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(To appear at 11t h I EEE Sympos i umon Comput er Ar i t hmet i c)

n t r o d u c t i o n

Awi del y accept ed des i gn par adi gmf or comput er har dwar e i s t o execut e t he mos t common i ns t r uc-
t i ons as qui ckl y as pos s i bl e , and r epl ace r ar er i ns t r uct i ons by s equences of mor e common ones
t hi s paper we expl or e t he us e of t hi s par adi gmi n t he des i gn of numer i cal al gor i t hms . We expl
t he f act t hat t her e ar e numer i cal al gor i t hms t hat r un qui ckl y and us ual l y gi ve t he r i ght an
as wel l as ot her , s l ower , al gor i t hms t hat ar e al ways r i ght . By \r i ght answer " we mean t hat t
al gor i t hmi s stabl e, or t hat i t comput es t he exact answer f or a pr obl emthat i s a s l i ght per t ur ba
of i t s i nput [ 9] ; t hi s i s al l we can r eas onabl y as k of mos t al gor i t hms . To t ake advant age of t he f as
but occas i onal l y uns t abl e al gor i t hms , we wi l l us e t he f ol l owi ng par adi gm:

( 1) Us e t he f as t al gor i t hmto comput e an answer ; t hi s wi l l us ual l y be done s t abl y.
( 2) ui ckl y and r e l i abl y as s es s t he accur acy of t he comput ed answer .
( 3) I n t he unl i ke l y event t he answer i s not accur at e enough, r ecomput e i t s l owl y but
accur at e l y.
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The s ucces s of t hi s appr oach depends on t her e be i ng a l ar ge di �er ence i n s peed between t he f
and s l owal gor i t hms , on bei ng abl e t o meas ur e t he accur acy of t he answer qui ckl y and r e l i abl y,
mos t i mpor t ant f or us , on 
oat i ng poi nt except i ons not caus i ng t he uns t abl e al gor i t hmto ab
or r un ver y s l owl y. Thi s l as t r equi r ement means t he s ys t emmus t e i t her cont i nue pas t except i
and l at er permi t t he pr ogr amto det ermi ne whet her an except i on occur r ed, or e l s e s uppor t us
l eve l t r ap handl i ng. I n t hi s paper we wi l l as s ume t he �r s t r es pons e t o except i ons i s avai l abl
cor r es ponds t o t he def aul t behavi or of I EEE s t andar d 
oat i ng poi nt ar i t hmet i c [ 3, 4] .

Our numer i cal met hods wi l l be dr awn f r omthe LAPACKl i br ar y of numer i cal l i near al gebr a
r out i nes f or hi gh per f ormance comput er s [ 2] . I n par t i cul ar , we wi l l cons i der condi t i on es t i mat i o
( er r or boundi ng) f or l i near s ys t ems as wel l as comput i ng e i genvect or s of gener al compl ex mat r
What t hes e al gor i t hms have i n common i s t he need t o s ol ve t r i angul ar s ys t ems of l i near equat i o
whi ch ar e pos s i bl y ver y i l l - condi t i oned. Tr i angul ar s ys t ems ol vi ng i s one of t he mat r i x oper
f ound i n t he Bas i c Li near Al gebr a Subr out i nes , or BLAS [ 6, 7, 14] . The BLAS, whi ch i nc l ude r e-
l at ed oper at i ons l i ke dot pr oduct , mat r i x- vect or mul t i pl i cat i on, and mat r i x- mat r i x mul t i pl i
occur f r equent l y i n s c i ent i �c comput i ng. Thi s has l ed t o t he i r s t andar di zat i on and wi des p
i mpl ement at i on. I n par t i cul ar , mos t hi gh per f ormance machi nes have hi ghl y opt i mi zed i mpl eme
t at i ons of t he BLAS, and a good way t o wr i t e por t abl e hi gh per f ormance code i s t o expr es s one
al gor i t hmas a s equence of cal l s t o t he BLAS. Thi s has been done s ys t emat i cal l y i n LAPACKf or
mos t of numer i cal l i near al gebr a.

However , t he l i near s ys t ems ar i s i ng i n condi t i on es t i mat i on and ei genvect or comput at i on
of t en i l l - condi t i oned, whi ch means t hat over /under 
ow i s not compl et e l y unl i ke l y. Si nce t he
di s t r i but i on of LAPACKhad t o be por t abl e t o as many machi nes as pos s i bl e , i nc l udi ng t hos e wher
al l except i ons ar e f at al , i t coul d not t ake advantage of t he s peed of t he opt i mi zed BLAS, i ns
us i ng t es t s and s cal i ngs i n i nner l oops t o avoi d comput at i ons t hat mi ght caus e except i ons .

I n t hi s paper we pr es ent al gor i t hms f or condi t i on es t i mat i on and ei genvect or comput at i on t
us e t he opt i mi zed BLAS, t es t 
ags t o det ect when except i ons occur , and r ecover when except i on
occur . We r epor t per f ormance r es ul t s on a \f as t " DECs t at i on 5000 and a \s l ow" DECs t at i on 5000
( bot h have a MI PS R3000 chi p as CPU[ 13] ) , a Sun 4/260 (whi ch has a SPARCchi p as CPU[ 12] ) ,
a DECAl pha [ 8] and a Cr ay- C90. The \s l ow" DEC5000 cor r ect l y i mpl ement s I EEE ar i t hmet i c ,
but does ar i t hmet i c wi t h NaNs about 80 t i mes s l ower t han normal ar i t hmet i c . The \f as t " DEC
5000 i mpl ement s I EEEar i t hmet i c i ncor r ect l y, t r eat i ng NaNs as i n�ni t y s ymbol s , but does s o at
s ame s peed as normal ar i t hmet i c . Otherwi s e , t he two DEC 5000 wor ks tat i ons ar e equal l y f as t1

The Cr ay does not have except i on handl i ng, but we can s t i l l compar e s peeds i n t he mos t common
cas e wher e no except i ons occur t o s ee what s peedup t her e coul d be i f except i on handl i ng we
avai l abl e .

