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Abstract

The classical perturbation theory for Hermitian matrix eigenvalue and singular
value problems provides bounds on invariant subspace variations that are proportional
to the reciprocals of absolute gaps between subsets of spectra or subsets of singular
values. These bounds may be bad news for invariant subspaces corresponding to
clustered eigenvalues or clustered singular values of much smaller magnitudes than
the norms of matrices under considerations when some of these clustered eigenvalues
or clustered singular values are perfectly relatively distinguishable from the rest. In
this paper, we consider how eigenspaces of a Hermitian matrix A change when it is
perturbed to A = D*AD and how singular values of a (nonsquare) matrix B change
when it is perturbed to B = D} BDsy, where D, Dy and D are assumed to be close
to 1dentity matrices of suitable dimensions, or either Dy or D5 close to some unitary
matrix. It is proved that under these kinds of perturbations, the change of invariant
subspaces are proportional to the reciprocals of relative gaps between subsets of spectra
or subsets of singular values. We have been able to extend well-known Davis-Kahan
sin # theorems and Wedin sinf theorems. As applications, we obtained bounds for
perturbations of graded matrices.
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1 Introduction

Let A and A be two n x n Hermitian matrices with eigendecompositions

A = UAU*E(Ul,UQ)(AI A, ) ( gl ) (1.1)
i- ﬁ&ﬁ*;(ﬁhff?)(xl . )(g) 12)

where U, Ue U,, Us, U, € Cnxk (1<k<mn)and

Al :diag(/\l,---,/\k), A2 :diag(/\k+1,---,/\n), (13)

Al Idiag(xh'",fik% /KQ :diag(xkﬂ,---,/\n).

Suppose now that A and A are close. The question is: How close are the eigenspaces
spanned by U; and U; ? This question has been well answered by four celebrated theorems
so-called sin @, tan @, sin 20 and tan 26 due to Davis and Kahan [2, 1970] for arbitrary
additive perturbations in the sense that the perturbations to A can be made arbitrary
as long as A-—Ais kept small. It is proved that the changes of invariant subspaces are
proportional to the reciprocals of absolute gaps between subsets of spectra. This paper,
however, will address the same question but under multiplicative perturbations: How close
are the eigenspaces spanned by U; and U; under the assumption that A=D*AD Jfor some
D close to I'? Our bounds suggest that the changes of invariant subspaces be proportional
to the reciprocals of relative gaps between subsets of spectra. A similar question for
singular value decompositions will be answered also. To be specific, we will deal with
perturbations of the following kinds:

e Eigenvalue problems:

1. Aand A = D*AD for the Hermitian case, where D is nonsingular and close to
the identity matrix.

2. A= S*HS and A = S*HS for the graded nonnegative Hermitian case, where
it is assumed that H and H are nonsingular and often that .S is a highly graded
diagonal matrix (this assumption is not necessary to our theorems).

e Singular value problems:

1. Band B = DiBD,, where Dy and D, are nonsingular and close to identity
matrices or one of them close to an identity matrix and the other to some
unitary matrix.

2. B =GS and B = GS for the graded case, where it is assumed that GG and
(G are nonsingular and often that S is a highly graded diagonal matrix (this
assumption is not necessary to our theorems).
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These perturbations cover component-wise relative perturbations to entries of symmetric
tridiagonal matrices with zero diagonal [4, 9], entries of bidiagonal and biacyclic matrices
[1, 3, 4], and perturbations in graded nonnegative Hermitian matrices [5, 12], in graded
matrices of singular value problems [5, 12] and more [6]. Recently, Eisenstat and Ipsen [7,
1994] launched an attack towards the above mentioned perturbations except graded cases.
We will give a brief comparison among their results and ours.

This paper is organized as follows. We briefly review Davis-Kahan sin 8 theorems for
Hermitian matrices and their generalizations—Wedin sin # theorems for singular value
decompositions in §3. We present in §4.1 our sin # theorems for eigenvalue problems
for A and A = D*AD and for graded nonnegative Hermitian matrices. Theorems for
singular value problems for B and B= DiBD; and for graded matrices are given in §4.2.
We discuss how to bound from below relative gaps, for example, between A; and Ay by
relative gaps between A; and Ay in §5. A word will be said in §6 regarding Fisenstat-
Ipsen’s theorems in comparison with ours. Detailed proofs are postponed to §§7, 8, 9, and
10. Finally in §11, we present our conclusions and outline further possible extensions to
diagonalizable matrices.

2 Preliminaries

Throughout this paper, we will be following notation we used in the first part of this series
Li [11]. Most frequently used are the two kinds of relative distances: g, and x defined for
a, a € C by

la —af

o, )= ————— forl <p<oo, and ya,a)=

la—al
with convention 0/0 = 0 for convenience.
Lemma 2.1 (Li) 1. Forpu,v € C, o,(u,v) < 2717x(u,v).
2. For p, v e R and pv >0, 0,(p,v) < 0,(%, v?) and 2x(p, v) < x(p?, v?).
3. 0p 15 a metric on R.
4. For p, v, 0 >0, x(1,v) < x(p,0) + x(@, ) + gx(u, v)x (1, @) x(w, ).

Since this paper concerns with the variations of subspaces, we need some metrics to mea-
sure the difference between two subspaces. In this, we follow Davis and Kahan [2, 1970],
Stewart and Sun [14]. Let X, X € C*** (n > k) have full column rank k, and define the
angle matrix ©(X, X) between X and X as

@(X,f() d:efarccos((X*X)—%X*X()?*)?)—U?*X(X*X)_%)_%‘

The canonical angles between the subspace X' = R(X) and X = R(X) are defined to be
the singular values of the Hermitian matrix ©(X, X), where R(X) denotes the subspace
spanned by the column vectors of X. The following lemma is well-known. For a proof of
it, the reader is referred to, e.g, Li [10, Lemma 2.1].
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Lemma 2.2 Suppose that ()?,)?1) € C™*" js a nonsingular matriz, and

it =T, veom,
Y*
1

Then for any unitarily invariant norm || - ||
[sin@x, ) = |7 27x coex) 2]

In this lemma, as well as many other places in the rest of this paper, we talk about the
“same” unitarily invariant norm || - ||| that applies to matrices of different dimensions at
the same time. Such applications of a unitarily invariant norm are understood in the
following sense: First there is a unitarily invariant norm || - || on CM*N for sufficiently
large integers M and N; Then for a matrix X € C™*" (m < M and N < n), ||X]| is
defined by appending X with zero blocks to make it M x N and then taking the unitarily
invariant norm of the enlarged matrix.
Taking X = U; and X = U; (see (1.1) and (1.2)), with Lemma 2.2 one has

O(Uy,Th) = arccos (U0, U U;) ™2 and H‘sin@(Ul,f]l)‘H:H‘@*Ulm. (2.5)

For more discussions on angles between subspaces, the reader is referred to Davis and
Kahan [2] and Stewart and Sun [14, Chapters I and II].

3 Davis-Kahan sinf Theorems and Wedin sinf# Theorems

3.1 Eigenspace Variations

Let A and A be two Hermitian matrices whose eigendecompositions are given by (1.1) and

(1.2):
A=UAU* = (Uh, Uy) ( = A, ) ( g; ) (1.1)
i=oae =@ (M) () 12

where U, U e U,, Uy, U, € Cnxk (1 <k <n)and A;’s and Kj’s are defined as in (1.3)

and (1.4). Define
RE AU, — UjA, = (A - A)UL. (3.1)

The following two theorems are the matrix versions of two sin # theorems due to Davis
and Kahan [2, 1970].

