commication
these shifts Ato the left by ae Hock
A inthe N ratrix md tifi cation al g thdf Section 3.2, the cammi cationl atercy
1s rediced by sitdtareosly perfanmg mtifde imstares o the ater 7 loop separated by
LCM. Aantle carmicationlaterry is redred further vhen irstamces of the ater lop
separated by () ave execited together as inthe NI al gorithm Te Hods f Aretun totle
sara processar fromwh ch they started after they heve beenrdled @ tires. S the dgorithm
proceeds in @ stagss, ineach o wich [L b/ Q] wapped dagrel Hods o C are capted
Te peudeok o the rodfied a grithms shomin Egre 10.
Te traspsed ratrix mitigication agrithmis corepelly sirper than the mon
trarsposed retrix mtigication al grithm In C=A T . B, processars in the sam cdum of
the terpl ate copte and add their prodrts, and dstribite the sumtias to the apropri-
ate positias. Te st dftdt aspect vhen il erarting the & gorithmis howto add and
distribte the rodcts effiertly:
A an exaple, casider the mtrix mtigication C =A T . B vere ratrices A and B
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o 1 2 3 4 5 o 1 2 3 4 5
0j]0|1,2|(0|1,2 0jo0|1/2(0|1 2
113/4,5|13|4|5 113/ 4/5|3/4|5
2|16,7/8|6|7|8 216|786 |78
3]0|1/2[(0|1/2 3|0/ 1]2|0/|1)2
4134|5134 |5 4134|5345
516 7,8|6|7]|8 516|786 7|8

11=0 11=1
(a) Computed blocks of C from matrix point-of-view
o 3 1 4 2 5 0o 3 1 4 2 5 o 3 1 4 2 5
'L P, P:il P5 O I S N Y = 8 o1 Pn
O L 2 L) LI L4 LIV
3 3 3
11 P Psl P 11 P | Pl P 1 P,
| G 4 o LIS] 4 o 4
4 4 4
2P | P | Po 21 p. | P, | Py 2 Ps
O LI 4 o 1o LI LT o) | e
5 5 5
A 0 B = C
(b) Snapshot of the first stage from processor point-of-view
Egre 11: Sepht o C=A T . BwenP =Q =3ad M y =N =L 3 =6 (a) Fan

the ratrix part-of-view the capted Hocks o the matrix Cin the frst tvo stags of the
trarsposed ratrix i tigication a gorithrere shaced (b)) Sepshot of the fiest stage fram
the rocessar part-of-view Te shaded area of A and B represents Hocks to be mitiplied
and that of C derotes Hocls caquted fronthe mitigication ly dagoel processors heve
resuts inthe frst stage. Ater eachstage, Ais shfted tothe left.

exch caristing o 6 x6 Hods, are dstribted over a 3 X3 rocessa terplate a show in

Egre 11 Inexchstag, ewry QQ-th wagped Hock dagaal of Cis capted In the fist

stage, & stomin Fgre 11 (b), the processas in the fist cdun o the template, P 0, Ps,
ad P g, mitiply the zercth and third Hock cdums of A(A(:, 0:5: 3)) wththe zercth and

third Hock cdure f B(B(:, 0:5: 3)). Tey capte their om portion o mtiplicatias

and add themto dtain 232 Hocks o C(C'(0: 5: 2 0:5: 2)), vhichare Jacedin P 0. In
ths exaple, viere the terplate is sqere, aly the dagoel processas P 0, Py, ad P g hawe
the capted Hocks o Cfar each cdun o tle terplate. Kter the frst stage, Ashfts to

the left. Te rext wapped diagoel rocessars P 9, P3, and P 7 lewe the comted Hods of C

in the secod stage.