We meas ur e t he speedup as t he r at i o of t he t i me s pent by t he ol d LAPACKrout i ne t o t he t i me
s pent by our newr out i ne. The s peedups we obt ai ned f or condi t i on es t i mat i on i n t he mos t common
cas e wher e no except i ons occur wer e as f ol l ows . The s peedups r anged f r om1. 43 t o 3. 33 on ei t h
DEC5000, f r om1. 50 t o 5. 00 on t he Sun, f r om1. 66 t o 3. 23 on t he DECAl pha, and f r om2. 55 t o 4. 21
on t he Cr ay. Res ul t s wer e s i mi l ar f or comput i ng e i genvect or s . Thes e ar e qui t e at t r act i ve s pee
They woul d be even hi gher on a machi ne wher e t he opt i mi zed BLAS had been par al l e l i zed but t he
s l ower s cal i ng code had not .
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Except i on r ai s edDef aul t val ue Condi t i on

o er o �1 e e a

under o 0; �2 emin or denormal s e e i n

di ision by ero �1 x=0, wi t h �ni t e x =0
in al id NaN 1 (�1) , 0 1,

0=0, 1=1, et c .
Inexact r ound(x) t r ue r es ul t not r epr es ent abl e

Tabl e 1: The I EEE s t andar d except i ons and t he def aul t val ues

I n t he r ar e cas e when except i ons di d occur , t he s peed depended ver y s t r ongl y on whet he
t he except i on occur r ed ear l y or l at e dur i ng t he t r i angul ar s ol ve , and on t he s peed of s ubs e
ar i t hmet i c wi t h NaN(Not - a- Number ) ar gument s . On s ome exampl es t he s peedup was as hi gh as
5. 41 on t he f as t DEC5000, but up t o 13 t i mes sl o er on t he s l owDEC5000.

The r es t of t hi s paper i s or gani zed as f ol l ows . Sect i on 2 des cr i bes our model of excep
handl i ng i n mor e det ai l . Sect i on 3 des cr i bes t he al gor i t hms f or s ol vi ng t r i angul ar s ys t em
wi t h and wi t hout except i on handl i ng. Sect i on 4 des cr i bes t he condi t i on es t i mat i on al gor i
bot h wi t h and wi t hout except i on handl i ng, and gi ves t i mi ng r es ul t s . Sect i on 5 does t he s ame
ei genvect or comput at i ons . Sect i on 6 dr aws l es s ons about t he val ue of f as t except i on handl i ng
f as t ar i t hmet i c wi t h NaNs and i n�ni t y s ymbol s .

E c e p t i o n a n d l i n g

I n t hi s s ect i on we r evi ewhowI EEEs t andar d ar i t hmet i c handl es except i ons , di s cus s howthe r e l a
s peeds of i t s except i on handl i ng mechani sms a�ect al gor i t hmdes i gn, and s t at e t he as s umpt i ons
have made about t hes e s peeds i n t hi s paper . We al s o br i e
y des cr i be our except i on handl i
i nt er f ace on t he DECs t at i on 5000.

The I EEE s t andar d cl as s i �es except i ons i nt o �ve cat egor i es : o er o , under o , di ision by

ero, in al id operation, and inexact . As s oc i at ed wi t h each except i on i s bot h a s t at us 
ag and a t r ap.
Any of t he �ve except i ons wi l l be s i gnal ed when det ect ed. The s i gnal ent ai l s s et t i ng a s t at us
t aki ng a t r ap, or pos s i bl y doi ng bot h. Al l t he 
ags ar e s t i cky, and can be t es t ed, s aved, r es
or al t er ed expl i c i t l y by s of twar e. By \s t i cky" we mean t hat , once r ai s ed, t hey r emai n s et
expl i c i t l y c l ear ed. At r ap s houl d come under us er cont r ol i n t he s ens e t hat t he us er s houl d be
t o s pec i f y a handl er f or i t , al t hough t hi s capabi l i t y i s s e l domi mpl ement ed on cur r ent s ys t ems
def aul t r es pons e t o t hes e except i ons i s t o pr oceed wi t hout a t r ap and del i ver t o t he des t i nat
appr opr i at e def aul t val ue. The s t andar d pr ovi des a c l ear l y- de�ned def aul t r es ul t f or each po
except i on. The def aul t val ues and t he condi t i ons under whi ch t hey ar e pr oduced ar e s ummar i ze
i n Tabl e 1.

Accor di ng t o t he s t andar d, t he t r aps and s t i cky 
ags pr ovi de two di �er ent except i on handl i
mechani sms . Thei r ut i l i t y depends on how qui ckl y and 
exi bl y t hey permi t except i ons t o b
handl ed. Si nce moder n machi nes ar e heavi l y pi pe l i ned, i t i s t ypi cal l y ver y expens i ve or i mpo
t o pr ec i s e l y i nt er r upt an except i onal oper at i on, br anch t o execut e s ome ot her code, and l
r es ume comput at i on. Even wi t hout pi pe l i ni ng, oper at i ng s ys t emover head may make t r ap handl i ng
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Fi gur e 1: MI PS Cont r ol /St at us Regi s t er Except i on/St i cky/Tr apEnabl e Bi t s .

ver y expens i ve . Even t hough no br anchi ng i s s t r i ct l y needed, mer e l y t es t i ng s t i cky 
ags may
s omewhat expens i ve , s i nce pi pe l i ni ng may r equi r e a s ynchr oni zat i on event i n or der t o updat e t h
Thus i t appear s f as t es t t o us e s t i cky 
ags i ns t ead of t r aps , and t o t es t s t i cky 
ags as s e l d
pos s i bl e . On t he ot her hand, i nf r equent t es t i ng of t he s t i cky 
ags means pos s i bl y l ong s t r e
of ar i t hmet i c wi t h �1or NaN as ar gument s . I f def aul t I EEE ar i t hmet i c wi t h t hemi s t oo s l ow
compar ed t o ar i t hmet i c wi t h normal i zed 
oat i ng poi nt number s , t hen i t i s c l ear l y i nadvi s abl
wai t t oo l ong between t es t s of t he s t i cky 
ags t o dec i de whet her al t er nat e comput at i ons s houl
per f ormed. I n s ummary, t he f as t es t al gor i t hmdepends on t he r e l at i ve s peeds of

convent i onal , unexcept i onal 
oat i ng poi nt ar i t hmet i c ,
ar i t hmet i c wi t h NaNs and �1as ar gument s ,
t es t i ng s t i cky 
ags , and
t r ap handl i ng.

I n t he ext r eme cas e , wher e ever yt hi ng except convent i onal , unexcept i onal 
oat i ng poi nt ar
met i c i s t er r i bl y s l ow, we ar e f or ced t o t es t and s cal e t o avoi d al l except i ons . Thi s i s t he unf o
s i t uat i on we wer e i n bef or e t he i nt r oduct i on of except i on handl i ng, and i t woul d be an unpl ea
i r ony i f except i on handl i ng wer e r ender ed unat t r act i ve by t oo s l owan i mpl ement at i on. I n t hi s
per , we wi l l des i gn our al gor i t hms as s umi ng t hat us er - de�ned t r ap handl er s ar e not avai l abl e ,
t es t i ng s t i cky 
ags i s expens i ve enough t hat i t s houl d be done i nf r equent l y, and t hat ar i t h
wi t h NaNand �1i s r eas onabl y f as t . Our codes wi l l i n f act s uppl y a way t o meas ur e t he bene�t
one get s by maki ng NaNand 1ar i t hmet i c f as t .