Theorem 3.1 (Davis-Kahan) Let A and A be two Hermitian matrices with eigende-

compositions (1.1), (1.2), (1.3), and (1.4). If § def min |A; — Xk+j| > 0, then

1<i<k,1<j<n—k

12]e _ (A= A)Ulle

| sin ©(Uy, Th)||p < 5 5

(3.2)
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In this theorem, the spectrum of A; and that of Ay are only required to be disjoint. In
the next theorem, they are required, more strongly, to be well-separated by intervals.

Theorem 3.2 (Davis-Kahan) Let A and A be two Hermitian matrices with eigende-
compositions (1.1), (1.2), (1.3), and (1.4). Assume there is an interval [e, 3] and a § > 0
such that the spectrum of Ay lies entirely in [~047 B] while that of Ay lies entirely outside of

(v — 8,8+ 8) (or such that the spectrum of Ag lies entirely in [a, 8] while that of Ay lies
entirely outside of (o — 3,5+ 3)). Then for any unitarily invariant norm || - ||

il _ |3 - )|
) 4 '

[[sin 001, )| < (3.3)

3.2 Singular Space Variations

Now, turn to the perturbations of Singular Value Decompositions (SVD). Let B and B be
two m X n (m > n) complex matrices with SVDs

¥ 0 -
B = UXV*=(U,U)| 0 X (Vl*), (3.4)
2
0 0
B o (0 a
B = UV *=(U,U) | 0 3 (J*), (3.5)
0 0 V2

where U, U € U,,, V,V e U,, Uy, U; € C™*k V;,V; € C™F (1 < k < n) and

Y= diag(glv Ty O-k)v Yo = diag(gk-l-lv Ty Un)7 (36)
21 = diag(&l, tey 5k>7 22 = diag(&kH, teey gn) (37)

Define residuals
RRE BV - U5 = (B-B)V; and Ry, ¥ B*U, —ViSy = (B* — B)U;.  (3.8)

The following two theorems are due to Wedin [15, 1972].

Theorem 3.3 (Wedin) Let B and B be two mxn (m > n) complex matrices with SVDs

def . . ~ .
(3.4), (3.5), (3.6), and (3.7). If § = min {1§i§k{?1§%§n—k lo; — Uk+]|7lr£21£kaz} > 0, then

Vllsin @y, T2+ [[sin©(V1, V1) (3.9)

- VIBRIE +IRLIE /(B = B)ViE + (B = B Uil
= 5 - 5 '
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Theorem 3.4 (Wedin) Let B and B be two mxn (m > n) complex matrices with SVDs
(3.4), (3.5), (3.6), and (3.7). If there exist « > 0 and § > 0 such that

min o; > o+ and max Op4; < @
1<i<k 1<j<n—k

then for any unitarily invariant norm || - ||

|

_ max {all gy _ mex{[[(B - B
- 8 8

max {H‘sin Oy, )

sin©(Vi, 1)} (3.10)
) (Gl 1

4 Relative Perturbation Theorems

4.1 Eigenspace Variations

The following theorem is an extension of Theorem 3.1.

Theorem 4.1 Let A and A = D*AD be two n X n Hermitian matrices with etgende-

compositions (1.1), (1.2), (1.3), and (1.4), where D is nonsingular and close to 1. If

def . nd
= min Aiy Aprs) > 0, then
712 1<i<k, 1<j<n—k QZ( 79 k-l—]) 3

\/H(I — D=YUL|F + |1 = D) UL|IE
72 '

|| sin ©(Uy, Uy)||p < (4.1)

By imposing a stronger condition on the separation between the spectra of A and Ay, we
have the following bound on any unitarily invariant norm of sin @(Uy, Uy).

Theorem 4.2 Let A and A = D*AD be two n X n Hermitian matrices with etgendecom-
positions (1.1), (1.2), (1.3), and (1.4), where D is nonsingular and close to 1. Assume
that there exist o > 0 and 6 > 0 such that the spectrum of Ay lies entirely in [—a, o] while
that of Ay lies entirely outside (—a— 98, a+36) (or such that the spectrum of Ay lies entirely
outside (—a — &, + &) while that of Ay lies entirely in [—a, o] ). Then for any unitarily
invariant norm || - ||

o, 5] < e D—1>U1|||; +T - D)l "
+p

where n, e op(a, a4+ 0).

Now we consider eigenspace variations for a graded Hermitian matrix A = S*HS €

C™*™ perturbed to A = S*HS. Set AH L T
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Theorem 4.3 Let A= S*HS and A = S*HS be two nxn Hermitian matrices with elgen-
decompositions (1.1), (1.2), (1.3), and (1.4). H is positive definite and ||[H™Y||2]|AH|2 <

def . g
L. Ifn, = 1§i§kfr111§nj§n—kX(/\“/\k+]) > 0, then
~ D— D1 H! AH
HSiHG(UlyUl)HF < H HF < H — H2 H HF (4‘3)
M \/1 — [[H= 2[|AH]2 1y

where D = (I + HY2(AH)HY/%)1/2 = D*,

Theorem 4.4 Let A= S*HS and A = S*HS be two nxn Hermitian matrices with elgen-
decompositions (1.1), (1.2), (1.3), and (1.4). H is positive definite and ||H|]2]|AH||2 <
1. Assume that there exist o« > 0 and 6 > 0 such that

max \; < a  and min _ Apy; > a+ 90
1<i<k 1<j<n—k

or

min A; > a+8 and max Apy; < a.
1<i<k 1<j<n—k

Then for any unitarily invariant norm || - ||

ID — D71 [l A
< : 7
UN VI=H]AH[2 7

—X

(4.4)

vt <

where N d:efx(oe,oe—l— 0) and D= (I + H_I/Q(AH)H_I/Q)U2 = D~

4.2 Singular Space Variations

The following two theorems concern singular space perturbations.

Theorem 4.5 Let B and B = DiBD; be two m X n (m > n) (complex) matrices with
SVDs (3.4), (3.5), (3.6), and (3.7), where Dy and Dy are nonsingular and close to iden-
tities. Let

4o | Min {193&?2}9% 02(0i, Ot ), iy, 02(03, 0)}7 if m > m,
T2 = ) ] B . (45)
min {1§i§k{?1§%§n—k 02(0, O'k_|_]‘)} , otherwise.
If no > 0, then
llsin (U, oIl + [ sin ©(Va, V) I} (1.6)

. \/H(I — DYULIE + I = DYYULR 4 [I(1 = D)V + (1( = D )VA[E
B 72 ’
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Theorem 4.6 Let B and B = DiBD, be two m X n (m > n) (complex) matrices with
SVDs (3.4), (3.5), (3.6), and (3.7), where Dy and Dy are nonsingular and close to iden-
tities. If there exist > 0 and & > 0 such that

min o; > a+48 and max Op4; < @
1<i<k 1<j<n—k

then for any unitarily invariant norm || - ||

max{

1
< n—max{%ﬂ(f — DAY+ (D5 = DO, /(1= DY || + 1D — DVa |||q} ,
-

sme(Ul,ﬁl)m,

sin OV, 171)‘“} (4.7)

‘H( sin O (U, 01) 18)

< ¢ o ) - )

— bl

1,

sin ©(V4, 1) )H‘
‘( (=Dt

q

e

where 1 def op(a, ac 4 6).