Egre 12 shows the case o P =3, () =2, vlere Cis camted in tvo stags. Te frst
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o 1 2 3 4 5 o 1 2 3 4 5
0]0/1101]0|1 oj]0j1|0|1|0]|1
112312323 112 323|123
214/ 5(4,514 |5 214|15(4]15|14|5
3|]0]1(0/1]0]1 310({1(0 /1101
41232323 4123|2323
5141514 ,5|4]5 51454 ,514 |5

11=0 11=1
(a) Computed blocks of C from matrix point-of-view
o 2 4 1 3 5 o 2 4 1 3 5 o 2 4 1 3 5
0 P- P. 0 P- P. 0 P- P.
r O LI U LI LIV 1
3 3 3
1 Pn P, 1 Ps Ps 1 Ps Ps
Z o L4 ro r 2 3
4 4 4
2 A Dl_ 2 A Dl_ 2 A Dl_
4 LIe) 4 o 4 o
5 5 5
A O B = C
(b) Snapshot of the first stage from processor point-of-view
Hgre 12 Sppht f C =A T BwenP =3 Q =2 ad M py =Ny =L =6 (a)

Fomratrix part-of-view the capted Hods of the matrix C in tle frst two stags o
the tramsposed matrix mitipication algorithmare shaded  (b) Sepshot of the fist stage
fromprocessar part-of-view If P and () are relatively primg, the capted Hocks o C are
scattered over al processars in each stage.

cdund processass, P 0, Pa, axd P 4, capte 3x3 Hods of C(C'(0:5:2 0:5:2) by
mtigying the zeroth second and forth Hock cdums o A(A(:, 0:5: 2)) wththe zeroth
secord and farth Hock cdurs of B(B(:, 0:5: 2)). Ater suming ower cdurs they lhawe
comuted their omrowHods o C
Wén @) is sreller than P, processars meed mre rary to stare the partial prodets, 1f
they capte ther om prodets frst ad then add themtogether. Tragire the case vhen
P= Q=ladM ;=N =L ;=4 Echroessa hes 1 xdHocks f Aand B andit les
14 Hocks o C after the captation Bt processars meed 4 x4 Hocs to stare their om
partial prodets. Ths, ranry requrerats b ot scale vell.
Rocessars canmtidyoe Hockecdund A wth vide Hocks o Bineachstep toavad
roscal e raroey se. In the fist step of Hgre 12 P 0, Po, ad P 4 copte C'(0, 0:5: 2)
by mitigying A(:, 0) wth B(:, 0:5: 2). Te capted Hocks of Care placedin P 0. Tese
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0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
0 0 0
3 3 3
6 6 6
9 9 9

A O B = C
(@ C=A"[B in Py from processor point-of-view

0 6 2 8 4 10 0 2 4 6 8 10
0 0 0 2 4 6 8 10
3 3 0
6 6 6
9 9

presorted A O B = condensed C

(b) computation in Py with presorted AT

Egre 13 C=A T .Bin P, fromprocessa pant-d-view vere P =3 Q =2 and M
Ny =L 3 =12 Te shaded area o A and B represents Hocks to be mitigied Ad thet of

C stand far the resut Hocks to be placed after mdtiplication and sumation processes over

the cdum o the terpl ate.

processars thencapte C'(2, 0: 5: 2), vhichis gacedin P 4, adfielly copte C'(4, 0:5: 2),
wichis dacedin P 5. Ater ths stage Ais shftedtotle left. Wehths schern, the processars
reqire three steps to copte C'(0: 5: 2 0: 5: 2) for the fist stage of the algorithm Tis
rocedre 1s less effiert, bt meds less ramry to hd d pertial rodicts.

Te loss o effiercy can be dfBet by overl agpng captation ard carmication (G
sicer a rodfed agrithmin vich the Hods o C ratate dmmards ower the processar
terpl ate after eachstage. Fch processar comutes its omrodcts and updates the received
Hocks. Te processars receiwe ther om desired Hocks of Cafter P — commicatias. If P
ad ) are relatively rima as shomin Kgre 12, al processas have their omHods o Cin
exchstage. Tey receive prrtial prodcts fromthe processar ahoe, add their catribitios to
the partial rodrts; ard then serd thento the processar below If processas are waiting to
recel e the prodrts before miti g ying som processars have to vait alog timvwen P =()
a inHgre 1l (a0 P ad Q) are it relatively privg). Fr these cases, processors comute
their ommltipicatios frst, and then add themafter they recaive the rodets. Tis can
Le 1rpl erarted effctivel y wth asynchronous nessage passing to nmnwe processas’” vating
tira to recelwe the rodrts.