Our i nt er f ace t o t he s t i cky 
ags i s vi a s ubr out i ne cal l s , wi t hout s pec i al compi l er s uppor
i l l us t r at e t hes e i nt er f aces br i e
y f or one of our t es t machi nes , t he DECs t at i on 5000 wi t h t he
R3000 chi p as CPU. On the DECs t at i on 5000, t he R3010 Fl oat i ng- Poi nt Acce l er at or (FPA) oper at es
as a copr oces s or f or t he R3000 Pr oces s or chi p, and ext ends t he R3000' s i ns t r uct i on s et t o per f

oat i ng poi nt ar i t hmet i c oper at i ons . The FPAcont ai ns a 32- bi t Cont r ol /St at us r egi s t er , FCR
that i s des i gned f or except i on handl i ng and can be r ead/wr i t t en by i ns t r uct i ons r unni ng i n
Mode. The bi t pat t er n of FCR31 i s depi ct ed i n Fi gur e 1. The onstic y Exception bi t s ar e
appr opr i at e l y s et or c l ear ed af t er ever y 
oat i ng poi nt oper at i on. The TrapEnabl e bi t s ar e us ed
enabl e a us er l eve l t r ap when an except i on occur s . The Stic y bi t s hol d t he accr ued except i on b
r equi r ed by t he I EEE s t andar d f or trap disabl ed oper at i on. Unl i ke t he nons t i cky except i on bi t
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t he s t i cky bi t s ar e never c l ear ed as a s i de- e�ect of any 
oat i ng poi nt oper at i on; t hey can be c
onl y by wr i t i ng a new val ue i nt o t he Cont r ol /St at us r egi s t er . The nons t i cky except i on bi t s m
be us ed i n ot her appl i cat i ons r equi r i ng �ner gr ai ned except i on handl i ng, s uch as par al l e l pr e] .

I n t he al gor i t hms devel oped i n t hi s paper f or condi t i on es t i mat i on and ei genvect or comput at
we need onl y mani pul at e t he t r ap enabl e bi t s ( s et t hemto zer o t o di s abl e s of twar e t r aps ) and
s t i cky bi t s . Pr ocedur e except i onreset() c l ear s t he s t i cky 
ags as s oc i at ed wi t h over 
ow, di v
by zer o and i nval i d oper at i ons , and s uppr es s es t he except i ons accor di ngl y. Funct i on exce

r et ur ns true i f any or al l of t he over 
ow, di vi s i on by zer o and i nval i d s t i cky 
ags ar e r ai s ed

r i a n g u l a r S y s t e m S o l v i n g

We di s cus s two al gor i t hms f or s ol vi ng t r i angul ar s ys t ems of equat i ons . The �r s t one i s t he s i m
and f as t er of t he two, and di s r egar ds t he pos s i bi l i t y of over /under 
ow. The s econd s cal es car
t o avoi d over /under 
ow, and i s t he one cur r ent l y us ed i n LAPACKf or condi t i on es t i mat i on and
ei genvect or comput at i on [ 1] .

We wi l l s ol ve Lx = , wher e L i s a l ower t r i angul ar n- by- n mat r i x. We us e t he not at i on
L( i : ; k : ) t o i ndi cat e t he s ubmat r i x of L l yi ng i n r ows i t hr ough and col umns k t hr ough
L. Si mi l ar l y, L( i ; k : ) i s t he s ame as L( i : i ; k : ) . The f ol l owi ng al gor i t hmacces s es L by co

Al gori thm : Sol ve a l ower t r i angul ar s ys t emLx = .

x( 1 : n) = ( 1 : n)
f or i =1 t o n

x( i ) =x( i ) =L( i ; i )
x( i 1 : n) =x( i 1 : n) �x( i ) � L( i 1 : n; i )

endf or

Thi s i s s uch a common oper at i on t hat i t has been s t andar di zed as s ubr out i ne STRSV, one o
t he BLAS, al ong wi t h many ot her common l i near al gebr a oper at i ons l i ke mat r i x mul t i pl i cat i o
[ 6, 7, 14] . The pur pos e of t hi s s t andar di zat i on has been t o encour age machi ne manuf act ur er s t
pr ovi de hi ghl y opt i mi zed ver s i ons of t hes e BLAS f or t he i r ar chi t ect ur es , s o t hat pr ogr ammer s
us e t hempor t abl y. I ndeed, one goal of t he LAPACKproj ect was t o expl oi t t he opt i mi zed BLAS
by r ef ormul at i ng l i near al gebr a oper at i ons , l i ke Gaus s i an e l i mi nat i on, as a s equence of cal l
BLAS. Thi s l eads t o s i gni �cant s peedups on many hi ghl y pi pe l i ned and par al l e l machi nes [ 2] . I t i s
c l ear l y i n our i nt er es t t o us e t he BLAS whenever pos s i bl e .

Al gor i t hm1 can eas i l y over 
oweven when t he mat r i x L i s wel l - s cal ed, i . e . al l r ows and col u
ar e of equal and moder at e l engt h. For exampl e ,

x =L �1 =

2
66666664

1 0 0 0 0 0
�1 0 0 0 0
0 �1 0 0 0
0 0 �1 0 0
0 0 0 �1 0
0 0 0 0 �1 1

3
77777775

�1

�

2
66666664

1
0
0
0
0
0

3
77777775
=

2
66666664

1
�1

�2

�3

�

�

3
77777775

;
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wher e =10�1 , over 
ows i n I EEE s i ngl e pr ec i s i on, even t hough each r owand col umn of L has
l ar ges t ent r y 1 i n magni t ude, and no t er r i bl y smal l ent r i es . Si mi l ar l y, l et Ln( ) be t he anal ogous
n- by- n mat r i x wi t h 0 1 i n t he s econd t hr ough n �1- s t e l ement s al ong t he mai n di agonal .
Thi s means t hat (Ln( ) )�1 [ 1; 0; : : : ; 0]T =[ 1; �1 ; �2 ; : : : ;2�n ; 2�n ]T .