In Theorems 4.5 and 4.6, we assumed that both Dy and D are close to identity matrices.
But, intuitively D, should not affect U; much as long as it is close to a unitary matrix. In
fact, if Dy € U,,, it does not affect Uy at all. The following theorems indeed confirm this
observation.

Theorem 4.7 Let B and B = DiBD; be two m X n (m > n) (complex) matrices with
SVDs (3.4), (3.5), (3.6), and (3.7), where Dy and D4 are close to some unitary matrices.
Let ny be defined by (4.5) and set

et n {lgséglisl}sﬂ_kx(mﬁkJrj% 1?}&)((0“0)}’ if m > n,
T = ] ] _ — (4.9)
min {1§i§k{?1§%§n—k><(gi70kﬂ) , otherwise.
Assume! )
2 > ——=max{||D] = DTz, |D; = D3|z} (4.10)

2V/2

If Dy is close to identity, then

: ~ I = DTYUE + 11 = DY) Ul : D3 — Dy
HSIH@(UI’UI)HF < \/ . i ! P (1_|_%77X) 103 2 ¥

Ny — 273/2¢, 2 —a
(4.11)
_ 3 VI = DEDGR + 1 = DR D5 — D3|
[sin o, ) < =778 S (4.12)

'This implies, by Lemma 2.1, i, > %max{HDT — D7 Y2, |1P5 — D2}
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If Dy is close to identity, then

. _ & N\ IDr =D IU = DYVl + I - DiVillE
Hsm G(VMVI)HF . (1 16 X) 2y — €2 - n2 — 273/2¢;
(4.13)
- * _ -l I — D 1% + (I = D)V,
lino(ra, 7] < 12— Dl VIU= DR+ U= DYVil
F 23/21 — ¢ Ny — 273/2¢;
where €; = || D} — D1_1H2 and €3 = || D3 — DQ_IHQ.

Inequalities (4.11) and (4.12) which differ slightly in their last term clearly says that Dy
contributes to sin @(Uy, Uy) with its departure from some unitary matrix, and similarly
do (4.13) and (4.14).

Remark. When one of the Dy and Dy is I, assumption (4.10) can actually be weakened
to m3 > 0, as shall be seen from our proofs.

Theorem 4.8 Let B and B = DiBD; be two m X n (m > n) (complex) matrices with
SVDs (3.4), (3.5), (3.6), and (3.7), where Dy and D4 are close to some unitary matrices.
Suppose that there exist o > 0 and 6 > 0 such that

1?ii£k o, >a+d and 1<r]n<a7§( kakﬂ < a.
Assume? .
op(e, @+ 8) > o max{[|D] = DIz, [[1D5 = D32} (4.15)
If Dy is close to identity, then for any unitarily invariant norm || - ||
_ (1= D"+ T = Dpne ;- Dy’
R g i Rl O] e
(4.16)
3 (= orho |+ = opell® | p; - 7|
H‘sin@(Ul,Ul)m < (4.17)

Qp _ 2—1—1/p62 21-|—1/pQ2 — )

If Dy is close to identity, then

(1= D7 WA+ Il = pyyvall®

9

~ Dx — D7t
finersi o] < (1+ ) =200 TPV

(4.18)

i - o))l = o2l i - pavae

21+1/pﬂp — € n —271=1/pg

H\Sin@(vl,f/l)m < (4.19)

2This implies, by Lemma 2.1, n. > %max{HDT — D72, 123 — D32}
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def def * — * —
where n, = op(a, a+46), n, = X(o,ao+90), and e; = || D} — D; 1H2 and €3 = ||D3 — D, 1H2.

Remark. If either Dy or Dj is I, (4.15) can actually be removed.

Now, Let’s briefly mention a possible application of Theorems 4.5, 4.6, 4.7 and 4.8. It
has something to do with deflation in computing the singular value systems of a bidiagonal
matrix. Taking account of the remarks we have made, we get

Corollary 4.1 Assume Dy = I and Dy takes the form

I X
DQI( I)?

where X is a matriz of suitable dimensions. Let 1y be defined by (4.5), and n, by (4.9).
If no > 0, then

Hsin@(Ul,f]l)HF < % (4.20)
X
Vool + mena il < YA (1.21)

Proof: Inequality (4.21) follows from (4.6). Inequality (4.20) follows from (4.11) and
- X -
D; - Dyt = ( X ) = D5 = Dy le = V2| X|lp. u

Corollary 4.2 Assume Dy = I and Dy takes the form

I X
DII( I)?

where X is a matriz of suitable dimensions. Let 1y be defined by (4.5), and n, by (4.9).
If no > 0, then

) ~ X
Hsm @(Vth)HF < %7
VaIX I

72

Ve 0| +[snow. 7

Corollary 4.3 Assume Dy = I and Dy takes the form

I X
DQI( I)?

where X is a matriz of suitable dimensions. Suppose that there exist « > 0 and § > 0
such that

min o; > a+48 and max Op4; < au
1<i<k 1<j<n—k
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(")

where n, def op(a, a4 0), N d:efx(oe, a+6).

Then

X1
1,

vt ] <

—X

o |l em | < (4.22)

Proof: The first inequality in (4.22) follows from (4.16), and the second from (4.7). n

Corollary 4.4 Assume Dy = I and Dy takes the form

I X
DII( I)?

where X is a matriz of suitable dimensions. Suppose that there exist « > 0 and § > 0
such that

1?ii£k o, >a+d and 1§?§a7§(—k Okt < .
Then
fivo o < UL, fanomtifl< -] )]
—p —X

where n, def op(a, a4 0), UN d:efx(oe, a+6).

Now, we consider singular space variations for a graded matrix B = GS € C™*" per-

turbed to B = GS € C"™*" where G is nonsingular. Set AG & G—G. If I(AGYG™Y|2 < 1,

then G = G+ AG = [l + (AG)G_l]G is nonsingular also.

Theorem 4.9 Let B =GS € C**" and B = GS € C™™ with SVDs (3.4), (3.5), (3.6),
and (3.7), where G is nonsingular. Assume ||[(AG)G™Y|y < 1. If

def

m = Q2(0i75k+j) > 0,

min
1<i<k, 1< <n—k

then

Ve 0| +[snow. 7 (123
_VIAGGTU 41+ G (AGI T G—(A0) Ui}
B 2

] 1 1AG
<G Yoy /1 + :
I W TG LIAGLE
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and

11+ (AG)G™ = (I + (AG)GTYH) " |lr

[sinoi, 7| < T (4.24)
X
(H(AG)G-1+G-*<AG>*HF L _laGEt; )H(AG)G*HF
- I(AG)G e L=AGIGTR) 20
(1+ ! ) 16 2 AG e
- L= G RIAGT: 2n

def ~
where 1, = X(0:, 0p45).

min
1<i<k, 1< <n—k

Proof: Write B = GS = [ + (AG)G~'GS = D{BD,, where D} = I + (AG)G~" and
Dy = 1. Then apply Theorem 4.5 to get (4.23), and apply Theorem 4.7 to get (4.24). B

Theorem 4.10 Let B =GS € C**" and B = GS € C™" with SVDs (3.4), (3.5), (3.6),
and (3.7), where G is nonsingular. Assume ||[(AG)G™Y||2 < 1. If there exist « > 0 and
6 > 0 such that

min o; > o+ and max Opy; <
1<i<k 1<j<n—k

or, the other way around, i.e.,

max o; < a and min  Opy; > o+ 9,
1<i<k 1<j<n—k

then for any unitarily invariant norm || - ||
max{msin oy, Th)|| r sin ®(V17‘~/1)‘H} (4.25)

max { [[(AGQ)GTO| [I[7 + G (AG) ] G (AG) U]}
7700

Gl IAG
T L= [GTHl[AG]e e

sin@(Ul,ffl)
~ 4.26
‘H( sin ®(V17V1) ) ( )
- {’/III(AG)G‘lUllllq + |7 + G (AG)* ] ' G==(AG)*UL||*
< 0
- 1 [AG]|
< Yy 91
<le W A ITRIAG g,
and
. . [+ (AG)G™ — (I + (AG)G—)!
[sin 001, 71 I + (AG) I+ @AGGE (1.27)

QQX
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OMAGK%J+G~%AGVN (AG)G, )|MAerWH

= IAGHGT| - [[(AG)G T 21
@* 1 )wrwﬁmam

= 1= |G AG], 2

where n, def op(a, a0+ 06), and UN def X(ov, a0+ 0).