A anexaple, casidr Tigre 13 (a), were 1212 Hock retrices are distributed owr a
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32 rocessar terplate. P o caputes tvo ([M »/ L C M) trasposed retrixmd tii catias of
Hock cdurs of A(A0: 11:3 0)ad A(0: 11: 3 6)) wthits omsuhatrix B(B(0: 11:
3 0:11:2), ad gererates twoHockrom o C(C'(0, 0: 11: 2) ad C'(6, 0: 11: 2)). Te tw
row o Care cankreed far fast commicatios as in the MR al grithmn Section 3.2 If
Hock ed urs of Aare presarted wthradx L C' M (ar radx LC M/ @ far exchrocessar) at the
legming of the a grithm rocessars camte one traspsed mtrix mtificationin each
stepimstead o [L  / LC M| mitigicatias & stominFgre 13 (b). Agpin the captation
is like a bl ock wrsiond (transposed) mat riz- nat iz mtigication

Te cse C=A-B T is sirilar to the C=A T . Bagrithmht the pertia resut Hods
o Crdate horizatallyin eachstep and B T shifts ywerds after each stag.

3.4.Mil tiplicationof Bansposed Mtrices, C=£X -BT
Sypose we eed to copte C=A T . BT, wvrere Ais L 3 xM  Hods, Bis N 3 xL 3 Hocks,
ad Cis M 3 xN 3 Holds. Qe agroachis to evalwte the product

Ly—1

(1, J)=>_[A(K, T%-[B(J, K, (4

K=0

directly wming avariat o the ratrixmtigicationrotire inSection 3.2, hit invhch Hocks

o Aare cdumncast ineachstep and Hocks o B are ratated leftvards. e resu tart ratrix

then hes to be Hockwrse tramsposed, i.e., Hock C'(7, J ) mst be svapped with Hock C'(J, 1),
inadr todtan C Ths, fa ths agroach the d grithms & fdlos,

1. localy tramspose each Hockof A and B
2. mtipy A ad B wing variat of parallel al gorithm
3. d aHockwse tramspose o the resdt to gt C

Inan actual impleratation, the local trarspese in (1) can be perforrad wthin the calls to
the asserhl y-coded seqertial xXEMkatire.

Actler aproech is to evalute C T =B- A and then traspose the resuting matrix to
dtan C Inths cse the dgrithms & fdlos,

1 mtigy B ad A wirg the parallel al gorithmn Section 3.2,
2. locally tramspose each Hock of result,
3. b aHockwse trammpese to gt C

Tese last twosteps tagether trampese C T adraybe de inanyarder. Te perfarrace
o hoth aproaches 1s very rearl y the sam, hit the secand agroechles the advartage of wing
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o
o
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O
1.5
1.0 1
0.5
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0 400 800 1200 1600 2000 2400 2800 3200 3600
Matrix Size, M
(a) Hock size =5
v 20 I I I I I I I I
Q.
o
—
O]
1.5
1.0 1
0.5
0.0 T T T T T T T
1200 1600 2000 2400 2800 3200 3600

|
0 400 800

Matrix Size, M

(b) Hocksize =10

Egre 14 Rrforare caparison of the three matrix mtifdication ratites an an 8 x8

[rocessar terpl ate.