The s econd al gor i t hms cal es car ef ul l y t o avoi d over 
ow i n Al gor i t hm1. The al gor i t hmwor k
by choos i ng a s cal e f act or 0 1 and s ol vi ng Lx = i ns t ead of Lx = . A val ue 1 i s
chos en whenever t he s ol ut i on x woul d over 
ow. I n cas e x woul d over 
oweven i f wer e t he smal l es
pos i t i ve 
oat i ng poi nt number , i s s et t o zer o ( f or exampl e , cons i der L2 ( 10� ) wi t h I EEE s i ngl e
pr ec i s i on i n t he above exampl e) . I f s ome L( i ; i ) =0 exact l y, s o t hat L i s s i ngul ar , t he al go
wi l l s et =0 and comput e a nonzer o vect or x s at i s f yi ng Lx =0 i ns t ead.

Her e i s a br i e f out l i ne of t he s cal i ng al gor i t hm; s ee [ 1] f or det ai l s . Coar s e bounds on t he
s ol ut i on s i ze ar e comput ed as f ol l ows . The al gor i t hm begi ns by comput i ngj = n

i =j 1
jLi jj,

=1= max i j ij, a l ower bound i on t he val ues of x�1i 1
t hr ough x�1n af t er s t ep i of Al gor i t hm1:

i =
i

j =1

jLj jj

jLj jj j

;

and �nal l y a l ower bound on t he r ec i pr ocal of t he l ar ges t i nt ermedi at e or �nal val ues compu
anywher e i n Al gor i t hm1:

= mi n
1 i n

( ; i �1 �mi n( 1; jL( i ; i ) j) ) :

Lower bounds on x�1j ar e comput ed i ns t ead of upper bounds on xj t o avoi d t he pos s i bi l i t y of
over 
owi n t he upper bounds .

Let =1=O be smal l es t 
oat i ng poi nt number t hat can s af e l y be i nver t ed. I f �, t hi s
means t he s ol ut i on can be comput ed wi t hout danger of over 
ow, s o we can s i mpl y cal l t he BLAS.
Otherwi s e , t he al gor i t hmmakes a compl i cat ed s er i es of t es t s and s cal i ngs as i n Al gor i t hm2.

Nowwe compar e t he cos t s of Al gor i t hms 1 and 2. Al gor i t hm1 cos t s about n2 
ops ( 
oat i ng
poi nt oper at i ons ) , hal f addi t i ons and hal f mul t i pl i es . Ther e ar e al s o n di vi s i ons whi ch ar e i
i cant f or l ar ge n. I n t he �r s t s t ep of Al gor i t hm2, comput i ng t hei cos t s n2=2 (n) 
ops , hal f
as much as Al gor i t hm1. I n s ome of our appl i cat i ons , we expect t o s ol ve s ever al s ys t ems wi t h t
s ame coe�ci ent mat r i x, and s o can r eus e t hei; t hi s amor t i zes t he cos t over s ever al cal l s . I n t he
bes t cas e , when � , we t hen s i mpl y cal l STRSV. Thi s makes t he over al l oper at i on count about
1: 5n2 ( or n2 i f we amor t i ze) . I n t he wor s t ( and ver y r ar e) cas e , t he i nner l oop of Al gor i t hm2 w
s cal e at each s t ep, i ncr eas i ng t he oper at i on count by about n2 agai n, f or a t ot al of 2: 5n2 ( or 2n2

i f we amor t i ze) . Updat i ng xax cos t s anot her n2=2 dat a acces s es and compar i s ons , whi ch may or
may not be cheaper t han t he s ame number of 
oat i ng poi nt oper at i ons .

Mor e i mpor t ant t han t hes e oper at i on count s i s t hat Al gor i t hm2 has many dat a dependent
br anches , whi ch makes i t har der t o opt i mi ze on pi pe l i ned or par al l e l ar chi t ect ur es t han t he
s i mpl er Al gor i t hm1. Thi s wi l l be bor n out by t he r es ul t s i n l at er s ect i ons .

Al gor i t hm2 i s avai l abl e as LAPACKsubr out i ne SLATRS. Thi s code handl es upper and l ower t r i -
angul ar mat r i ces , permi t s s ol vi ng wi t h t he i nput mat r i x or i t s t r ans pos e , and handl es e i t her g
or uni t t r i angul ar mat r i ces . I t i s 300 l i nes l ong exc l udi ng comment s . The For t r an i mpl ement a
of t he BLAS r out i ne STRSV, whi ch handl es t he s ame i nput opt i ons , i s 159 l i nes l ong, exc l udi
comment s . For mor e det ai l s on SLATRS, s ee [ 1] .
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Al gori thm2: Sol ve a l ower t r i angul ar s ys t emLx = wi t h s cal e f act or 0 1.

Comput e and 1; : : : ;n�1 as des cr i bed above
i f ( � ) t hen

cal l t he BLAS r out i ne STRSV

e l s e
=1

x( 1 : n) = ( 1 : n)
x ax =max 1 i njx( i ) j
f or i =1 t o n

i f ( jL( i ; i ) j 1 and jx( i ) j jL( i ; i ) j �O) t hen
e =1= jx( i ) j

= � e ; x( 1 : n) =x( 1 : n) � e ; xax =x ax � e

e l s e i f ( 0 jL( i ; i ) j and jx( i ) j jL( i ; i ) j �O) t hen
e =( ( jL( i ; i ) j �O) = jx( i ) j)= max( 1; i)

= � e ; x( 1 : n) =x( 1 : n) � e ; xax =x ax � e

e l s e i f (L( i ; i ) =0) t hen . . . comput e a nul l vect or x: Lx =0
=0

x( 1 : n) =0; x( i ) =1; xax =0
end i f
x( i ) =x( i ) =L( i ; i )
i f ( jx( i ) j 1 and ( i ) (O�x ax) = jx( i ) j) t hen

e =1=( 2 � jx( i ) j)
= � e ; x( 1 : n) =x( 1 : n) � e

e l s e i f ( jx( i ) j 1 and jx( i ) j � ( i ) (O�x ax) ) t hen
e =1=2

= � e ; x( 1 : n) =x( 1 : n) � e

endi f
x( i 1 : n) =x( i 1 : n) �x( i ) � L( i 1 : n; i )
x ax =max i j njx( ) j

endf or
endi f

Co n d i t i o n Es t i ma t i o n

I n t hi s s ect i on we di s cus s how I EEE except i on handl i ng can be us ed t o des i gn a f as t er condi t
es t i mat i on al gor i t hm. We compar e �r s t t heor et i cal l y and t hen i n pr act i ce t he ol d al gor i t hmu
i n LAPACKwi t h our new al gor i t hm.