Proof: Again write B = GS = [I + (AG)G~YGS = D;BD,, where D = I 4+ (AG)G™!
and Dy = I. Then apply Theorem 4.6 to get (4.25) and (4.26), and apply Theorem 4.8 to
get (4.27). "
Remark. Inequalities (4.24) and (4.27) may provide much tighter bounds than (4.23)
and (4.25), especially when (AG)G™! is very close to a skew Hermitian matrix.

5 More on Relative Gaps

In the theorems of §4, various relative gaps play an indispensable role. Those gaps are

imposed on either between A; and A or between 1 and 3. In some applications, it may

be more convenient to have theorems where only positive relative gaps between Ay and

A or between ¥; and ¥ are assumed. Based on results of Ostrowski [13, 1959] (see also

[8, pp.224-225]), Barlow and Demmel [1, 1990], Demmel and Veseli¢ [5, 1992], Eisenstat

and Ipsen [6, 1993], Mathias [12, 1994], and Li [11, 1994], theorems in §4 can be modified

to accommodate this need. In what follows, we list inequalities for how to bound relative
gaps between A; and /~X2 or between X and i]g from below for each theorem by relative
gaps between Ay and Ay or between ¥y and ;. The derivations of these inequalities

depends on the fact listed in Lemma 2.1.

For Theorem 4.1: 1; > 1§i§k{r11i§nj§n—k 02(Ai; Akgs) — |l — D*Dls.

For Theorem 4.2: Assume that there exist & > 0 and § > 0 such that the spectrum of
Ay lies entirely in [—&, &) while that of Ag lies entirely outside (—é& — §,a+ 5) (or
such that the spectrum of Ay lies entirely outside (—& — 5, &+ 5) while that of Ay
lies entirely in [—d, &)). If p,(&, &+ 8) > ||[I — D*D)|a, then there are @ > 0 and
§ > 0 as the theorem requires, and

> g,(éa+8) = | = D*Dlfa.

=

—P

. ; . 3y 1 _n-1
For Theorem 4.3: 7, > 1§i§kfr%1§nj§n—kX(A“ Aetj) = 511D = D7H|2.

For Theorem 4.4: Assume that there exist & > 0 and & > 0 such that

max \; < & and min  Agg; > a+9
1<i<k 1<j<n—k
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or

min A\; > a-+4¢ and max Apy; < 4.
1<i<k 1<j<n—k

If (& &+ 6) > LIID = D71||5, then there are @ > 0 and & > 0 as the theorem
requires, and

y > Xdat 8) = 311D = D7"|2
o PG a4 )
For Theorem 4.5: 1; > 72 — ¢, where € = ﬁ(HDY — DMl + 1D3 = DFY)2) (or € =
max{|1 - Umin(Dl)Umin(D2)|7 |1 - UmaX(Dl)UmaX(D2)|}) and

min min o(0;,0kys), min pq(0;,0 ifm>n
. def {ISiSkJSJSN—kQ ( 3] +])7 ISZSkQ ( 2] )}7 ) )
2 = _ ‘ ~ ‘ (5.1)
min min 2(04, Ohags otherwise.
1gigk,1gjgn—kg SOLEEN S

For Theorems 4.6: Assume there exist @ > 0 and 6 > 0 such that

min o; > &+ 46 and max Opy; < .
1<i<k 1<j<n—k

If o,(&, &+ 5) > ¢, then there are & > 0 and § > 0 as the theorem requires, and
n, > 0p(&, &+ 5) — ¢,

whete ¢ = s (1D~ D7 | D3=D3 ) (o € = maxd] 1=in(Dy)win (Da). |1
Umax(Dl)Umax(DQ) |})

For Theorems 4.7: Let 73 be defined by (5.1) and set

min min 0;, 0py;), min y(o;,0 ifm>n
. def {1§Z§k71§]§n—k><( 3] +])7 1§Z§kX( 2] )}7 ) 59
x = ] ] L . (5.2)
min min Oiy Ohgs otherwise.
1gigk,1gjgn—kX( B Okets)

If 9y > ﬁ(el + €2 + max{e, €2}), then

My — %(61 +€2)/ (1 + %6162)

(e14+¢) and 7 >
1+ 9t2q / (1 + %6162)

1
>A_
N2 2 N2 2\/5

For Theorems 4.8: Suppose that there exist & > 0 and 6 > 0 such that

min o; > & +4 and max op4; < 6.

1<i<k 1<j<n—k
If 0,(&, &+ 0) > 21++/p(61 + €3+ max{e, €2}), then there are « > 0 and § > 0 as the
theorem requires, and
| M@+ d) - Yete)/ (1+ Hae)

——(e1+€) and 75 > ¢
91+1/p =X 1+ 9ty (a,a+9)/ (1 + %6162)

Z Qp(dv &+(§) -

=

—P
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For Theorem 4.9:

X 1 Ty — €/2
N2 2 12 — € and n, > ——T—
22 T4 Sy
~ def . ~ def .
where = min O, Ok = min 05, Oky:), € = ||D* —
72 1<i<ki<j<n—k Q?( ) k+])7 M 1§i§k71§j§n—k><( ) k-l—])7 H

D7y, and D =1+ (AG)G™L
For Theorem 4.10: Suppose there exist & > 0 and 6 > 0 such that

min o; > &+ 6 and max Opg; < &
1<i<k 1<;<n—k

or, the other way around, i.e.,

max o; < & and min oy > &+ 9,
1<i<k 1<j<n—k

If o,(&, &+ 5) > 21++/pe, then there are & > 0 and 6 > 0 as the theorem requires,
and

1 and 7 Zx(oe,oe—l—A(S)A—e/AQ7
T 4 (@ a+9)

1, 2 0p(é, &+ ) - 21+1/p €

where € = [|[D* — DYy and D = I + (AG)G™!

6 A Word on Eisenstat-Ipsen’s Theorems

Eisenstat and Ipsen [7, 1994] have obtained a few bounds on eigenspace variations for
A and A = D*AD and on singular space variations for B and = B = DiBDjy. Their
bounds for subspaces of dimension & > 1 contain a factor vk which makes their results
less competitive to ours. For this reason we will not compare their bounds for subspaces
of dimension k& > 1 with ours.

For the problem studied in Theorem 4.1, Eisenstat and Ipsen [7, 1994] tried to bound

the angle §; between #; and R(U;), where @y, Uy, - -+, Uy are the columns of U,. They
showed )
I— D™D~
sin §; < I 5 l2 + |7 = D], (6.1)
J
where

. [Ai—Aj1 o Y
def min - it £0
5 = { kHi<i<n M| i 70,

00 otherwise.