- 18-

" 25 . ' ! L
s
= MDB2
O
2.0 »
15+ »
1.0 »
MDB1
_____ *-—--—-X
0.5 seomm X [ -
,'*-’A—'
LT SDB
T e el e e e il il
0.0 : | | ,
0 720 1440 2160 2880 3600
Matrix Size, M
(a) Hock size =5
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(b) Hocksize =10

Egre 15: Rrfarare caparison o tle three mtrix mltigication ratires on a 9 x8

[rocessar terpl ate.
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B processars 64 processars 48 processars

P xQ oy P xQ oy P xQ oy

6 <16 1 92 416 1 33 412 1 101

8 x12 2. 007 8 x8 1 M7 6 <8 1 181
128 2. 0B 16 x4 1 44 86 1 20
16 X6 2 02 124 1 10

Hhle 1 Tdpenderce of perfarane anterplate configration (M =N =L =1600).

the existing d grithnfar firdng B+ A as described in Section 3.2, wthot any rod fration
being recessary.  Rrallel matrix tramspose al grithm are deseribed in [10 ], and are wsed to
copte C= A T BT 48 Cas dscribed showeintwosteps: T=o B-A then C=T T3 C

4. Radts

In ths section ve presert perforrare resuts far the RN paclage on the Intel Buch
store Il ta system Mirix elerarts are gererated wifarrhy on the irterval [4, 1] indable
precision  (Gmersias betveen reesured ruties and perfarance in ggafbys (o) ave

rak assuing an operation cont o 2MN L far the mtigicationd a M xL bya L xN
mtrix Inar test exarples, al processars hawe the sam naber o Hocks so there 1s 10 1cad
irtel ance.

4.1.Conparison of Three Mtrix Ml tiplication Al gorithns

Wihist copared tle three matrix mtigication dgrithm 9B NH, ad N2 on

tvo fied processar terplates. Hgres 14 and 15 stowtle perfarame o the d grithm on

a sqare rocessar terplate (8 X8 P =@Q) and a masqare terplate (9x8 P and @ are
relatively prira), respectively. Fo dffrert Hock sizes are corsicbred to see howhock size
afbets the perfararce d the d gritha fa a nrber o diffrert sized ratri ces.

Te perforrare o the SBard MH al gori thm irows a8 the Hock size 1s incressed
framb to 10, ht ths change o the Hock size hes almst 1o effet an tle perfarace o
the NI al gorithm sitee in NIB the size of the suratrices mdtigied in each rocessar
(wing the asserbly-cobd Tevel 3 BA) is indkpendert of Hocksize. RBr asqure terplate,
the mrber f commcation steps is the samm in the NIH and NI al grithe sinee
LCOM =@, ht there 1s a hg dffrerce in their perfararce. Tis diffrence arises becase
the besic geeration of the NIH al gorithmis a mtigication o a Hock cdun of A wth
asitde Hock o B vere as, inthe NI a grithm larger ratrices are mitigied in each
step, & exdaredinSection 3.2

Te Hock size 1s selected by the wser. Innmst cases, the optiral Hock size is determmed
Ly tle size ad shepe  the processar terplate, fhatinepart perfarace o the processor,
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Egre 16 Rrforarce of N dgrithm (a) Rrforrare in ggafbys & a furtion of
retrixsize far diffrent mrters of processas. (b) Isogrand arity arves intle (G, N ») dae.
Te arves are laeled by the grandarity g inwmts o 10 3 ririx el erants per processar.
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cormmi cation bandwdbh betveen processars, and the size of the mtrices. Hwewer, far the
NI a gori thm the perfarrance 1s independert of the Hock size. Wadhpted a Hock size
o 5xbinal suseqert rus of the ratrix m tipication ratires.

Wrext casidered low far a fied miter  rocessars N p =P xQ, pafararce &
penckd on the cafgration o the rocessar terplate. Som typical resdts are preserted in
"Hie 1 frarshichit ray be seen thet the terpl ate cofigration does have a srall effct on
perfarmace, wthsqerer terplates gving better perfarare thanlag, thin terpl ates. kr
aftednrter far processars, alarger val e o @) increases the naber o ater 1ogs perforrad
hit redires the tira to hroadeast Hocks of B acress the terplate. Te rel ative 1mportance
o these tvwofactars deternmes the gptitd terplate cafgration Kr rectangd ar terpl ates
wth dffret aspect ratics, those wthsrall () showbetter perfarrance than those wth srall
P . Ir afed processar terplate wthsrdl P, an NI a grithmin viich Ais broadeast
rowrse ard B is shifted cdummvse, is referale to the version deseribed in Section 3.2, in
wiich Bis hroadeast cd urmse and A is shifted rowrse.