4. l ri s

When s ol vi ng t he n- by- n l i near s ys t emAx = , we wi s h t o comput e a bound on t he er r or xc o put e�

xt r ue. We wi l l meas ur e t he er r or us i ng e i t her t he one- normjjxjj1 =
n
i =1 jxij, or t he i n�ni t y norm
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jjxjj1 = x ijxij. Then t he us ual er r or bound [ 9] i s

jjxco pute �x t ruejj1 k1(A) � (n) � � � � jjxt r uejj1 ( 1)

wher e (n) i s a s l owl y gr owi ng f unct i on of n ( us ual l y about n) , � i s t he machi ne pr ec i s i on, k1(A)
i s t he condition number of A, and i s t he pi ot gro th factor. The condi t i on number i s de�ned
as k1(A) = jjAjj 1 � jjA�1 jj1, wher e jj jj1 x1 j n

n
i =1j i jj. Si nce comput i ng A�1 cos t s mor e

t han s ol vi ng Ax = , we pr ef er t o es t i mat e jjA�1 jj1 i nexpens i ve l y f r omA's LUf act or i zat i on; t hi s i s
cal l ed condition estimation. Si nce jjAjj1 i s eas y t o comput e, we f ocus on es t i mat i ng jjA�1 jj1. The

pi vot gr owth may be de�ned asj j Uj j1
j j j j1

( ot her de�ni t i ons ar e pos s i bl e) . Thi s i s c l os e t o uni t y excep
f or pat hol ogi cal cas es .

I n t he LAPACKl i br ar y [ 2] , a s et of r out i nes have been devel oped t o es t i mat e t he r ec i pr ocal o
t he condi t i on number k1(A) . We es t i mat e t he r ec i pr ocal of k1(A) , whi ch we cal l RCOND, t o avoi d
over 
owi n k1(A) . The i nput s t o t hes e r out i nes i nc l ude t he f act or s L and f r omthe f act or i zat i
A=L and A 1. Hi gham' s modi �cat i on [ 11] of Hager ' s met hod [ 10] i s us ed t o es t i mat e jjA�1 jj1.
The al gor i t hmi s der i ved f r oma convex opt i mi zat i on appr oach, and i s bas ed on t he obs er vat i
t hat t he maxi mal val ue of t he f unct i on (x) =jj xjj1= jjxjj1 equal s jj jj1 and i s at t ai ned at one of
t he vect or s ej , f or =1; � � �; n, wher e ej i s t he t h col umn of t he n- by- n i dent i t y mat r i x.

Al gori thm [ 10] : Thi s al gor i t hmcomput es a l ower bound f or jjA�1 jj1.

Choos e x wi t h jjxjj1 =1 ( e. g. , x : =(1; 1; � � �; 1)T

n
)

Repeat
s ol ve Ay =x ( by s ol vi ng Lw=x and y =w us i ng Al gor i t hm2)
f orm : =s i gn( y )
s ol ve ATz = (by s ol vi ng Tw= and L T z =w us i ng Al gor i t hm2)
i f jjz jj1 zTx t hen

: =jjy jj1
qui t

e l s e x : =ej , f or t hat wher e jzj j =jjz jj1

The al gor i t hm i nvol ves r epeat edl y s ol vi ng upper or l ower t r i angul ar s ys t ems unt i l a cer
s t oppi ng cr i t er i on i s met . Due t o t he pos s i bi l i t i es of over 
ow, di vi s i on by zer o, and i nval i d ex
caus ed by t he i l l - condi t i oni ng or bad s cal i ng of t he l i near s ys t ems , t he LAPACKrout i ne SGEC

us es Al gor i t hm2 i ns t ead of Al gor i t hm1 t o s ol ve t r i angul ar s ys t ems l i ke Lw=x, as di s cus s ed
Sect i on 3.

Our goal i s t o avoi d t he s l ower Al gor i t hm2 by us i ng except i on handl i ng t o deal wi t h t he
i l l - condi t i oned or badl y s cal ed mat r i ces . Our al gor i t hmonl y cal l s t he BLAS r out i ne STRSV,
has t he pr oper t y t hat over 
owoccur s onl y i f t he mat r i x i s ext r emel y i l l - condi t i oned. I n t hi
whi ch we det ect us i ng t he s t i cky except i on 
ags , we can i mmedi at e l y t ermi nat e wi t h a wel l - des er
es t i mat e RCOND=0. The al gor i t hmi s as f ol l ows . Comment s i ndi cat e t he guar ant eed l ower bound
on k1(A) i f an except i on l eads t o ear l y t ermi nat i on.
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Al gori thm : Thi s al gor i t hmes t i mat es t he r ec i pr ocal of k1(A) =jjAjj 1jjA�1 jj1.

Let � =jjAjj 1
RCONDi s t he es t i mat ed r ec i pr ocal of condi t i on number k1(A)
Cal l except i onreset()

Choos e x wi t h jjxjj1 =1 ( e. g. , x : =(1; 1; � � �; 1)T

n
)

Repeat
s ol ve Lw=x by cal l i ng STRSV

i f (except() ) t hen RCOND: =0; qui t /* k1(A) �O = */
i f (� 1) t hen go t o ( 1)
e l s e w : =w � �

s ol ve y =w by cal l i ng STRSV

i f (except() ) t hen RCOND: =0; qui t /* k1(A) �O */
el s e go t o ( 3)

( 1) : i f ( jjwjj1 �O =�) t hen go t o ( 2)
e l s e w : =w � �

s ol ve y =w by cal l i ng STRSV

i f (except() ) t hen RCOND: =0; qui t /* k1(A) �O */
el s e go t o ( 3)

( 2) : s ol ve y =w by cal l i ng STRSV

i f (except() ) t hen RCOND: =0; qui t /* k1(A) �O */
el s e y : =y � �

i f (except() ) t hen RCOND: =0; qui t /* k1(A) �O */
( 3) : f orm : =s i gn( y )

y : =y � �

s ol ve Tw=y by cal l i ng STRSV

i f (except() ) t hen RCOND: =0; qui t /* k1(A) �O =n */
el s e s ol ve LTz =w by cal l i ng STRSV

i f (except() ) t hen RCOND: =0; qui t /* k1(A) �O */
i f jjz jj1 zTx t hen

RCOND : =1= jjy jj1
qui t

e l s e x : =ej , wher e jzj j =jjz jj1

The behavi or of Al gor i t hm4 i s des cr i bed by t he f ol l owi ng:
Lemma . If Al gori thm stops earl y because of an exception, then the \true rounded" reciprocal

of the condition number satis es RC max (n; ) =O, here = jj U j j1
j j j j1

i s the pi ot gro th

factor.

roof : I n t he al gor i t hmther e ar e s even pl aces wher e except i ons may occur . We wi l l anal yze t h
one by one. Not e t hat i n t he al gor i t hmthe vect or x i s chos en s uch t hat jjxjj1 =1.