Inequality (6.1) does provide a nice bound. Unfortunately it does not bound straightfor-
wardly || sin ©(Uy, Uy)||2, and generally,

sin@; < ||sin©(Uy, Uy)|]y forj=1,2,...,k
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and all of them may be strict. In the worst case, ||sin© (U, U;)||2 could be as large as

Vk max. sin §;. To make a fair comparison to our inequality (4.1), we consider the case
1<

k = 1. One infers from inequality (4.1) that?

VI = D713+ 11— D73

QQggﬂMAﬁ

sinf; < (6.2)

It looks that (6.1) may be potentially sharper because ¢; may be much larger than

2I<nlé1 02(A;; A1), But this is not quite true because of the extra term || — Dl in (6.1)
Stsn

which stays no matter how large d; is. We present our arguments as follows.

L. These relative perturbation bounds are most likely to be used when the closest
eigenvalue /\g~among all {A\;}75 to Ay has about the same magnitude as Ay, i.e.,
when |A\| & |A{| and

01 2 e = M/ Ml = V202 (A M) = V2 min (A, Ay).

In such a situation, if I — D is very tiny, then

Q

V2|1 = D)2+ O(|1 - DI3),
21 = D2+ O(I1 = DI3).

VI = D13+ |1 - D73
11— D™D,

Q

Hence asymptotically, inequalities (6.2) and (6.1) read, respectively

V2||I - D,

sinf; < —=+O(|lI - DI3),
Qz(/\é7/\1) ?

) V2 =D

sng, < YAIZDl oy r oy, v oqir - pp).
Qz(/\é7/\1)

So our bound (6.2) is asymptotically sharper by amount ||/ — D||,.

2. On the other hand, if tlie closest eigenvglue A¢ among all {A\;}7, to Xl has much
bigger magnitude than |Aq], i.e., |A¢| > |Ay], then

i /\i :\ ~ 1.
2@1&92( y A1)

Thus asymptotically, inequality (6.2) read
sin < V2|1 — Dll> +O((|1 - DI|3)

which cannot be much worse than (6.1).

By treating A and A symmetrically, one can see Theorem 4.1 remains valid with the relative gap

between A; and As replaced by the relative gap min QQ()\,', )\k+]) between A1 and As.
1<i<k, 1<j<n—k
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To be short, we have shown that it is possible for our inequality (6.2) to be less sharp than
(6.1) by a constant factor and in the case when these bounds are most likely to be used
in estimating errors (6.2) is sharper.

Another point we like to make is that we had given up some sharpness for elegantness
in the derivation of (6.2). Recall that we have, besides (7.1), also

MUFUy — UrUyAy = MU (I — D™YUy + Uy (D" — U A,. (6.3)
When Ay = 0, this equation reduces to —(71*U2 = (71*(1 — D*)U; which implies
[sin ©(Uy, Uy)||2 < [|1D* = 1|5,
a better bound than (6.2), provided A; # 0 for j = k+1,---, n. Equation (6.3) implies
WUy = W (D™ = DU (MT — Ag) ™' + 05 (1 — DUz Ay (AT — Ag) ™,
which can be used to obtain an identity for sin 6; = [|aU;||3! Generally (6.3) produces

[ sin © (U7, T1)|2
|Ad

A .
< a 1 I=D Y3+  max wup*—uyg
1<i<k, 1<i<n—k |\; — Ay ]

L<i<k, 1< <=k [X; — Apys]
which would be a better bound than (4.1) in the case when
either min |X; max |Agy;| or max |A min | Axp;]-
Join (A max [Ae] pax [l < min [ Ae]
Eisenstat and Ipsen [7, 1994] treated singular value problems in a very similar way as
they did to eigenspaces. This makes our arguments above apply to our bounds and their

bounds for singular value problems.
Eisenstat and Ipsen [7, 1994] did not study bounds in other matrix norms.

7 Proofs of Theorems 4.1 and 4.2
Let R= AU, — UjA; = (A — A)U, as defined in (3.1). Notice that
UsR = UFAU, — USU Ay = AUSU, — UFUL A,
U;R = U;(A— AU, =U; [D*AD — D*A+ D*A — A|U,
= U3 [D"AD(I = D7Y) + (D" = A| U
= MU — D™YHYU + U3 (D* = U A,

Thus, we have

A U3Uy — UsULAy = AU (I — D™YUy + Uz (D* — UL A, (7.1)



Ren-Cang Li: Relative Perturbation Theory 18

Lemma 7.1 LetQ € C*%% and, € C'*! be two Hermitian matrices, and let E, ' € C**¢,
IFAQ)NAG) =0, then matriz equation QX — X, = QF + F, has a unique solution,

and moreover || X ||z < E|z + || F|)? , where def min w,y).
Xl < BT+ TR/ oy ahere & win - gafer )

Proof: For any unitary matrices P € U, and ) € Uy, the substitutions
Q<+ PQP, |, +Q",Q, X+ PXQ, F+ PFEQ, and F <+ PFQ

leave the lemma unchanged, so we may assume without loss of generality that
Q = diag(wr,ws, ...,ws) and , = diag(y1,v2,-- -, 7e)-

Write X = (2;5), &2 = (e;;), and F' = (f;;). Entrywise, equation QX — X, = QF+ I,
reads w;x;; — x;;7; = wiei; + fi;7;- Thus z;; exists uniquely provided w; # v; which is
guaranteed by the assumption A(Q2) N A(, ) = 0, and moreover

|(wi = j)ai? = |wiwij — wil* = |wieiy + firil? < (wil® + 1717 (el + 1fii 1)
by the Cauchy-Schwarz inequality. This implies

lesil” + 1fiil® _ leil” + 1Sl

|$.,|2 < <
N [92(wi77])]2 77%
oleil? + 31 £l
1EIE +1F[IF
= "X"%:Z|xij|2§2] 22] = E 2 F7
W7 772 772
as was to be shown. [ |

Proof of Theorem 4.1: By Lemma 7.1 and equation (7.1), we have

|U5 (1 = D~YU[E + 105 (D* ~ DU

Ui <
Uz [F < 7
1 - <
< = - 1|F — DUi{lg) -
< g\u=n DUE+ (D" = DU
2
This completes the proof of Theorem 4.1, since || sin ©(Uy, Uy)||p = || Uz U1 |5 n

Lemma 7.2 LetQ € C*%% and, € C'*! be two Hermitian matrices, and let E, ' € C**¢,
If there exist « > 0 and § > 0 such that

Q2 <a and ||, 77t 2 a+4
or
17N 2 a8 and || [l2 <o,
then matriz equation QX — X, = QF + F, has a unique solution, and moreover for any

unitarily invariant norm |- I, 1X1 < YNEN + IFI /0, where n, % o,(cr, 0+ ).
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Proof: First of all, the conditions of this lemma imply A(Q) N A(, ) = 0, thus X exists
uniquely by Lemma 7.1. In what follows, we present a proof of the bound for || X|| for the
case ||Q||2 < aand ||, 7|5 > @+3. A proof for the other case is analogous. Post-multiply
equation QX — X, = QF 4+ F, by, 7! to get

Under the assumptions [|Q||s < a and ||, 73! > a+d6=], 2 <

and

QX, ' - X =K '+ L (7.2)