Egre 16 (&) show the perforrance of the MR al gori thoaon the Trtel Buckstore Tolta
& afurtiond pdemsize fa dffrent nuters o processas far wp to 206 processas. In
al cases asqure rocessar terplate ves wed 1.e. P =@, the Hock size ves fied at 556
elerarts, and the test ratrices vere of size wp to 400 x40 el erarts per rocessor.

In Hgre 16 (b) ve showhowperfarmace dspends on the nber o processars foar a
fied grainsize. Te fact thet these 1sqrandarity dots are armst lirear irdicates that the
distribited ratrix i tigication ratire scales well on the I8lta, evenfar srall grand arity

4. 2. Conparison wi th Transposed Mitrix Mil tiplication Al gorithns

Wearered the perfarrance o the NIR version o the retrixmtigicatian ratire C=

A: Bwthtlet of the tramsposed retrixml ti i cationratines, C=A T.BadC=A 7T.BT.
kEr C=A- B w alyted aratire wthrowise lroadeasting o A and cd ursvse shiftirg
dB C=A 7T .Bisimlemntedas dscribedinSctin 3.3 Fr C=A T.BT, Bis drectly

mtigdied wth AtofamB- A wchis then trampsed to gwe C

Eares 17, 18 19, and 20 showthe perfarace d the dgrithmon 88, 858, 80, and
8 12 terpl ates, respectively. Inal cases the Hock size 1s foed at 5 x5 elemats. Te sdid
and the dshed lires stowthe perfarace  A- B ad A T . BT, respectively. Te dffremce
d tle twlires is de to the retrix tramspose rotite wed in evdwting A T.BT. Innst
cases, tle perfarrance of the A T . Bdgrithmvhichis dam wth the dot-chshed lies, lies
between thet of tlhe A- Band A T . BT dgriths, ht fa the sqere teyplate in Hgre 17,
1ts perforrance 1is worse then thet of A T.BT Intke A T . Bratim, processars in the sam
cdund the terplate seqertialy wpdite their om G Sya d the processars have to wait
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Egre 17 Rrfararce caparisond three ratires onan 8 s8 terflate. P =) =L C'M =
8§ adGCD =8
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Egre 18 Rrfarace caparison o three ratires on an 8 X9 teplate. P =8 @ =
9 LOCM=R ad GCD =1
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Y-

P @ Mirix Sze Bock Sze A-B AT.B AT .BT
1 x1 1 60 1 59 1 607
88 2400 <2400 5 x5 1 641 1 50 1 619
300 X300 1 683 1 531 1. 618
1 x1 1 9@ 1 1 2
89 50 X250 5 x5 1 ™ 1 99 1 80
3H =3 1L % 1 96 1 80
1 x1 2 0 2. 067 1 %1
8 10 2400 52400 5 xb 2107 2. 110 2. 08
60 =0 2. 0% 2123 2. (R
1 x1 2. 31 212 2. X%
8 x12 2400 52400 5 xb 2 X 2. 310 2. 36
100 100 2. 397 2. 38 2. 317
"Hhle 2 Tgpencbice of perfarance onHock size (Uit: (Gys)
P xQ Mirix Sze A-B AT .B AT . BT
1x1 400 x 400 321 (100, 0) P 5 (100 0) MR (100 0)
88 3200 =320 X7 (BT 58 (29 7% (M)
89 320 3240 D0 &) R B (09 R 10 (8L 3
810 3200 <300 R D (B0 71 (B x4 (09
8 x12 3200 <300 R H4 (B H X.%B (7D €78 (M DH

Hle 3 Rrfaramre per ok in Mgs. Bock size 1s fied at 5 x5 elerats.  Kiries far
the 1 x1 terplate case gwe the perfamace o the asserhly-cokd level 3 BA matrix
mtiphicatianroftine. Nrbers in parerthesis are concurrert effiercy.

alag timto recelw tle partia rodets if P =Q).