1. An except i on occur s when comput i ng L�1 x.
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Si nce A=L , L�1 = A �1 , t hi s i mpl i es

O jjL�1 xjj1 jj jj1jjA
�1 jj1jjxjj1 =

jj jj1

jjAjj 1
jjAjj 1jjA

�1 jj1 = � k 1(A) :

Ther ef or e , k1(A) �O = , i . e . , RCOND =O .

2. An except i on occur s when comput i ng�1 �L�1 x wi t h � 1.
Then

O jj �1 �L�1 xjj1 jjA�1 jj1�jjxjj1 =k 1(A) ;

s o k1(A) �O , i . e . , RCOND 1=O .

3. An except i on occur s when comput i ng�1 �L�1 x wi t h � 1 and jjL�1 xjj1
O
�

.
Then

O jj �1 �L�1 xjj1 jjA�1 jj1�jjxjj1 =k 1(A) ;

s o k1(A) �O , i . e . , RCOND 1=O .

4. An except i on occur s when comput i ng�1 L�1 x wi t h � 1.
Then O jj �1 L�1 xjj1 jjA�1 jj1 k1(A) , s o RCOND 1=O .

5. An except i on occur s when comput i ng ��1 L�1 x wi t h � 1.
Then O jj� �1 L�1 xjj1 k1(A) , s o RCOND 1=O .

6. An except i on occur s when comput i ng�T �x.
Si nce AT = TLT , �T =L TA�T , s o

O jj �T �xjj1 jjLT jj1jjA
�T jj1�jjxjj1 =jjL

T jj1k1(A) n � k1(A) :

Ther ef or e , k1(A) �O =n, i . e . , RCOND n=O .

7. An except i on occur s when comput i ng L�T �T �x.
Then O jjL�T �T �xjj1 k1(A) , s o RCOND 1=O .

Combi ni ng t he above s even cas es , we have s hown that RCONDmax (n; ) =O when an
except i on occur s .

I n pr act i ce , any RCOND � s i gnal s a s ys t ems o i l l - condi t i oned as t o make t he er r or bound
i n ( 1) as l ar ge as t he s ol ut i on i t s e l f or l ar ger ; t hi s means t he comput ed s ol ut i on has no
guar ant eed cor r ect . Si nce max(n; ) =O � unl es s e i t her n or i s enormous ( bot h of whi ch al s o
mean t he er r or bound i n ( 1) i s enormous ) , t her e i s no l os s of i nf ormat i on i n s t oppi ng ear l y
RCOND =0.

Al gor i t hm 4 and Lemma 1 ar e appl i cabl e t o any l i near s ys t ems f or whi ch we do par t i al or
compl et e pi vot i ng dur i ng Gaus s i an e l i mi nat i on, f or exampl e , LAPACKrout i nes SGECON, SG CON

and STRCON ( s ee Sect i on 4. 2 f or t he des cr i pt i ons of t hes e r out i nes ) , and t hei r compl ex count er
For s ymmet r i c pos i t i ve de�ni t e mat r i ces , wher e no pi vot i ng i s neces s ar y, t he al gor i t hm(

S OCON) and i t s anal ys i s ar e gi ven i n Al gor i t hm5 and Lemma 2, r es pect i ve l y. We wr i t e t he Chol es k
f act or i zat i on A=LLT or A= T .
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Al gorithm 5: Thi s al gor i t hm es t i mat es t he r ec i pr ocal of jjAjj1jjA
�1jj1, wher e A i s

s ymmet r i c pos i t i ve de�ni t e .

Let � =jjAjj 1
RCONDi s t he es t i mat ed r ec i pr ocal of condi t i on number k1(A)
Cal l except i onreset()

Choos e x wi t h jjxjj1 =1 ( e. g. , x : =(1;1; �� �; 1)
T

n
)

Repeat
s ol ve Lw =x � � by cal l i ng STRSV

i f (except() ) t hen RCOND: =0; qui t /* k1(A) � O */
el s e s ol ve LT y =w by cal l i ng STRSV

i f (except() ) t hen RCOND: =0; qui t /* k1(A) �O */
i f jjzjj1 zTx t hen

RCOND : =1=jjy jj1
qui t

e l s e x : =ej , wher e jzj j =jjz jj1

Lemma 2. If Al gori thm5 stops earl y because of an exception, then the \true rounded" reciprocal

of the condition number satis es RC 1= O .

roof: I n t he al gor i t hmther e ar e two pl aces wher e except i ons may occur . We wi l l anal yze t h
two cas es as f ol l ows . We need t o us e t he f act t hat jjAjj = jjLjj2. Not e t hat x i s chos en s uch t hat
jjxjj1 =1.

1. An except i on occur s when comput i ng L�1 �x.
Si nce A=LLT , L�1 =L TA�1 , t hi s i mpl i es

O jjL�1 �xjj1 jjL�1 jj1�jjxjj1 jjLT jj � jjA�1 jj�= � � k1(A) :

Ther ef or e , k1(A) �
O

�
� O ( s i nce � O) , i . e . , RCOND 1= O .

2. An except i on occur s when comput i ng L�T L�1 �x.
I t i s c l ear t hat k1(A) �O , and hence RCOND 1=O .

Combi ni ng t he above two cas es , we s howthat RCOND 1= O .

I n pr act i ce , RCOND 1= O mer el y i ndi cat es t hat t he condi t i on number i s enormous , beyond
1=�. Ther e i s no l os s of i nf ormat i on i n s t oppi ng ear l y wi t h RCOND=0.