1
45+ we have

lox, == x| > wxw-|lex, = = uxn- e hxni, =
> X - X = (1- =55 ) I
o, =+ £ < {le&, =+ e < 1 0Em, ~ e+ e

1 oP
< allEl 5 Il < Vl TtV IEN + 0

By equation (7.2), we deduce that

(1= =55 ) 0l < g1+ =S i+ I
o+ 6 - (o +4)P

from which the desired inequality follows. 5
Proof of Theorem 4.2: By Lemma 7.2 and equation (7.1), we have
ozl < s - ool + s —nulf /
< Y= DTG + 1D = DOl /1,
as required since [|sin ©(Uy, 0y) | = || 507 - n

8 Proofs of Theorems 4.3 and 4.4

Notice that

A

A

S*HS = (H'*S) H'/%S,
S*HY*(I+ H ' (AHYH ' ?)H'/?8
(1 + HHAHYH PG (14 1Y (A ) H ) P12,
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Set B = S*HY? and B = S*HYXI + HV2(AH)H-Y/3)Y? ' BD, where

1/2 ~
D = (I + H_l/z(AH)H_l/z) . Given the eigendecompositions of A and A asin (1.1),
(1.2), (1.3), and (1.4), one easily see that B and B admit the following SVDs.

. AL/2 v
B = UAV E(UlvUQ)( 1 Ay ) (V; ’
B 7
B = UA?V* = (U,,0) ( 1 NG ) ( ‘7} 7
where U, U are the same as in (1.1) and (1.2), V7, V, € C™%*_ Notice that
A-A=BB* - BB*=BD*B* - BD™'B* = B(D* - D"1)B".

Pre- and post-multiply the equations by U* and U, respectively, to get AUU — U*UA =
AY2V=(D* — D=1V A2 which yields

ANT3UL = T30 A = AY* V5 (D" — D YAl (8.1)
The following inequality will be very useful in the rest of our proofs.
|7 0" - o=t < o - 071

N H‘ (I + H_I/Q(AH)H_I/Q)W - (I + H—l/z(AH)H—1/2)‘1/z

<\ (1 )

IH 2 |AH])
T VI H R AH];

Lemma 8.1 Let Q € C**¢ and , € C'*' be two nonnegative definite Hermitian ma-
trices, and let E € C**'. If A(Q)NOA(,) = 0, then matriz equation QX — X, =

QY2E 12 has a unique solution X € C**', and moreover ||X||r < ||E|lr/ny, where

nE min x(w,)
T wen@rera

Proof: For any unitary matrices P € U, and ) € Uy, the substitutions
Q« Prap, Q2 (Prap)V? |« QN Q, V(@Y Q)Y

X « P*XQ, and E « P*EQ

leave the lemma unchanged, so we may assume without loss of generality that
Q = diag(wr,ws, ...,ws) and , = diag(y1,v2,-- -, 7e)-

Write X = (2;5), £ = (e;). Entrywise, equation QX — X, = O/2E 12 reads
Wil — T35 = JWi€ij\/Y;- Aslong as w; # 75, ¢;; exists uniquely, and

l23)* = legi|?/x(wi ;) < less|*/mx
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summing which over 1 <7 < s and 1 < 5 <t leads to the desired inequality. |

Proof of Theorem 4.3: Equation (8.1) and Lemma 8.1 imply

[sinew,. 0|, = 750 < |V (D" _77XD—1)V1HF D _nf—IHF7

as required. |

Lemma 8.2 Let Q € C*% and, € C'*! be two nonnegative definite Hermitian matrices,
and let I/ € C*¥. If there exist a > 0 and § > 0 such that

Q2 <a and ||, 77t 2 a+4
or
17N 2 a8 and || [l2 <o,
then matriz equation QX — X, = QY2E. Y2 has a unique solution X € C°*', and

moreover || X || < ||| /QX, where N d:efx(oe, a+6).

Proof: The existence and uniqueness of X are easy to see because the conditions of this
lemma imply A(Q2) NA(, ) = 0. To bound [|X ||, we present a proof for the case |||z < o
and ||, 7'|5" > e+ 8. A proof for the other case is analogous. Post-multiply equation
QX — X, =Q2E, V2 py |~ to get

QX, ' - X = Q2 T2 (8.2)
Under the assumptions ||Q|]z < a and ||, 7H5' > a4+ 6 = ||, 7Y < a%'_é, we have
lex, -t - x| > (1 — aiq-é) IIX]| as in the proof of Lemma 7.2 and
1
125 —1/2 1/2 ~1/2
o7z, 12| < i@t nEN L T2 < ValEl o=
By equation (8.2), we deduce that
o a
1—— )X £/ ——=IIF
(1- =5 ) xn < = e
from which the desired inequality follows. | |

Proof of Theorem 4.4: Equation (8.1) and Lemma 8.2 imply

G N o]
< ;
Ui Ui

—X —X

vt o = oz <

as required. |
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9 Proofs of Theorems 4.5 and 4.6

Let Rgp = BV, — U\%) = (B— B)V; and Ry, = B*U, — V%, = (B* — B*)U; as defined in
(3.8).

9.1 The Square Case: m =n
When m = n, the SVDs (3.4) and (3.5) read

B = UEV*E(Ul,Uz)(EI 22)(“;1*)7
2

B = ﬁif/*E(ﬁl,ﬁz)

LR
gﬂe
SN——

Notice that
U;Rrp = UIBVy — UZULYy = S,V V) — U UL Y,
U;Rp = U;(B—-B)V, =U;(D;BDy— D;B+ D:B - B)V;
= U; [B(I- DY+ (D= 1)B] vy
= S,V (I —DyYVy+ U3 (D — DU Y,

to get
YoVavi — UULE, = S5V (I — DYV 4+ Uy (D — DULY,. (9.1)

On the other hand,
ViR, = VyB'U —VyViSy = 5,050, — Vi Visy.
ViR, = Vy(B*—B)U, =Vy(D;B*Dy — D;B* + D;B* — B*)l);
= V3 [B (- DT+ (03— )BT Uy
= S, U3(I - D7YU + V5'(Dy — I)ViY,
which produce
S,U5U — ViVisy = 5,05 (I — DYYUy 4 Vi (D) — VY. (9.2)

Equations (9.1) and (9.2) take an equivalent forms as a single matrix equation with di-
mensions doubled.

Sy Uzl Uzt O
(o 0 ) () (s )
_ Sy Uz (I - DYYHU,
R Vi (I — DYV,

Uz (D7 — Uy )
+ Vi (D; — DV, ) '
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2 ) are £0; and these of

Proof of Theorem 4.5: Notice that the eigenvalues of ( $
2

( 1 ) are +o;, and that
X

02(04, —Gpyj) > 02(0i,Tpyj) and  09(—0i, 0pys) > 02(0%, Tpyy)-
By Lemma 7.1 and equation (9.3), we have
NUZ U IR + [1V5 Vil
1 7% — 7% * o — o *
< ) {HUz (I - D1 1)U1||12? + ||U2 (D1 - I)Ulnlz? + ||V2 (I - Dz 1)V1||12? + ||V2 (Dz - I)VIHIZT}

Uk
1 - * - *
S0 [I(7 = DTHULIE + (DT = DULlIE + (I = Dy YWAllE +11(D5 = DValli]
5
which completes the proof. |
Lemma 9.1 Let Q@ € C**% and , € CY! be two Hermitian matrices, and let

X,Y,E, E, F, F,e C** satisfying
QX -Y, =QE+F, and QY —X, =QF+ I, .
If there exist « > 0 and § > 0 such that
Q2 <a and ||, 77t 2 a+4

or
107 2 a+d and ||, ||z < @,

then for any unitarily invariant norm || - ||,

max {[|X|, Y]} < nimax{e/nwmu|||F|||q, il E\Humﬁmq}, (9.4)
=4

where 1 e op(a, a4+ 0).