"HHe 2 show howtle Hock size hes an effct on tle perfarmace o the dgxithm Tt
ircluks three cases o the Hock size, tvo extrera cases — the srallest and largest possiHe
Hock sizes — and b x5 Hock of elerarts. e a grithm depend aly veady on the Hock
size. Benfor the case of the smllest Hock size (1 X1 elermit), the al gori thm showgood
perfarrance.

Rrfarrarce per 1ok is stominBHe 3. Te 1K terpl ate g ves the perfarmance of the
assertl y-coed level 3 HA matrix mtigication ratire. Te nuaters in parertheses are
courrert effiercy, Wichis the relative perfarrance of 1odss copared wth the raxinm
perfarance o the aserhly-cokd Ievel 3 HAS ratire.  Aproxiraely T%effiency is
achewedfa A-B % a A 7. B ad ™Wa A T.BT if P =(). Te rotires perfantetter
on terplates far vich P #£Q. Mre than 8%efliercy is achieved far al cases if P and @

are rel atively prira.
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(a) Simultaneous rotating scheme

stepl O=—e@ O=-e0 O-—e8 O-—e8
0 1 2 3 4 5 6 7
step2 ® O-=-—@ O-=-@0 O-=-@

o
\ b 4
(b) Odd-even rotating scheme

Egre 21 Fo rotating scheres. (a) MNodss fist send to the left and then receive framthe
rigt. (b) In the fist step oddmrtered processas send dita Hocks and evenrnirered
rocessars recelve them In the rext step evenrmirtered processars send and oddmrbered
processars recelve. (dewenratatingis faster onI9lta, bt sirdtaeas rotatingis faster on

100 hypercube.

4.3. Resul ts with Optim zed Commmi cation Routines for the Intel Delta

Ier the irpleratation of the FOMA package, Hocking and rold ocking commi cation
scheres vere wsed  In this section ve mdify the a gorithm wth gtinized commication
scheres specifeally for the Intel Buclstoe 19l ta
Hrst, force type comricatias [2 ] are ircorparated far faster commicatias. Afarce
type ressage bypmsses the ol fow cotrd mechanism and 1s ot dHayed by dogged
ressage hiffrs anarocessar. Afarce type ressage 1s discarded if 1o recei ve has been posted
o the dstiretion processar riar to its arrival. If farce types are ot wed an the Iolta, the
ratires can accarndate ratri ces wp to 400 >400 el erarts per processar wthot ercarting
prd ern arising fronsystenhuBr overfbw] 23 ]. Whforce type commi cation, the routires
canhard e larger ratri ces, wpto B0 per rocessar, were the rax s ze is deternmed
by the availabe ranxy per processar rather then by systembuffr costrairts.
AHockratatingscherais wsed tosh ft Arowvse inthe NI al gori thnof Section 3.2 and
intle A 7 . Bratire d Sction 3.3, Asimdtareas rotating schern, shomin Egre 21 (a),
may ke wed on the Trtel iT8G80 hypercbe.  Hwewer, an oddewven rotating schera is
peferale onthe Blta [2 ]. Tis schera perfarma the commicationin tvo steps & shom
inHgre 21 (b). Intle fist step oddmrtered processars send their om data Hocks and
everr1irbered processars recel ve them In the rext step, evermirbered processors send and
odd nrtered processars recel we.
Intle aigrel NI al grithmHocds o B are broadesst ineach cdund the terpl ate
Fesed on a ring cammication schera. In the Tl tarspecifc MR a gori thm ressages ave
hrcadcast Fesed on a mmmmspaming tree. Aspecial broadessting ratire is dsirade far
the Tolta, whichdffrs fronthet wed on lypercubes [5 ]. Grsider roadeasting a nessage on
alirear aray o p =7 processas a shomin Hgre 22, viere mods are nirkered 0 through 6.
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stepl step2 step3 stepl step2 step3