4. u erical esul s

To compar e t he e�ci enc i es of Al gor i t hms 3 and 4, we r ewr ot e s ever al condi t i on es t i mat i on r out i
i n LAPACK us i ng Al gor i t hm 4, i nc l udi ng SGECON f or gener al dens e mat r i ces , S OCON f or dens e
s ymmet r i c pos i t i ve de�ni t e mat r i ces , SG CON f or gener al band mat r i ces , and STRCON f or t r i angu
mat r i ces , al l i n I EEE s i ngl e pr ec i s i on. To compar e t he s peed and t he r obus t nes s of al gor i t
3 and 4, we gener at ed var i ous i nput mat r i ces yi e l di ng unexcept i onal execut i ons wi t h or wi t h
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Machi ne Mat r i x s i ze n 100 200 300 400 500

DEC5000 SGBCON 1. 57 1. 46 1. 55 1. 56 1. 67
SGECON 2. 00 1. 52 1. 46 1. 44 1. 43
SPOCON 2. 83 1. 92 1. 71 1. 55 1. 52
STRCON 3. 33 1. 78 1. 60 1. 54 1. 52

Sun 4/260 SGBCON 2. 00 2. 20 2. 11 2. 77 2. 71
SGECON 3. 02 2. 14 1. 88 1. 63 1. 62
SPOCON 5. 00 2. 56 2. 27 2. 22 2. 17
STRCON 1. 50 2. 00 2. 30 2. 17 2. 18

DECAl pha SGBCON 2. 67 2. 63 2. 78 2. 89 3. 23
SGECON 2. 66 2. 01 1. 85 1. 78 1. 66
SPOCON 2. 25 2. 46 2. 52 2. 42 2. 35
STRCON 3. 00 2. 33 2. 28 2. 18 2. 07

CRAY- C90 SGECON 4. 21 3. 48 3. 05 2. 76 2. 55

Tabl e 2: Speedups on DEC 5000/Sun 4- 260/DECAl pha/CRAY- C90. No except i ons nor s cal i ng
occur .

i nvocat i on of t he s cal i ngs i ns i de Al gor i t hm2, as wel l as except i onal execut i ons . The unexcep
i nput s t e l l us t he s peedup i n t he mos t common cas e , and on machi nes l i ke t he CRAYmeasur e t he
per f ormance l os t f or l ack of any except i on handl i ng.

Fi r s t , we r an Al gor i t hms 3 and 4 on a s ui t e of wel l - condi t i oned r andommat r i ces wher e n
except i ons occur , and no s cal i ng i s neces s ar y i n t he t r i angul ar s ol ve Al gor i t hm2. Thi s i s by f
mos t common cas e i n pr act i ce . The exper i ment s wer e car r i ed out on a DECs t at i on 5000, a SUN
4/260, a DECAl pha, and a s i ngl e pr oces s or CRAY- C90. The per f ormance r es ul t s ar e pr es ent ed i n
Tabl e 2. The number s i n t he t abl e ar e t he r at i os of t he t i me s pent by t he ol d LAPACKrout i nes
us i ng Al gor i t hm3 t o t he t i me s pent by t he new r out i nes us i ng Al gor i t hm4. Thes e r at i os meas ur
t he speedups at t ai ned vi a except i on handl i ng. The es t i mat ed condi t i on number s out put by t he two
al gor i t hms ar e al ways t he s ame.

Second, we compar ed Al gor i t hms 3 and 4 on s ever al i nt ent i onal l y i l l - s cal ed l i near s ys t em
whi ch s ome of t he s cal i ngs i ns i de Al gor i t hm2 have t o be i nvoked, but whos e condi t i on number
ar e s t i l l �ni t e . For SGECON al one wi t h mat r i ces of s i zes 100 t o 500, we obt ai ned s peedups f r om
t o 3. 33 on t he DECs t at i on 5000, and f r om1. 89 t o 2. 67 on t he DECAl pha.

Thi r d, t o s t udy t he behavi or and per f ormance of t he two al gor i t hms when except i ons do oc-
cur , we gener at ed a s ui t e of i l l - c ondi t i oned mat r i ces t hat caus e al l pos s i bl e except i onal
Al gor i t hm4 t o be execut ed. Bot h Al gor i t hms 3 and 4 cons i s t ent l y de l i ver zer o as t he r ec i pr o
condi t i on number . For Al gor i t hm4, i ns i de t he t r i angul ar s ol ve , t he comput at i on i nvol ves
number s as NaN and �1. I ndeed, af t er an over 
ow pr oduces �1, t he mos t common s i t uat i on
i s t o s ubt r act two i n�ni t i es s hor t l y t her eaf t er , r es ul t i ng i n a NaNwhi ch t hen pr opagat es t h
al l s ucceedi ng oper at i ons . I n ot her wor ds , i f t her e i s one except i onal oper at i on, t he mos t c
s i t uat i on i s t o have a l ong s ucces s i on of oper at i ons wi t h NaNs . We compar ed t he per f ormance
t he \f as t " and \s l ow" DECs t at i on 5000 on a s et of s uch pr obl ems , of di mens i on n =500. Recal l
t hat t he f as t DECs t at i on does NaNar i t hmet i c ( i ncor r ect l y) at t he s ame s peed as wi t h convent i o
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ar gument s , wher eas t he s l owDECs t at i on comput es cor r ect l y but 80 t i mes s l ower . The f ol l owi n
t abl e gi ves t he s peeds f or bot h DECs t at i ons :

Exampl e 1 Exampl e 2 Exampl e 3

\f as t " DEC5000 speedup 2. 15 2. 32 2. 00

\s l ow" DEC5000 slowdown 11. 67 13. 49 9. 00

I n ot her wor ds , t he s l owDEC5000 goes 18 t o 30 t i mes s l ower t han t he f as t DEC5000.
On s ome exampl es , wher e onl y i n�ni t i es but no NaNs occur r ed, t he s peedups r anged f r om3. 5

t o 6 on bot h machi nes .

5 Eigenvector Computation

We now cons i der anot her oppor t uni t y t o expl oi t I EEE except i on handl i ng. The pr obl em i s t o
comput e e i genvect or s of gener al compl ex mat r i ces .

Let A be an n- by- n compl ex mat r i x. I f non- zer o vect or s v and u, and a s cal ar � s at i s f y Av = �

and u�A=�u � (� denot es conjugat e t r ans pos e) , t hen � i s cal l ed an ei genval ue, and v and u� ar e
cal l ed t he r i ght and l e f t e i genvect or s as s oc i at ed wi t h t he e i genval ue �, r es pect i ve l y. I n LA
the t as k of comput i ng e i genval ues and t he as s oc i at ed e i genvect or s i s per f ormed i n t he f ol l
s t ages ( as i n t he r out i ne CGEEV) :

1. A i s r educed t o upper Hes s enber g f ormH , whi ch i s zer o bel ow the �r s t s ubdi agonal . The
r educt i on can be wr i t t en H=Q�AQwi t h Quni t ar y [ 9] .

2. H i s r educed t o Schur f ormT . The r educt i on can be wr i t t en T =S�HS, wher e T i s an upper
t r i angul ar mat r i x and S i s uni t ar y [ 9] . The e i genval ues ar e on t he di agonal of T .

3. CTREVC comput es t he e i genvect or s of T . Let V be t he mat r i x whos e col umns ar e t he r i ght
e i genvect or s of T . Then S � V ar e t he r i ght e i genvect or s of H, and Q � S � V ar e t he r i gh
e i genvect or s of A. Si mi l ar l y, we can comput e t he l e f t e i genvect or s of A f r omthos e of T .