Proof: We present a proof for the case ||Q||s < @ and ||, 75" > @+ 4. A proof for the
other case is analogous. Consider first the subcase || X|| > [|Y||. Post-multiply equation
QY — X, =QF+ F, by, 7! to get

Qv, ' - X =QF, "'+ F. (9.5)
Then we have, by [|Q]]; < @and ||, 7';' > a+d=, . < aL-I-S’ that
oy, = =x|| = xn+-|jev, = = nxn - em 1y, .
1 1
> |IX| — Y[ —— > | X] - X|| ——
> IXH = allYll oo > X0 = o lIX )

_ (1_

(8
—=) Il
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and

IN

o2, =+ Bl < flog. [+ ] < nene [|2] . e + |7

o#ll 5+ 17l < 1+ i

By equation (9.5), we deduce that

(1- 255 wen s e 2+ 1A
which produce that if [LX]| > IVl [IX1} < - ANEN =+ F] simitarty i g < iy,

from QX —-Y, = QF+ F, we can obtain ||Y|| < ni IIENY + 1 F]|?. Inequality (9.4) now
-P

follows. [ |

IN

B+ 171

Proof of Theorem 4.6: By equations (9.1) and (9.2) and Lemma 9.1, we have

max{

1 ~ q ~ q
<— max{%Hvz*u—D;l)vl\H + |75 oz - pu|
n
-

[z} 7wl

~ q ~ q
iz - e[ + oz oz - o |

1
< max{%ll(f — DY+ D5 - Do, Y- Do)+ s - D |||q} ,
=P

as required. Turning to inequality (4.8), we have by equation (9.3) and Lemma 7.2 that
Uty L
Vz*V1 - Qp

q) 1/q

( U5 (Ds — 1)Uy
since the conditions of Theorem 4.6 imply

(s, )= (s )

Since (72*([1 and sin O(Uy, (71) have the same nonzero singular values and so do ‘72*‘/1 and

sin @(Vl, Vl),

U;U; _
v )| T

(9.6)

Vi (I =Dy )

( U3(I - DIYU,

_|_ ~
Vo (D5 = DA )

~a44é
2

<o

2

( sin@(Ul,ffl) (97)

sin @(Vl, ‘71) ) ‘H '
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Note also

U3(1 = DU _ (U5 ((I—Dfl)Ul )
Vi(I-D3Yi ) T Vi (I-D3hWn )’

U3 (D; — DU _ (T ((D’I—I)Ul )
V(D3 —Dvi |~ Vi (Ds—Dvy ) -

Thus, one has

e s |
‘H( Vil =nyhvi )| - -z )| OF)
Vi (Ds — )i - (D3 — )V
Inequality (4.8) is a consequence of (9.6), (9.7), (9.8) and (9.9). B

9.2 The Non-Square Case: m > n
Augment B and B by a zero block 0, y,—n to By = (B, 0., p—y) and B, = (E,Omm_n).
From B = DiBD,, we get

B.= DB, ( Dy ; ) e DIB.Das.

From the SVDs (3.4) and (3.5) of B and B, one can calculate the SVDs of B, and B,:

B, = Uzav;:wl,zfz)(zl 22)(%), (9.10)
a a2

B. = US.r= ((]1,(]2)(21 52)(%*1 ) (9.11)
a a2

where

b Vi Vs
EaQI( 2 0 )7Va1:(0 lk)vvzﬁ:( 2 I )7

similarly for iaz7 ‘731 and ‘732. The following fact is easy to establish
H‘sin O Va1, ‘731)‘“ = H‘sin OV, ‘Z)‘H .

Applying the square case of Theorems 4.5 and 4.6 to m X m matrices B, and B, just
defined will complete the proofs.
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10 Proofs of Theorems 4.7 and 4.8

We have seen in §9 how to deal with the nonsquare case by transforming it to the square
case. So here we will only give proofs for the square case: m = n. Let B = DB and

B = BD; and their SVDs be
B o= 080 = (0. 0) ( S ) ( v ) (10.1)
S T vy
B = UXV* = (Uh,U,) ( o ) ( Ve ), (10.2)
where U, U € U,, V,V € U, Uy, Uy € C"**, vy, Vi € C™* and

3y = diag(61,---,6%), Yo = diag(dri1, -, da),
21 :diag(&l,---,&k), 22 :diag(&k+1,---,&n).

Partitionings in (10.1) and (10.2) shall be done in such a way that

max x(0i,60) < 3|07 = Dr'll2, - max x(60,8) < 3l1D5 — Dy le, (10.3)
1@?2%)((0'“0'2) < %HD§ - D2_1H27 1r£lza<)§z X(Uzvgz) < %HDT - D1_1H2

Such partitionings are possible because of the relative perturbation theorems proved in
Li [11]. By the fact ¢,(&,¢) < 2717y (€,¢) (see Lemma 2.1 below), these inequalities imply

fgﬂx Qp(gzvgz) < 21+1/pHD* 1_1H27 1@?2% Qp(&ivgi) < 21+1/pHD* 2_1H27 ( )
10.4
lrglag% QP(UHUZ) S 21+1/pHD* 2_1H27 1r£1ax Qp(02702) S 21+1/pHD* - D 1H2
Consider B and B = BDQ. We have
. R . . \12 Crk
BB* = USY'U* = (U, Us) i . Ui , (10.5)
23 U;
Y e e — . 2 7%
BB* = UXYU* = (U, Us) > <o gl . (10.6)
23 U3

Notice that s N N N
BB* — BB* = BD5B* — BD;'B* = B(D — D;Y)B*,

Pre- and post-multiply the equations by U* and U, respectively, to get S —U*U%? =
SV*(D5 — Dy VY which gives

S50, - U300 5% = S,V (D — DYV, (10.7)
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Consider now B and B = DiB. We have

1% 1) YARERRE Vel ¥ ¥ 2% Vl*

B*B = VX*YV* = (V, V) - 1o, (10.8)
E2 V2

— e e - 52 {7 %

B*B = VXXV = (11, V) ( i co ) ( ‘ﬁ* ) (10.9)
E2 V2

Notice that o N N N

B*B - B*B=B*"D;B - B*D;{'B = B*(D; — D{')B.
Pre- and post-multiply the equations by V* and V', respectively, to get D2V —VEVR2 =
SU*(Dy — DyHYUY which gives

SISV - Veis? = 5,05 (D5 — DY YT, (10.10)
Two other eigendecompositions that will be used later in the proofs are
2 *
BB* = USY*U* = (U, Us) ( = 5 ) ( Ul* ) : (10.11)
23 U;
2 *
B*B = VY'SV* = (W), Va) ( = 5 ) ( Vl* ) : (10.12)
23 Vs

Proof of Theorem 4.7: Equations (10.7) and (10.10) and Lemma 8.1 produce

L . Vi (D5 — DMV
ot oo, [, < LEZE P
sinova, v =[], < [ D*(Ez E:)) e

1
where 17, (53, 33) < L (62,57, ) and , (32, 53) L X(62,5%, ;)

On the other hand, applying Theorem 4.1 to BB* and BB = DiBB*D; leads to (see
(10.5) and (10.11))

DOIE+ (T - D*)UlHF
772(2%72 )

v ocn. i), < VU=

2 gy def 2 52 ) i * 3B =
where 72(2%, Y 3) 1§i§k{?1§%§n—k 02(07,6%,;); Applying Theorem 4.1 to B*B and B*B

D3B*BD; leads to (see (10.8) and (10.12))

JHI DFYWAIIR +[I(7 - DiVill
772(21722)

*We abuse notation n, here for convenience. As we recall, 1, has its own assignment in the statement
of Theorem 4.7. However, it is re-defined as a function in this proof. Hopefully, this would not cause any
confusion.