(a) send from LSB to MSB (b) send from other half

Kagre 20 Boadeasting on lirear array o p =7, vhere mods are nudered 0 thragh 6. P
s arodt ok,

Oe o o 0o o o
le @) @) 1 o> O O
2 ©> 2 ©> (3
3e ) o 30 o o
40 @) @) 4 o> [ @)
50 o) o) 50 oﬁ o
60 o o 6e o o
stepl step2 step3 stepl step2 step3
(a) receive from MSB to LSB (b) receive from near nodes
Hgre 23 (lectingnlirear array P 2 18 aroot Tock.
Inthe hypercube schern, the root ok P 2, Wachles the ressage to be lroadeast, fist sends

the ressage to P 3, vhose lesst sigiifiat it (ISB is dffrent franthe root ok, Ten the
ressage is celivered by togging successive hts franlSBto the mst sigifeant bt (MB.
M arshtopdogy swch as the T8lta, the retvork trafti becorss congested as the broadcast
proceeds, & showin Hgre 2 (a).

In adr to aod retvark catertion the rot mode sendk the ressage to the fist mode in
the ather kel of the processors. Brrecusing for [log o P sitilar steps, the message is delivered
to al rods wthowt any cotertion as shomin Fgre 2 (b). Ingoreral, exch cdund the
terplate s P/ GC'D rodt ks in a stage, wich hroadast their Hods o B over GC' D
mocessas o the cdun were GC' D derctes the greatest cammdivisar o P oad Q. Tese
operatian are a fanol group commmi cation [15 ].

Fr A 7 .BinSction 3.3, the prtial roducts in the sam cdun of the rocessars are
corhired and the sumis stored in the root (dsstiration) ok Aspecial cdlecting schera
tes een devel ged for the T8l ta to ava d retverk catertion e rewed lecting schera ana
lirear array shominHgre 23 (b) is besed on the broadeasting schernin Egre 2 (). Te
rartia prodrts ave sert and addkd in modss vhich are reaver to the root ok, (ererally, in
each stage o the algorithm each cdun o the taglate les P/ GC D rodt ks to cdlect
the partial prodets. Retia podrts o a gap & GC'D mocessas are adbd fist wth



A-B AT
P xQ Mirix Sze HNG TREE RING THE
4 x4 2000 >2000 0.515 0. 50 0. 48 0. 4%
66 3000 >3000 1 130 1 19 1 &l 1 03
88 4000 >4000 1L 9% 2 0% 1 9B 1 901
12x12 6000 >6000 4 4R 4 807 4 X0 4 130
16 <16 000 >&000 T 84 8 0L T 92 7 35
89 3960 >3%0 2 35 2 35 2 3 2 3
8 x10 4400 <400 2 %l 2 64 2 43 2 46
8 x12 4300 4300 2 % 3. 091 2 96 2 98
8 x16 9000 >a000 3 88 4 (02 3. i 3 62

Hle 4 Rrfarare in@os wthoptineed cammi cationratines on twstrictres, rirg
adspamngtree. Bocksize is fiedto 555, Te ratire far A- Bis faster far atree structure,
ht tle ratire fao A T . Bles hetter perfarare fa aring strictire.

the prodrcts o cther grox(s) in the sam cdum  Ater P/GCD — 1 commicatios and
aditias, the partial prodets ineach grap o GC'D processas are effetively added to the
roct Todks.