Let us �r s t exami ne t he i mpor t ant s t age of cal cul at i ng t he e i genvect or s of an upper t r i ang
mat r i x T . The e i genval ues of T ar e t11; t22; . . .; tnn. To �nd a r i ght e i genvect or v as s oc i at ed wi t h t he
e i genval ue tii, we need t o s ol ve t he homogeneous equat i on (T � ti iI) v =0, whi ch can be par t i t i oned
i nt o t he bl ock f orm 2

64
T11 �t i iI T12 T13

0 0 T23
0 0 T33 �t i iI

3
75 �

2
64
v1
v2
v3

3
75 =0 ( 2)

By backward s ubs t i t ut i on, we have v3 =0, v2 =1 and v 1 s at i s f yi ng t he equat i on

(T11�t i iI ) v1 =�T 12 ( 3)

Ther ef or e , t he pr obl emi s r educed t o s ol vi ng an upper t r i angul ar s ys t em( 3) of di mens i on ( i�
by- ( i �1) . To �nd al l t he n e i genvect or s we need t o s ol ve t r i angul ar s ys t em( 3) f or i =2; . .; n.
Si nce any s cal ar mul t i pl e of v i s al s o an ei genvect or of T , we al ways expect t o obt ai n an an
by s cal i ng t he s ol ut i on vect or no mat t er how i l l - condi t i oned or badl y s cal ed t he t r i angul ar s
( 3) i s . For t hi s pur pos e , CTREVC cal l s t he t r i angul ar s ol ve r out i ne CLATRS i ns t ead of cal l i

13



t r i angul ar s ol ver CTRSV i n t he BLAS. CLATRS i s a compl ex count er par t of SLATRS as di s cus s ed i
Sect i on 3, us i ng Al gor i t hm2. I n mos t common cas es , however , t he s cal i ng unneces s ar i l y i nt r od
over head. We r e i mpl ement ed t he par t of CTREVC cont ai ni ng t he t r i angul ar s ol ve . When s ol vi n
each equat i on ( 3) , we �r s t cal l CTRSV and t es t t he except i on 
ags . I f except i ons occur , t hen w
back t o cal l CLATRS.

To s t udy t he e�ci ency of t he modi �ed CTREVC, we r an t he ol d code and our newone on r andom
upper t r i angul ar mat r i ces of var i ous s i zes . We obs er ved t he s peedups of f r om1. 49 t o 1. 65 on
DECs t at i on 5000, and f r om1. 38 t o 1. 46 on t he Sun 4/260. I n t he cas e of over 
ow, each t r i angul a
s ol ve i s i nvoked twi ce , �r s t us i ng CTRSV yet t hr owi ng away t he s ol ut i ons , and s econd us i ng CLAT

Si nce CTRSV i s about twi ce as f as t as CLATRS ( s ee Sect i on 3) , t he per f ormance l os s i s no mor e t
50% when a ( r ar e) except i on occur s .

To s ee how the per f ormance at t ai ned f r omCTREVC al one e�ect s t he per f ormance of t he whol e
pr oces s of comput i ng e i genvect or s of gener al compl ex mat r i ces , we t i med CTREVC i n t he cont e
of CGEEV. I t t ur ns out t hat CTREVC amount s t o about 20%of t he t ot al execut i on t i me of CGEEV.
Ther ef or e , we expect t hat t he s peed of t he whol e pr oces s can be i ncr eas ed by about 8%.

6 Lessons f or SystemArchitects

The mos t i mpor t ant l es s on i s t hat wel l - des i gned except i on handl i ng permi t s t he mos t common cas e
wher e no except i ons occur , t o be i mpl ement ed much mor e qui ckl y. Thi s al one makes except i on
handl i ng wor t h i mpl ement i ng wel l .

At r i cki er ques t i on i s howf as t except i on handl i ng mus t be i mpl ement ed. Ther e ar e t hr ee s pe
at i s s ue: t he s peed of NaNand i n�ni t y ar i t hmet i c , t he s peed of t es t i ng s t i cky 
ags , and t he s
of t r ap handl i ng. I n pr i nc i pl e , t her e i s no r eas on NaNand i n�ni t y ar i t hmet i c s houl d not be as
as convent i onal ar i t hmet i c . The exampl es i n s ect i on 4. 2 s howed t hat a s l owdown i n NaNar i t hmet
by a f act or of 80 f r omconvent i onal ar i t hmet i c s l ows down condi t i on es t i mat i on by a f act or of
t o 30.

Si nce except i ons ar e r eas onabl y r ar e , t hes e s l owdowns gener al l y a�ect onl y t he wor s t cas e
havi or of t he al gor i t hm. Dependi ng on t he appl i cat i on, t hi s may or may not be i mpor t ant .
t he wor s t cas e i s i mpor t ant , i t i s i mpor t ant t hat s ys t emdes i gner s pr ovi de s ome method of f
except i on handl i ng, e i t her NaN and i n�ni t y ar i t hmet i c , t es t i ng t he s t i cky 
ags , or t r ap hand
Maki ng al l t hr ee ver y s l ow wi l l f or ce us er s t o code t o avoi d al l except i ons i n t he �r s t pl ac
or i gi nal unpl eas ant s i t uat i on except i on handl i ng was des i gned t o avoi d.

Our �nal comment concer ns t he t r adeo� between t he s peed of NaNand i n�ni t y ar i t hmet i c and
t he gr anul ar i t y of t es t i ng f or except i ons . Our cur r ent appr oach us es a ver y l ar ge gr anul ar i t y
we t es t f or except i ons onl y af t er a compl et e cal l t o STRSV. For t hi s appr oach t o be f as t , NaN
i n�ni t y ar i t hmet i c mus t be f as t . On t he ot her hand, a ver y smal l gr ai ned appr oach woul d t es t
except i ons i ns i de t he i nner l oop, and s o avoi d doi ng us e l es s NaNand i n�ni t y ar i t hmet i c . Howe
s uch f r equent t es t i ng i s c l ear l y t oo expens i ve . A compr i s e woul d be t o t es t f or except i ons
one or s ever al compl et e i t er at i ons of t he i nner l oop i n STRSV. Thi s woul d r equi r e r e- i mpl emen
STRSV. Thi s medi umgr ai ned appr oach i s l es s s ens i t i ve t o t he s peed of NaNand i n�ni t y ar i t hmet
The e�ect of gr anul ar i t y on per f ormance i s wor t h expl or at i on i n t he f ut ur e .

The s of twar e des cr i bed i n t hi s r epor t i s avai l abl e f r omthe aut hor s .
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