Hsm @(Vth)H
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4 def . . % — *
where 15(3%,32) = Liomin 02(07,5%,,); Let ep = ||D} — D3 Yz and e = || D3 —
D3|z, We claim

277x(217§2):61
(57, 83) > 2 (8, 5g) > M) (10.13)
23/2772(217 22) — €1.

This is because

X6 5015) = 2x(60,5k4s) = 2T 204(60, Frj) (by Lemma 2.1)
> 2%2[0y(04,5k4i) — 02(65,05)] (02 is a metric on R)
> 23/2 {Qz(@ﬁkﬂ‘) - 2_3/261} (by (104)

and because

~ R o 1 R o N
X(0i,0145) < x(04,6:) + X(65,0r45) + gx(% G)X (65, Ot )X (04, Trgs).

X(93, k) = X(00,63)  X(0,Fktj) = €1/2

= x(64,0k45) > 2 ~ > ~ — by (10.4
( +) 1+ ix(04,60)x (00, 0ktj) — 1+ T5x(00, Trp ) (by (10.4)
Similarly, we have
277X(21,§2):52
n(ELES) > 2 (81,5p) > )
23/2772 (217 22) — €2,
(51,53 > (S > m(S, ) — 27 %,
(51,53 > (S > (S, Ss) — 27 %
The proof will be completed by employing
Hsin @(le7 (71) HF S Hsin @(Ul, (A]l) HF + HSiH @(ﬁl, (71) HF s
Hsin ®(V17 ‘71) HF S Hsin ®(V17 Vl) HF + HSiH @(Vl, ‘71) HF s
since ||sin©( -, - )||r is a metric on the space of k-dimensional subspaces [14]. n

Proof of Theorems 4.8: Denote § = o+ §. Let & and & be the largest positive numbers
such that

. 1, _ y 1, _
V(@) < SID5 = D5l and x(ad) < SIDF - D7,
which guarantee that ||S(|s < @&, [|32]]2 < &, and

R 1 « - y 1 « -
op(@,6) < g 1Dz = Ds Y2 and  gy(er,a) < sy 101 = Dy s
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and let ﬁ and /3 be the smallest numbers such that
- 1, ... _ - 1, ... _
X(8:8) < SID7 = D'l and x(8,58) < SI1D; = D3|l
which guarantee that || 2717 > 4, 15747 > 4, and
- 1 N _ - 1 . _
2p(0: ) < gz IIP1 = D Uz and  op(8,5) < srripl P2 = Ds -

(4.15) implies min{ﬁ,ﬁ} > « and § > max{a, a}.
Equations (10.7) and (10.10) and Lemma 8.2 produce

o y Vi (D5 — D7V,
H‘sm@(UhUﬁH‘:H‘UzUlm < : X(zoe?,ﬂ;) 1H7
o ol e U5 (0i - D70
‘Hsm@(Vth)m:‘HVQWH‘ = : Xzazﬁi) 1H

On the other hand, applying Theorem 4.2 to BB* and BB = DiBB*D; leads to (see
(10.5) and (10.11))

_ q .
(1= DTYn " + 1 - Dy
x(a2, 5?) ’

Applying Theorem 4.1 to B*B and B*B = D5B* BD, leads to (see (10.8) and (10.12))

o] < &

(1= D3|+ It = Dy)Val®

x(a?, 5?)

oo < 1

Notice that
2x(e,B)—e1

0 ) > 2y(a,p) > e
21+1/p9p(0‘7 B) — e,

2x(af)=e
> { 14+ 2x(,8)’
21+1/p@p(a7 ﬁ) — €2,
Qp(dv ﬁ) > Qp(av ﬁ) - 21+1/p627
Qp(dv ﬁ) > Qp(av ﬁ) - 21+1/p617

where ¢; = ||Di— Dy |2 and e; = ||D5— D3 !||2. The proof will be completed by employing

vV

&

x(@®, 5% > 2x(a,

(VAR AV

H‘sin @(Uhf]l)m

IN

[lin 01, 00| + [Jsin (01, )
‘Hsin o(Vi, V1)‘H + ‘Hsin @(Vh f/ﬁ”‘ .

9

A

H‘sin oV, ‘Z)H‘

since [[sin ©( -, -)|| is a metric on the space of k-dimensional subspaces [14]. |
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11 Conclusions and Further Extensions to Diagonalizable
Matrices

We have developed a relative perturbation theory for eigenspace and singular space vari-
ations under multiplicative perturbations. In the theory, extensions of Davis-Kahan sin
theorems and Wedin sin @ theorems from the classical perturbation theory are made. Our
unifying treatment covers almost all previously studied cases over the last six years or so.

Using the similar technique in this paper, one can also develop a relative perturbation
theory for eigenspaces of diagonalizable matrices: A and A= DI ADg are diagonalizable,
where Dy and Dy are close to the identity matrix. We outline a way of doing this. Let
eigendecompositions of A and A be

AX:XAE(Xl,XQ)(Al R ) and g;?:ﬁE(xl,xz)(Al . )
2 2

where X, X € C"*" are nonsingular, and X;, X; € C"*¥ (1 <k<mn)and

Al :diag(Alv"'7Ak)7 A2 :diag(Ak—I—lv"'7An)7

/Kl Idiag(xh'",fik% /KQ :diag(xkﬂ,---,/\n).

Ai’s and Xj’s may be complex. Partition

1 1 1 Ty
X7 = ( vy ) and X7 = ( - ) )

where Y7, Y, € €™k Define R def AX) — XiA, = (%I— A)X1. We have
VSR = YyAX; — YyX Ay = MYy X, — VX A,
VSR = Yy(A— A)X, =Y, (D{AD; — DA+ DiA— A)X,
= V5 [AU = DY+ (Df - DA X,
= AYy(I-D7YX, 4 Y5 (Df — XAy,
Thus we have the following perturbation equation
MY Xy =YX Ay = MoYs (I — DY) Xy + Y5 (D — XA

from which various bounds on sin ©(Xy, X;) can be derived under certain conditions. For
def . Y
example, let 7, = 1§i§k{qlgnjgn—k 02(Ai, Agg;). If g2 > 0, then by Lemma 7.1 we have

Y2 Xa [l

IN

1 v - ~* *
gwwu — DFY)XU|J2 + V5 (Df — DX4|J2

IN

1o — »
—|¥3 HzHXle\/HI — D7YIE+ 11Dy - 1|3
72
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Notice that by Lemma 2.2

Isin©(X1, X)lle = (V5 ¥2) 2V X0 (X7 X0) 72 e
V5 ¥2) 7 2| Y5 X [lpll (XX ) 72

IN

Then a bound on || sin ©(Xy, X,)||r is immediately available.

Acknowledgement: | thank Professor W. Kahan for his consistent encouragement and
support, Professor J. Demmel and Professor B. N. Parlett for helpful discussions.
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