Te A-Bad A T . Bratines lewe been irplerted wth the opti rived commi catiors
far the 18l ta based on bath the ring and the rm mspami g tree strictre far hroadeasts.
Rrfarrance resits are shomin Bile 4 Te montramsposed ratrix i tigication ratite
for 8000 >8000 ratrices on 16 X16 rodks perfarma at aot 8.00 (s for the tree structure,
and the trasposed mitigicationratire execites at ot 7.54 (s for the ring structure.
Tey otanabot 3125 Mops and 29.46 Mbps per rocessar, respectiwel y; v ch carrespond
to cocurrent, effiencies of 86%and 8% respectivel y:

If P ad@ are relatively rimg there is m perfarame dffrerce betveen tree and ring
wrsias. Te A- B dgxithmperfam wll fa tle tree strictwe. Togh hrcadeasting a
ressage to the ertire cdun o the processas an the rirg is slow the owrdl perfarare
1s ot infherced simce the stages o the dgrithnare ppelited  Tet is, rocessars directly
roceed to the rext stage & som as they fsh their mtidicatian at the currert stage.

Inasimge stage o the A T . Bratime, cdlecting the partial rodets ina cdund the
moessar terplate is faster far the tree agxithm Hwever, oceral the ring al gorithmis
mefared far the A 7 - Brotim, since stags of the al gorithoean be ppelined

5. Comdusias ard Rmaks

Whae reserted a parallel retrixmtigicationratire ad its variats far the Hock scat-
tered decampeition ower a tvo drasianl rocessar terplate. Whave described howto
dwelop tle dgrithafa dstribted ranxy cocurert capters frama ratrix pot-o-
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view ad @ venimpleratation details frama processar part-of-view Krelly ve heve stom
lowto adat the commicatias far a specife target machire, the Itel Bclstae I8lta
comuter, ly exdatingits commication characteristics. Te gereral prpose retrixmlti-
Hication ratites devel oped are wniversal a goritha that can be wed far arh trary processar
cafgration and Hock size.

In gereral, the frst drasion o the dta mtrix ray be dffrent framtle naber o
rog d tle mtrixin a processor.  Tet rears, wen shifting A in the M ratite, A
ek to be coped befare 1t 1s sert ab. Itstead of a drect copy; the Hock cdurs of A are
resarted so that each processar perfarma a Hock version of metrixrarix mtigicationin
exh step  Whowt this presarting processars capte mtigicatias a a Hock version of
the ater rodret geration 1.e., a cdun o Hocks is mtigied by a rowd Hocks. Te
ater prodret operation perfara vell and its perforrance 1s st tle sam & the ratine
wth resarting for Hods larger than 5 x b elerats. Bt far the case of srall Hock sizes,
mesating irpoes perfarare. If the frst dmsiond mtrix Ais the sam as the noter
o row, the resarting is ot recessary, amd A can be sert at drectly, simee after @) shfts
o A pocessas lawe their aigml Hods, and A is uclaged  This schera may dso sae

commication hffr space. Tr the trasposed retrix rtigication ratines (A T . Baxl
A -BT7T) tle pesarting process improwes the perfarrance rove than 1006 for a Hock size of
56,

Insom cases, the trasposed ratrix md tidi cation al gori thoray be slover then tle tvo
corhired ratites, ratrix trasposition and retrix mtigdication Tet is, C <= A T .Ben
be irplerated wth tvo steps, (T <A T C<T- B), vere extra rawy space for T is

recessary. Sers can chocse the best radtire accard ng to their rachire speci fratias and their
apfication Te perfarace o the ratires mob oy depenck on the rachine characteristics,
hit aso the rocessar cofgration and the prdd ensize.
Te perforrare o the AMApdag can be 11roed wth opti niwed asserhl y-coded
ratirs, if awilable swchas atvod rasionl biffr cayratite (T <ep (A), Werep (A =
Aa AT) adatwdrasiod aditionratire (T < A+ 5 T).
Te RMApckage 1s carertly asail ale aly far doble recisionrea dita, hit wll be
irpleratedin the rear fubwe for ather dita types, 1.e., sirnge recsionred and caplex, and
dotle precision caplex 'Bdtana coy o the sdftvere and a description o howto se it,

serd the fdlowrg ressage “send pumma from misc” tonetlibQornl.gov.
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Acess to this facility ves rovided thragh tle (érter for Rsearch on Rrallel (ampting
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